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Abstract: In this paper we derive sufficient condition involving coefficient
inequalities for the functions belonging to the classes K(A,B, s, t), S∗(A,B, s, t),
Kλ(A,B, s, t), S∗

λ(A,B, s, t) defined by using Janowski class and Sakaguchi type
functions.
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1. Introduction

Let A denote the class of functions of the form

f(z) = z +
∞
∑

n=2

anz
n (1)

which are analytic in the open unit disc U = {z : |z| < 1} normalized by
f(0) = f ′(0) − 1 = 0. Let P denote the class of analytic functions p defined
on U satisfying p(0) = 1,ℜ{p(z)} > 0, z ∈ U . This class P can be completely
characterized in terms of subordination. A function p is in P if and only if

p(z) ≺
1 + ω(z)

1− ω(z)
where ω is analytic in H with ω(0) = 0, |ω(z)| < 1 on U .

Let H = {ω, ω analytic in U , ω(0) = 0, |ω(z)| < 1, z ∈ U}.
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Let P(A,B) denote the Janowski class (see [3]) containing functions p of
the form

p(z) =
1 +Aω(z)

1 +Bω(z)
,−1 ≤ B < A ≤ 1, ω ∈ H.

Further we have, P(1,−1) ≡ P.

Now we introduce the following classes of analytic functions:

i. A function f ∈ S∗(A,B, s, t), if
(s − t)zf

′

(z)

f(sz)− f(tz)
∈ P (A,B).

ii. f ∈ S∗
λ(A,B, s, t), if

eiλ
(s− t)zf

′

(z)

f(sz)− f(tz)
− i sin λ

cos λ
∈ P (A,B).

The classes K(A,B, s, t) and Kλ(A,B, s, t) are defined by f ∈ K(A,B, s, t),
if zf

′

∈ S∗(A,B, s, t) and f ∈ Kλ(A,B, s, t), if zf
′

∈ S∗
λ(A,B, s, t) where

s, t ∈ R with s 6= t for all z ∈ U and λ is real and satisfies |λ| < π
2 .

For A = 1− 2α,B = −1, this class reduces to the class S(α, s, t) defined by
Frasin, see [1]. When A = 1 − 2α,B = −1, s = 1 we have the class S(α, 1, t)
introduced by Owa (see [2]), and for A = 1− 2α,B = −1, s = 1 and t = −1 we
have the class S(α, 1,−1) introduced and studied by Sakaguchi, see [4]. In the
next section we obtain the sufficient conditions involving coefficient inequalities
for f to be in the classes S∗(A,B, s, t) and K(A,B, s, t).

2. Coefficient Inequalities

Theorem 1. A function f ∈ A is in the class S∗(A,B, s, t) if and only if

1 +
∞
∑

n=2

Anz
n−1 6= 0 (2)

where

An =
[n− un(s, t)] + (nB −Aun(s, t))ρ

(B −A)ρ
and un(s, t) =

n
∑

j=1

sn−jtj−1.

Proof. A function f belongs to S∗(A,B, s, t) if and only if

(s − t)zf ′(z)

f(sz)− f(tz)
∈ P(A,B), for s 6= t, −1 ≤ B < A ≤ 1.
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But the function p(z) =
1 +Aω(z)

1 +Bω(z)
, −1 ≤ B < A ≤ 1, ω ∈ H are subordinate

to
1 +Az

1 +Bz
. They map the unit circle |z| = 1 onto the boundary of the circle on

the line joining
1−A

1−B
and

1 +A

1 +B
as diameter. When B = −1, the image of the

unit circle is the line ℜ{p(z)} =
1−A

2
,−1 < A ≤ 1. The functions

1 +Aω(z)

1 +Bω(z)
are analytic and hence map regions onto regions. Therefore every point in the
interior of the unit disc goes over to an interior point of the image disc. Thus
f ∈ S∗(A,B, s, t) is equivalent to

(s− t)zf ′(z)

f(sz)− f(tz)
6=

1 +Aρ

1 +Bρ
, |ρ| = 1, Bρ 6= −1.

