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Abstract: In the present communication, we have generated some new infor-
mation theoretic measures through the diagonal and non-diagonal elements of
the matrix of probability terms obtained by post multiplication of a column vec-
tor by a row vector. The elements of columns of such a matrix consists of linear
function whereas the row elements are in the form of linear, power, exponen-
tial, trigonometric and hyperbolic function. The concept will find application
in measurement of diversity in biological systems and in other disciplines using
information theory.
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1. Introduction

With the publication of Shannon’s [11] path-breaking works in the form of
his first paper “A Mathematical Theory of Communication”and consequently
providing the discovery of the fundamentals laws of data compression and trans-
mission marks the birth of Information Theory. Zadeh [17] has remarked that
uncertainty is an attribute of information and the theory provided by Shannon
[11] which has profound intersections with many mathematical disciplines, has
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led to a universal acceptance that information is statistical in nature. A logical
consequence of Shannon’s [11] theory of uncertainty, in whatever form it is, is
that it should be dealt with through the use of probability theory. Shannon
[11] introduced the concept of information theoretic entropy by associating un-
certainty with every probability distribution P = (p1,p2, ..., o) and found that
there is a unique function that can measure the uncertainty, is given by

H(P) ==Y pilogp;, (1)
i=1

He called it as entropy. The probabilistic measure of entropy (1.1) possesses
a number of interesting properties. Immediately, after Shannon [11] gave his
measure, research workers in many fields saw the potential of the application
of this expression and a large number of other information theoretic measures
were derived.

Measures of information are widely used in Biology for the measurement
of diversity of communities. Some of the common ecological diversity indices
are due to Shannon [11], Simpson [12], McIntosh [4] and Pielou [10]. Jost [3]
discussed the concept of number equivalents which can be used more effectively
in describing the communities. Gregorius [2] remarked that the total diversity of
a subdivided collection should be composed of diversity within sub collections
and discussed the effect of differentiation in terms of diversity components.
Information measures can be used to measure diversity at «,5 and -y levels where
the relation between «, § and ~ levels has been provided by the multiplicative
law due to Whittaker [16].

The concept of diversity has also been extended to measurement of economic
biodiversity (Baumgértner [1]). Some of such measures are due to Weitzman
[15], Solow [13], Weikard [14] and Nehring and Puppe [5, 6]. Recently, Parkash
and Thukral [8] proved that statistical measures can also be used as information
theoretic measures. The same concept was successfully applied to sampling
distributions by Parkash, Thukral and Gandhi [9] whereas coefficient of non-
determination was used by Parkash, Mukesh and Thukral [7] for measuring
randomness of association.

A study of the information measures revealed that in many cases, post
multiplication of a column vector fi(p;) by a row vector fo(p;) produces a
matrix, the elements of which may be used to derive a measure of information.
Such a matrix is given by
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fa(p1) fa(p2) f2(pn)
filpr) [ filp) fa(p1)  fi(p1) fa(p2) f1(p1) f2(pn)
A J1(p2) fip2) fa(p1)  fi(p2)fa(p2) -+ fi(p2)f2(pn) @)

A0 \ A fam) A fps) - Fie)fmn)

and the information content from its elements may be obtained from the fol-
lowing mathematical expression:

I ZQ(ZZfl(pi)ﬁ(Pj))a (3)

In this communication, we derive new information measures from diagonal
and non-diagonal elements of some matrices.

2. Diagonal Elements of Matrix as Measures of Information

I If we take f1(p;) = f2(pi) = p; in the matrix (1.2), then the diagonal elements
n
can be obtained as 1 H,(P) = Zpipi , that is

i=1
n
Ho(P) =S92, (4)
i=1
n
which is a well known Simpson’s concentration. Thus, Zpipi will also

i=1
act as an information measure.

NI

IT If we take fi(p;) = p; and fa(p;) = p? in the matrix (1.2), then the sum of
n 1
diagonal elements is given by Zpipf.
i=1
With some additional constant, the sum of diagonal elements gives the
following mathematical expression:

HL(P)=1- 3" p?, (5)
=1

Now, we prove (2.2) as a theoretical measure of information. For this
purpose, we have studied the following properties:
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. Obviously 9 H,(P) >0 for 0 < p; < 1.

oH,(P) is a continuous function of p;.

