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1. Introduction

The Gauss Hypergeometric function is

00
oFifa,bjc:z]= X
n=0

(@)n(b)n ="

R (1.1)

where c is nether zero nor a negative integer, |z| < 1;2 = 1 and Re(c—a—b) >
0,z =-1and Re(c —a —b) > —1, (a), is the usual Pochhammer symbol

Llatn) (@)o =1, (1.2)

(@) =ala+1)(a+2)..(a+n—1)= (o)

n>1a#0.
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Let a,3,n € C and z € RT. Then the generalized fractional integration
due to Saigo [12] is defined as

o, B,n
V)
g8 ¥ 1 t
=T [ (=) R |a+ B, —n,a;1 — . f(t)dt, Re(ar) >0 (1.3)
0
_d" _a+n,f-nn—n
= i £) (1)
where 0 < Re(a) +n < 1;n=1,2, ... Also for p being real, the function
2P~1 has the integral formula
I a’ﬂ’n [xp—l] _ F(p)r(p +n— /8) xp—ﬁ—l (15)

0,2 Llp=B)L(p+n+a

where Re(p) > max [0, Re(5 — n)].

2. Hypergeometric Series Identities

In this section we obtain derivations of some hypergeometric functions for Saigo

operator.
Theorem 2.1.
a’ﬁ’n o—1 _ —a %7%"_% . —dx
g 0,z |° (1-2) 2Fl[l—i—a—b’(l—acﬁ
_ I'o F(U‘H?_ﬁ) xo'fﬁfl F 0704"'7—57@717 -y
I'(o—pB)T(oc+n+a) Y3 o—Bo+B+al+a—b" ’

(2.1)
where Re(a), Re(3) > 0, Re(c) = max[0, Re(8 — )]; a Is a non positive integer.

Proof. We start with the quadratic transformation formula [[11], (3.2)]

a 1 a
_ 5,5+ 35 —4zx a,b
o a 299 2 . — ) R
(1 -2 h 1+a—b’(1—:c)2} 2F1[1+a—b’ 4 (2:2)
where « is a non positive integer. Operating both the sides by the functional
C!, /87 77 o—1 .
0. [ ] and using 1.1 , we have

integrating operator [ T
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0476777 o—1 _ —a %’%—I—% e
1 0,2 x (1 IL’) o F1 l4a—b ' T2

(0. ¢]
-7 aaﬁa"? )y (a)n(b)n (_1)nxn+071
0,z (1+a—b)n n!
n=>0

Using Equation 1.3 and changing the order of the integration and summation
which is valid under the condition stated above, the above expression reduced

to the form
00

_ (@n®)n(=1" a,B,n +o—1
= % Wewer! o, @7
n=>0 ’
applying Equation 1.5, we obtain
— Lo (c+n=5) o—p—1 070+77_67a7b7 .
T Te-pTetnta)” 4F3[0—B,0+5+a,1+a—b’ “l
O
Theorem 2.2. If we start with the quadratic transformation formula
1 2 —1
1 a,5+a,5+a g2 . 3a,7+b,1+3a—b.
(1—3;)3a3F2 |: b,% +3a_b 74(1—3})3 _3F2 2b_ 1,2+6a_2b 74$ 3 then

we obtain

1,02 2
I Oéaﬁa"? xafl 1 3172 a, 33+ a, 3 +a : 27x
0, (1 —x)3 b,5+3a—b "4(1—1x)3
_ ToT(o+n—B8) .,
I'(c—p) I'(oc+n+a)
0,0+n—5,3a,%1+b,1+3a—b )
5F4[U—B,U+ﬁ+a,2b—1,2+6a—2b’4:6 ’

where Re(a), Re(3) > 0, Re(c) = max[0, Re(8 — )]; a is a non positive integer.
Theorem 2.3. If we start with the quadratic transformation formula

(1 —2x)%F; [ ac—b ,ﬁ] = [ a,b ;x}, then we obtain
c c

7 @B |:-TU_1(1—CC)G2F1 [ a,cc—b ‘ x”

O,CC ' l-x

__ToT(o+n—p) xa—6—14F3[ 0,0 +1—f,a,b :c] where Re(a), Re(3) >

Tle—pB) T(e+n+a) c—pB,o+p+a,c’
0, Re(c) = max|0, Re(5 — 7)]; a is a non positive integer.