This reduces to

(1 +Bρ)(s− t)zf ′(z) − (1 +Aρ)(f(sz)− f(tz)) 6= 0.

Thus, we have

(B −A)ρz +

∞
∑

n=2

[n(1 +Bρ)− un(s, t)(1 +Aρ)]anz
n 6= 0

where, un(s, t) =

n
∑

j=1

sn−jtj−1.

Equivalently,

(B −A)ρz

(

1 +

∞
∑

n=2

[n(1 +Bρ)− un(s, t)(1 +Aρ)]

(B −A)ρ
anz

n−1

)

6= 0. (3)

Now dividing both sides of ( 3) by (B −A)ρz, (z 6= 0) we obtain

1 +
∞
∑

n=2

[(n− un(s, t)) + (nB −Aun(s, t))ρ]

(B −A)ρ
anz

n−1 6= 0,

which completes the proof.

Theorem 2. If f ∈ A satisfies the following condition

∞
∑

n=2





∣

∣

∣

∣

∣

∣

n
∑

k=1





k
∑

j=1

(−1)k−j(j − uj(s, t))

(

β

k − j

)

aj





(

γ

n− k

)
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+

n
∑

k=1





k
∑

j=1

(−1)k−j(jB −Auj(s, t))

(

β

k − j

)

aj





(

γ

n− k

)

∣

∣

∣

∣

∣

∣



 ≤ B −A,

then f ∈ S∗(A,B, s, t).

Proof. For z ∈ U , β, γ ∈ R since, (1 − z)β 6= 0 and (1 + z)γ 6= 0 if the
inequality

(

1 +
∞
∑

n=2

Anz
n−1

)

(1− z)β(1 + z)γ 6= 0 (4)

holds true then, we have

1 +

∞
∑

n=2

Anz
n−1 6= 0

which is the relation ( 2) of Theorem ( 1).

Relation ( 4) is equivalent to

(

1 +
∞
∑

n=2

Anz
n−1

)(

∞
∑

n=0

(−1)n
(

β

n

)

zn

)(

∞
∑

n=0

(

γ

n

)

zn

)

6= 0.

Equivalently, we have

(

1 +

∞
∑

n=2

Bnz
n−1

)(

∞
∑

n=0

(

γ

n

)

zn

)

6= 0

where,

Bn =

n
∑

j=1

(−1)n−jAj

(

β

n− j

)

.

Further simplification yields,

1 +
∞
∑

n=2

(

n
∑

k=1

Bk

(

γ

n− k

)

)

zn−1 6= 0, z ∈ U .

Equivalently, we have

1 +
∞
∑

n=2





n
∑

k=1





k
∑

j=1

(−1)k−jAj

(

β

k − j

)





(

γ

n− k

)



 zn−1 6= 0.
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That is, if f ∈ A satisfies the succeeding inequality

∞
∑

n=2

∣

∣

∣

∣

∣

∣

n
∑

k=1





k
∑

j=1

(−1)k−jAj

(

β

k − j

)





(

γ

n− k

)

∣

∣

∣

∣

∣

∣

≤ 1.

That is, if

1

ρ(B −A)

∞
∑

n=2

∣

∣

∣

∣

∣

∣

n
∑

k=1





k
∑

j=1

(−1)k−j [(j − uj(s, t))

+(jB −Auj(s, t))ρ] aj

(

β

k − j

))(

γ

n− k

)∣

∣

∣

∣

≤
1

(B −A)

∞
∑

n=2





∣

∣

∣

∣

∣

∣

n
∑

k=1





k
∑

j=1

(−1)k−j(j − uj(s, t))

(

β

k − j

)

aj





(

γ

n− k

)

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

n
∑

k=1





k
∑

j=1

(−1)k−j(jB −Auj(s, t))

(

β

k − j

)

aj





(

γ

n− k

)

∣

∣

∣

∣

∣

∣



 ≤ 1

for, −1 ≤ B < A ≤ 1, ρ ∈ C, |ρ| = 1, then f ∈ S∗(A,B, s, t).