9H,(P) is permutationally symmetric function of p;.
. Concavity: To study its concavity, we proceed as follow:

We have

8(2Hn(P)) — _§p%'
3}91‘ 277
Also
0*(2H,(P)) -

3 -3
=—-p. 2<0Vp; > 0.
8p? 4PZ Di

Thus, o H,(P) is a concave function of p;.

. Expansibility: We have
n+1 3 n 3
QHn+l(plup27 7pn70) =1- szz =1- Zplz =2 Hn(plup?u 7pn)
=1 =1

Thus, oH,(P) does not change by the inclusion of an impossible
event.

. For degenerate distributions, we have
2H(1,0,..,0) = 1— ()2 + (0) +--- + (0)2) = 0.

Thus for certain events, o H,,(P) = 0.

For obtaining maximum value, we consider the Lagrange’s function
given by

L=01-3"p2) - A pi—1).
=1 =1

Thus, we have

oL 31 oL 32 oL 31
—=——pF AN —=—=p2 — A ..., ——=—=p5F — A
For maximum value, we put
oL oL oL _0

o1 Ops Opn
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n
which gives p1 = ps = -+ = p,. Also Zpi =1 gives p; = %Vi =
i=1
1,2,--- ,n. Thus the maximum value arises when the distribution is
uniform.

8. The maximum value ¢(n) of the proposed entropy measure is ¢(n) =
1 -3

1—n~2 which gives ¢l(n) =5n 2 >0Vn=2,3,4,---, which shows
that the maximum value ¢(n) is an increasing function of n.

Next, we have presented o H,,(P) and obtained Figure 1 which clearly
shows that o H,(P) is a concave function.

0.30 |-
0.25 |-
0.20 |-

0.15 |-

2Hn(P)

0.10 |-

0.05 |-

0.0 0.2 0.4 06 0.8 1.0

Figure 1: Concavity of 9 H,(P) with respect to P.

Under the above properties, we see that o H,,(P) is an information measure

n 1
and consequently, from equation (2.2), we conclude that 1 — Zpipf will
i=1
act as an information measure.
III If we take fi(p;) = p; and fa(p;) = exp(p;) in the matrix (1.2), then
the diagonal elements with some additional constant give the following
expression

3Ho(P) = exp(1) = > p; exp(pi), (6)
=1

Now, we prove (2.3) as a theoretical measure of information through the
study of following properties:
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Obviously sH,(P) >0 for 0 < p; < 1.

3H,(P) is a continuous function of p;.

3H,(P) is permutationally symmetric function of p;.
Concavity: From equation (2.3), we have

O03H,(P)

a2 —(2+pi)exp(p;) <OV0O<p; <1

which shows that 3H,,(P) is a concave function of p;.

. Expansibility: We have

n+1
SHnJrl(phpr---ame) = exp(l) - Zpl eXp(pZ)
i=1

n

= exp(1) = > piexp(p)
=1

- 3Hn(p17p27"'7pn)'

Thus, 3H,(P) does not change by the inclusion of an impossible
event.

. For degenerate distributions, we have

3H,(1,0,...,0) =exp(1l) — (Llexp(1) + 0exp(0) + - -- + 0exp(0)) = 0.

Thus for certain events, 3 H,, (P) = 0.

For obtaining maximum value, we consider the Lagrange’s function
given by

L= (exp(1) = Y _piexp(pi) = A _pi — 1),
=1 =1

And observe that the maximum value arises when the distribution
is uniform.

. The maximum value ¢(n) of the proposed entropy measure is ¢(n) =

exp(1) — exp(L), which gives ¢ (n) = ;lzexp(%) > 0, numerically
Vn = 2,3,4,---, which shows that the maximum value ¢(n) is an
increasing function of n.
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Under the above properties, we see that 3H,(P) is an information mea-

sure and consequently, from equation (2.3), we conclude that exp(1) —
n

Z p; exp(p;) will act as an information measure.

i=1

Proceeding as above, we can prove that the following functions can be
treated as information measures:

IV If we take f1(p;) = p; and fo(p;) = sinp; in the matrix (1.2), then the diag-
onal elements with some additional constant give the following expression

n
4H,(P) =sinl — Zpi sin p;. (7)
i=1

V If we take fi(p;) = p; and fa(p;) = cosp; in the matrix (1.2), then the diago-
nal elements with some additional constant give the following expression

sH,(P) = Zpi cos p; — cos 1. (8)
i=1

VI If we take fi1(p;) = p; and fa(p;) = sinhp; in the matrix (1.2), then the
diagonal elements with some additional constant give the following ex-
pression

n
¢H,(P)=sinh1 — Zpi sinh p;. 9)
i=1

VII If we take fi(p;) = p; and fa(p;) = tanhp; in the matrix (1.2), then
the diagonal elements with some additional constant give the following
expression

n
7H,(P) =tanh1 — Zpi tanh p;. (10)
i=1

3. Non-Diagonal Elements of Matrix as Measures of Information

I If we take fi1(p;) = f2(pi) = p; in the matrix (1.2), then the non-diagonal
elements can be obtained as follows:

n n n n n
Soid pi=> i+ YD pipji#J
=1 =1 =1

i=1 j=1
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This equation gives

Zzpm] =1- sz (11)

=1 j=1

Since R.H.S. ( Z p;) of equation (3.1) is a well known Gini-Simpson’s

=1
n n

index, so E E pip; will also act as an information measure.
i=1 j=1

i

IT If we take fi(p;) = pi and fa(p;) = p? in the matrix (1.2), then the non-
diagonal elements can be obtained as follows:

n n
STp > = zpz +3° ok, 4
=1 =1

=1 j=1

This equation gives

n n

2 1 1 3
S pipz=> pZ-> p?. (12)
=1 =1

i=1 j=1
Now, we show that the R.H.S. of equation (3.2) is a theoretical measure

of information. For this purpose, we take

n n

z z

and study the following properties:

1 3 1 3
1. Obviously 'H,,(P) > 0as 1 > p; or p? > p? or p? > Z 7.
=1 =1

2. 'H,(P) is a continuous function of p;.

3. 'H,(P) is permutationally symmetric function of p;.

O*(*H, (P 1,1 3

4. Concavity: We have (7”2()) = ——(=+—5) <0Vp; >0,
p; 2 2
7 (]

which shows that ' H,,(P) is a concave function of p;.
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5. Expansibility: We have

n+1 1 n+1 3

1Hn+1(p17p27"'7pn70) = szz _szz
i=1 i=1
n n

1 3
S
i=1 i=1
- 1Hn(p17p27"'7pn)~

Thus, 'H,(P) does not change by the inclusion of an impossible
event.

6. For degenerate distributions, we have

LH,(1,0,..,0) = (1) +(0)2 +---+ (0)2)

= 0.

Thus for certain events, ' H,,(P) = 0.

7. For obtaining maximum value, we consider the Lagrange’s function
given by

n n

=302 =S 1) - A> pi— 1),
i=1 i=1 =1

Thus, we have

oL 1 -1 31 oL 1 -1 31
— = (= - = —AN=—=(=p, 2 —=p2)— A\, ...
oL 1 1 31
— = (= - - - A
Thus, for maximum value, we have
1 -+ 33 -1 31 1 -1 31
51912 —§P12 = 51922 —§p22 == §pn2 —51957
which further gives p; = po = --- = p, . Also using the constraint

n
Zpi =1, we get p; = % Vi=1,2,--- ,n. Thus the maximum value
i=1
arises when the distribution is uniform.
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8. The maximum value ¢(n) of the proposed entropy measure is ¢(n) =
n3 —n~3 which gives ¢ (n) = %(L% + ﬂlz—) >0Vn=2,3,4,---.
n n
This shows that the maximum value ¢(n) is an increasing function
of n.

Moreover, with the help of numerical data, we have presented ' H,,(P)
as shown in the figure-2.

0.8 -
0.7 4
0.6 -

0.5

1
Hh(P)
o
S
1

0.3
0.2 4

0.1+

0.0 | L) L J )
0.0 02 0.4 06 0.8 1.0

Figure 2: Concavity of ' H, (P) with respect to P.