Theorem 2.4. If we start with the quadratic transformation formula of
GauB [[3], Ex. 4(iii), p.97, witha — %,8 — %,z — 1]
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a b b

o | 1 202 4 sdx(l—x)| =2F “ p ;| and assume that a is a non
2t3t3 2

positive integer, then we obtain

a’ﬁ’n o—1 %’% . —
1 0.2 [:c oFy [ Iy ;dx(1 — x)
— I'o F(O-+77_5) CCUiB714F3 070+77_/87a7b -

I'(oc—p) T(c+n+a) c—Bo+B+a,s+%+277)

where Re(a), Re(8) > 0, Re(c) = max|0, Re(8 — )|; a Is a non positive integer.

Theorem 2.5. If we start with the quadratic transformation formula
[[11],(5.12)with z — x] :

—a a —a 2’ a,b
(I—=z)2 2k [ 1%y '7)] = ol [ o, ;x},
and assume that a is an even non positive integer, then we obtain

aaﬁa"? o—1 -a ga__a—i_b ‘TQ
I 1—xz)29F | 27,2 j————
0, [CU (1—x) 21[ %er Az —1)

_ ToT(oc+n-—7) L0B-1 o o,0+n—B,a,b .
I'(oc—06) T(oc+n+«) a8 oc—pB,o+B+a,2b 7|’

where Re(a), Re(f3) > 0, Re(o) = max|0, Re(3 — 7)]; a Is an even non positive
integer.

Theorem 2.6. If we start with the transformation formula [[11],(3.31)]
—ayc -l a,c _
(1—2)" R [ 2 T2 2 MERE ;4$(1—x)] = oI [ a’lc ¢ ;x] ;
then we obtain

—a ¢ =1 a4 ¢
Iﬁﬁf P”%1-@*bﬂ[ 2+2’i+2+2w%ﬂ—xﬂ]

_ FO_F(U+77_/8) xafﬁle 0-70-—'_77_5’&71_&'32
L(c—B)T(c+n+a) B o—Bo+Brac )

where Re(a), Re(f) > 0, Re(o) = max[0, Re(3 — v)].



SAIGO OPERATOR OF FRACTIONAL INTEGRATION... 759

Theorem 2.7. If we start with the transformation formula [[4], (4.22),
with @« — a,8 — b,x — z and [11], (5.12), with

x _ a,b 72 2a,a+0b
L) (1-2)"%F (PR S 7 B ,
o) e [ ) = |
and assume that a is a non positive integer, then we obtain
Oéaﬁa"? o—1 —a aab .CC2
I 1-— F; —
0,z 27 (1= 2)™% 1[%+a+b’4(m—1)”
_ I'o T'(c+n—7) o—6-1,p, o,0+n—03,2a,a+b .
Fo—pB)T(oc+n+«a) c—B,c+p+a,2a+2b |’
where Re(a), Re(f) > 0, Re(o) = max[0, Re(8 — v)].
Theorem 2.8. If we start with the transformation formula [[11],(3.31),

Withz—>(1‘i—zz),a—>a+c+%,c—>b]:
1 1
o a-f—b—l a7b . o _ §+a—b,§—a—|—b
(1-=z) QQFl[%—i—a—l—b sdx(1 96)] 2F1[ L gt ;x| and

assume that a is a non positive integer, then we obtain

Oéaﬁa"? o—1¢q _ ,yatb—1 a,b . _
I 0.2 [:c (1—x) 22F1[%—|—a—|—b’4x(1 :c)”

~ ToT(o+n—-08) . 54
TTe-B)To+n+ta) 4F‘°’[

c,o+n—B,2+a—b3—a+b
1 3|
o—Bo+B+a,5+a+b

where Re(a), Re(8) > 0, Re(c) = max|0, Re(8 — )|; a Is a non positive integer.