Since zf ′ ∈ S∗(A,B, s, t) if and only if f ∈ K(A,B, s, t), from Theorem 2,
we have the following result.

Theorem 3. If f ∈ A satisfies the following condition

∞
∑

n=2





∣

∣

∣

∣

∣

∣

n
∑

k=1





k
∑

j=1

(−1)k−jj(j − uj(s, t))

(

β

k − j

)

aj





(

γ

n− k

)

+

n
∑

k=1





k
∑

j=1

(−1)k−jj(jB −Auj(s, t))

(

β

k − j

)

aj





(

γ

n− k

)

∣

∣

∣

∣

∣

∣



 ≤ B −A,

then f ∈ K(A,B, s, t).

3. Coefficient Conditions for Functions in the Classes S
∗

λ
(A,B, s, t)

and Kλ(A,B, s, t)

For −π
2 < λ < π

2 we define the classes S∗
λ(A,B, s, t) and Kλ(A,B, s, t) as follows:
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A function f ∈ A belongs to the class S∗
λ(A,B, s, t) if and only if

eiλ
(s− t)zf ′(z)

f(sz)− f(tz)
− i sinλ

cosλ
∈ P(A,B).

The class Kλ(A,B, s, t) is the subclass of A consisting of functions f such that
zf ′ ∈ S∗

λ(A,B, s, t).

Theorem 4. A function f ∈ A is in the class S∗
λ(A,B, s, t) if and only if

1 +

∞
∑

n=2

cnz
n−1 6= 0, (5)

where

cn =
(n− un(s, t)) + (nB − γun(s, t))ρ

(B − |γ|)ρ
, γ = (A cos λ+ iB sinλ)e−iλ,

un(s, t) =

n
∑

j=1

sn−jtj−1.

Proof. A function f ∈ A is in the class S∗
λ(A,B, s, t) if and only if

eiλ
zf ′(s − t)

f(sz)− f(tz)
− i sinλ

cos λ
6=

1 +Aρ

1 +Bρ
(ρ ∈ C, ρ ∈ C, |ρ| = 1).

This simplifies into

(1 +Bρ)(s− t)zf ′(z) − (1 + γρ)(f(sz)− f(tz)) 6= 0,

γ = (A cos λ+ iB sinλ)e−iλ.

The rest of the proof follows as in Theorem 1.

Theorem 5. If f ∈ A satisfies the following condition

∞
∑

n=2





∣

∣

∣

∣

∣

∣

n
∑

k=1





k
∑

j=1

(−1)k−j(j − uj(s, t))

(

β

k − j

)

aj





(

γ

n− k

)

+
n
∑

k=1





k
∑

j=1

(−1)k−j(jB − γuj(s, t))

(

β

k − j

)

aj





(

γ

n− k

)

∣

∣

∣

∣

∣

∣



 ≤ |B − γ|,

then f ∈ S∗
λ(A,B, s, t) where γ = (A cos λ+ iB sinλ)e−iλ, −1 ≤ B < A ≤ 1.
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Proof. Applying the same method as in Theorem 2 we get the result.

Since zf ′ ∈ S∗
λ(A,B, s, t) if and only if f ∈ Kλ(A,B, s, t), from Theorem 5,

we have the following result.

Theorem 6. If f ∈ A satisfies the following condition

∞
∑

n=2





∣

∣

∣

∣

∣

∣

n
∑

k=1





k
∑

j=1

(−1)k−jj(j − uj(s, t))

(

β

k − j

)

aj





(

γ

n− k

)

+

n
∑

k=1





k
∑

j=1

(−1)k−jj(jB − γuj(s, t))

(

β

k − j

)

aj





(

γ

n− k

)

∣

∣

∣

∣

∣

∣



 ≤ |B − γ|,

then f ∈ Kλ(A,B, s, t), where γ = (A cos λ+ iB sinλ)e−iλ, −1 ≤ B < A ≤ 1.
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