1

Under the above properties, we see that Z Zpip? is an information
J
i=1 j=1
measure.
Proceeding as above, we can prove that the following theoretical functions
can be treated as information measures:

IIT If we take fi(p;) = pi and fa(p;) = exp(p;) in the matrix (1.2), then the
non-diagonal elements can be obtained as follows:

n n
> piY explp) = sz exp(pi) + Zzpz exp(p;),i # J.
=1 =1 =1 j=1
This gives

> piexp(p) — (n—1) Zeprz szexppz (n—1). (13)

i=1 j=1
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IV If we take fi(p;) = p; and fa(p;) = sinp; in the matrix (1.2), then the
non-diagonal elements can be obtained as follows:

n n
S oY sings = zpzsmwzzpzsmm,m
i=1  i=1 i=1 j=1

This gives

n n n n
Z sz’ sinp; = Z sinp; — Zpi sin p;. (14)
i=1 i=1

i=1 j=1

V If we take fi(p;) = p; and fa(p;) = cosp; in the matrix (1.2), then the
non-diagonal elements can be obtained as follows:

n n
ZPiZCOsz Zplcospl +ZZplcosp],z % j.
i=1 i=1 i=1 j=1

This gives

(n—1) Zszcospj (n—1) Zcospz—i—szcospZ (15)

=1 j=1

VI If we take fi1(p;) = p; and fa(p;) = sinhp; in the matrix (1.2), then the
non-diagonal elements with some additional constant can be obtained as

follows:
sz Z sinhp; = sz sinhp; + Z sz sinhpj, i # J.
i=1 =1 =1 j=1

This gives

iipi sinhp; = isinhpi — ipi sinh p;. (16)
i=1 i=1

i=1 j=1

VII If we take fi(p;) = p; and fa(p;) = tanhp; in the matrix (1.2), then the
non-diagonal elements with some additional constant can be obtained as
follows:

n n
D pi) tanhpi = sz tanp 303 pitanhpy i £ .
i=1 =1

=1 j=1
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This gives

zn:ipi tanhp; = Zn:tanhpi — ipitanhpi. (17)
i=1 i=1

i=1 j=1

Concluding Remarks: We have established that the diagonal and non-
diagonal elements of several matrices can be used to derive new information
measures. This concept may be extended to other such matrices.

Acknowledgments

The authors are thankful to the University Grants Commission, New Delhi, for
providing financial assistance for the preparation of the manuscript.

References

[1] S. Baumgértner, Measuring the diversity of what? And for what purpose?-
A conceptual comparison of ecological and economic biodiversity indices
(Working paper), Interdisciplinary Institute of Environmental Economics,
University of Heidelberg, Germany (2005), 1-29.

[2] H.R. Gregorius, Linking diversity and differentiation, Diversity, 2 (2010),
370-394.

[3] L. Jost, Partitioning diversity into independent alpha and beta compo-
nents, Ecology, 88 (2007), 2427-2439.

[4] R.P. McIntosh, The continuum concept of vegetation, Botanical Review,
33 (1967), 130-187.

[5] K. Nehring, C. Puppe, A theory of diversity, Econometrica, 70 (2002),
1155-1198.

[6] K. Nehring, C. Puppe, Modeling Phylogenetic diversity, Resource and En-
ergy Economics, 26 (2004), 205-235.

[7] O. Parkash, Mukesh, A.K. Thukral, Measuring Randomness of Association
through Coefficient of Non-Determination, VDM Verlag, Germany (2010).

[8] O. Parkash, A.K. Thukral, Statistical measures as measures of diversity,
International Journal of Biomathematics, 3 (2010), 173-185.



GENERATING INFORMATION MEASURES... 735

[9]

[10]

[11]

[12]

[13]

O. Parkash, A.K. Thukral, C.P. Gandhi, Some new information measures
based upon sampling distributions, International Journal of Engineering
and Applied Sciences, 7 (2011), 75-79.

E.C. Pielou, Ecological Diversity, Wiley, New York (1975).

C.E. Shannon, A mathematical theory of communication, Bell System
Technical Journal, 27 (1948), 379-423, 623-659.

E.H. Simpson, Measurement of diversity, Nature, 163 (1949), 688.

A. Solow, S. Polasky, J. Broadus, On the measurement of biological diver-
sity, Journal of Environmental Economics and Management, 24 (1993),
60-68.

H.-P. Weikard, Diversity functions and the value of biodiversity, Land FEco-
nomics, 78 (2002), 20-27.

M. Weitzman, On diversity, Quarterly Journal of Economics, 107 (1992),
363-405.

R.H. Whittaker, Evolution and measurement of species diversity, Tazon,
21 (1972), 213-251.

L.A. Zadeh, Towards a generalized theory of uncertainty (GTU)-an outline,
Information Sciences, 172 (2005), 1-40.



736