Theorem 2.9. If we start with the transformation formula [[8], (3.4.8),q —
1 —1
1y a,5+a 4 - 20 — 1,5 +a,2a—0b
1]: ghym=efa { 2b ,—(1_52} =3k { %E+a,b

sume that a is a non positive integer, then we obtain

; —x} and as-

a’ﬂ’n o—1 1+£1? a7l+a —4dx
I SR A
0,7 ["’3 1— )2 b T (1-a)?
I'o T(oc+n—0) o—f-1 o, 0+n—52a—1,% +a,2a—b
= 5F4 —1 F G )
I'(c—p) T(oc+n+a) o—pB,0+p+a,5 +a,b

where Re(a), Re(3) > 0, Re(c) = max|0, Re(8 — )]; a is a non positive integer.

Theorem 2.10. If we start with the transformation formula [[4],p.94,
Ex.A.(iw)with x — z] :
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a 1 a
B g s+ 14a—-b—c _ a,b,c
1— a, | 22272 P i 7 ;
(=2)™s 2[ l+a—-b1l+a—c ’(1_@2} 3F2[1+a_b’1+a_c7x]

and assume that a is a non positive integer, then we obtain
O‘vlgvn o—1 —a Q,l—l—ﬁ,l—i—a—b—c —4x
I 1— Bl 22272 :
0,z [:1: (1-=) 32[ l4+a—-bl+a—-c '(1—ux)?

_ I'o F(U“"'?_ﬁ) o—p—1 0-70-—'_77_187017()70
= xr 5F4 L
Fo—=pB)T(oc+n+«a) oc—pB,o+B+a,l+a—b,14+a—c

where Re(a), Re(3) > 0, Re(c) = max[0, Re(8 — )]; a is a non positive integer.

Theorem 2.11. If we start with the transformation formula [[3],p.97,
Ex.6 withb -1+a—b,c—1+a—c,x—x|:

Ltz o [3+51+5—atbte—1 —dz
(1—x)i+a®? b,c (z—1)
B a,1+5,1+a—-bl+a—c
-an | 5.bc g

and assume that a is a non positive integer, then we obtain

04:5”7 o—1 1+$ l+g,1+g,—a+b+0—1 —43:'
I 2 T2 2 .
Oax |:x (1 — x)1+a3F2 b’c ) (x _ 1)2
_ To T'(oc+n-—75) Lo—B-1
I'(o—p) T'(oc+n+a)
2 o,0+n—pal+g1+a-bl+ta—c
655 oc—B,0+B+aLbe R

where Re(a), Re(3) > 0, Re(c) = max|0, Re(8 — )]; a is a non positive integer.

Theorem 2.12. If we start with the transformation formula [[4], (4.05) with
pr—bps—3a—b+3,x—a|:
I PP R
2 b3 +3a—b 41 —x)
3a,-3a+2b—1,2+3a—2b =x

_3F2[ b,3 +3a—b T4

and assume that a is a non positive integer, then we obtain

O‘?ﬁ??’/ o—1 _ —3a a’%—i_a’%—’_a-i
I O,IE |:.’E (]. CC) 3F2|: b,%+3a—b ) 4(1—z)3
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__Tolo+n=8) .o-p-1_p o,0+n—0,3a,—-3a+2b—1,2+3a—-2b ,
T T(o-B)T(c+n+a) 554 0-_18’04_5_,_0[’[)’%_’_3@_[) ’ 4
where Re(a), Re(8) > 0, Re(c) = max|0, Re(8 — )|; a Is a non positive integer.

Theorem 2.13. If we start with the second cubic transformation formula
of Bailey [[4], (4.06)with p1 — b, ps — 3a —b+ 3,2 — 2] :

1 2 2712 =1 _
a,3+a,5+a 27x }_3F2[3a,2+b,1+3a b'4x}

.\ —3a -
(1-z) 3F2[ b3 +3a—b 41 —a) 2 —1,2+6a—2b

and assume that a is a non positive integer, then we obtain

04,5#7 o—1lrq1 _ ,\—3a av%—i_a?%—i_a.ﬂ
! 0, [:c (1-2) 3F2[ b2 +3a—b 401 —x)3
_ T'o F(U'F’O - ,8) xaf/o’fl
I'(o—-p) T'(oc+n+a)
070+77_573a7_71+b71+3a_b .
5F4[0—5,0+B+a,2b—1,2+6a—2b’49: ’

where Re(a), Re(8) > 0, Re(c) = max|0, Re(8 — v)|; a Is a non positive integer.

Theorem 2.14. If we start with the transformation formula [[5], Entry 4
of Ramanujan, Ch. 11, p. 50]:

a 1 a 1
_ 5,5 +5 —dx a,5 +a—>b
1— ap | 22272 . | o ’ 2 .
e [ 3+ ’<1—x>2} [ p+b }
and assume that a is a non positive integer, then we obtain
Oéaﬁa"? o—1 —a Q’l_|_ﬁ —4x
I 1 _ |l 22272 .
0,2 [m (=)™ 1[ Iy "(1—a)2

To T'(oc+n-—75) o—f—1 o,0+n—B,a,3+a—b
= € 4F3 1 T,
I'o—p) T(c+n+a) o—B,0+B+a,5+b

where Re(a), Re(3) > 0, Re(c) = max|0, Re(8 — )]; a Is a non positive integer.

Theorem 2.15. If we start with the transformation formula which follows
from Theorem VIII of [[14],(2.5.32)] :

o F [ @b ;IB] o b1 [ @ ~bie ;IB]
C &

=1 —x)"%F; [ :

a,b,—a+c,—b+c —x
1 )
Ca%uj—’_% 4(1—.I)
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and assume that a is a non positive integer, then we obtain

I

a 1l a —4
a, B,m x0_1(1—$)_a2F1|: 32 t3 . x :|:|

0,2 +b 7 (1—x)?

1
2
FO’F(O’-FT]-,B) o—p—1 r J,U—FT]—B,CL,%—Fa—b Sy
Ul o-Bo+Btas+bd T

CT(o—B)T(c+n+a)

where Re(a), Re(3) > 0, Re(c) = max|0, Re(8 — )]; a is a non positive integer.

1]

2]

References

G. E. Andrews and C. Larry, Special Funtion for Engineers and Applied
Mathematicians, Macmillan, New York (1985).

G. E. Andrews and D. Stanton, Determinants in plane partition enumer-
ation, Europ. J. Combin., 19 (1998), 273-282.

W. N. Bailey, Generalized hypergeometric series, Cambridge University
Press, Cambridge,(1935).

W.N. Bailey, Products of generalized hypergeometric series, Proc. London
Math. Soc., 28, No. 2 (1928), 242-254.

Bruce C. Berndt, Ramanugjan’s Notebooks, Part 111, Springer-Verlag (1989).

Dinesh Narayan Vyas, Ph.D Thesis, Jai Narayan Vyas University, Jodh-
pur(India) (1993).

D. Earl Rainville, Special Function, Macmillan, New York (1960).

G. Gasper and M. Rahman, Basic hypergeometric series, Encyclopedia of
Mathematics and Its Applications, 35, Gambridge University Press, Gam-
bridge (1990).

Lal Sahab Singh and Dharmendra Kumar Singh, Saigo operator of frac-
tional integration for product of two hypergeometric functions, Acta Cien-
cia Indica, Vol. XXXII M, No. 3(2006), 1067-1072.

Y. L. Luke, The Special Functions and Their Approzimations, Vol. 1, Aca-
demic Press, London (1969).

M. Rahman and A. Verma, Quadratic transformation formulas for basic
hypergeometric series, Trans. Amer. Math. Soc., 335 (1993), 277-302.



SAIGO OPERATOR OF FRACTIONAL INTEGRATION... 763

[12] M. Saigo, A remark on integral operators involving the Gauss hypergeomet-
ric function, Rep. College General Ed., Kyushu Univ., 11 (1978), 135-143.

[13] V. N. Singh, The basic analogues of identities of the Cayley-Orr type, J.
London Math. Soc., 34 (1959), 15-22.

[14] L. J. Slater, Generalized hypergeometric functions, Cambridge University
Press, Cambridge (1966).

[15] K. Srinivasa Rao, H. D. Doebner and P. Nattermann, Group Theoretical
basis for some transformations of generalized hypergeometric series and
the symmetries of the 3-j and 6-j coefficients, Proc. of the 5" Wigner
Symposium, Ed. by P. Kasperkovitz and D. Grau, World Scientific (1998),
97-99.



764



