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1. Introduction

Several researchers like Singh [6], Khare [3], Mittal and Kumar [5], Singh and
Singh [7] and Jadia [2] have studied (N, p,), (N, p,q), almost (N, p,q) and ma-
trix summability methods of Fourier Series and its conjugate series using differ-
ent conditions. But nothing seems to have been done so far to study (C,2)(E,q)
product summability of Fourier series and its conjugate series. Therefore, in
this paper, two theorems on (C,2)(E,q) summability of Fourier series and its
conjugate series have been proved under a general condition.

Let 7 ,u, be a given infinite series with sequence of its nt" partial sum
{s,}.The (C,2) transform is defined as the n'* partial sum of (C,2) summability
and is given by

2 n
th = o) —k+1 .
(”+1)(n+2)kzo(” +1)sp — sasn — 0o (1.1)

then the infinite series )~ ;u, is summable to the definite number s by (C,2)
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method. If

1 = n

E,q) = B = ek 1.2

(E,q) n (1+q)nk <k>q S — s as n — 00 (1.2)
=0

then the infinite series y 2 ju, is said to be summable (E,q) to a definite

number s (Hardy [3]). The (C,2) transform of (E,q) transform defines (C,2)(E,q)

transform and we denote it by C2Ej. Thus if

2 n
(G50 3 N — E1 1.3
“El (n+1)(n+2)kz_o 7 — sasn— o0 (1.3)

then the series ) 7 ju, is said to be summable by (C,2)(E,¢) means or
summable (C,2) (E, q) to a definite number s. Therefore, we can write C2Ej —
s as n — oo.

The method (C,2) (E,q) is regular and this case is supposed throughout
this paper.

Let f (z) be a 2m-periodic function of x and integrable over [—7, 7] in the
sense of Lebesgue. The Fourier series of f (x) is given by

[e.9] o0
ag .
f(z)~ 5 —I-Z(an cosnx + by sinnz) = ZA” (z) (1.4)
n=1 n=1
The conjugate series of Fourier series (4) is given by

Z (an sinnz — by, cosnx) = Z B, (z) (1.5)
n=1

n=1

We use the following notations:

n

1
(n+1)(n+2) &

Ko (0) = =

n—k+1 k (k)qkysin(u+%)t
(1_|_q)k —~ v sin%

n—k+1 K k n7VCOS(V+%)t
(1+¢)F —\v sin (t/2)

T= [%] , where 7 denotes the greatest integer not greater than %

0

n

_ 1
K (1) = 7T(n+1)(n+2)kzo
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2. Main Theorems

We prove the following theorems:

Theorem 1. Let {p,} be a positive, monotonic, non-increasing sequence
of real constants such that

n
Pn:Zpyﬁooasn%oo.

v

If

@(t):/o 16 (u) |du:0[ﬁ] as t = +0, (2.1)

where « (t) is a positive, monotonic and non-increasing function of t and
log(n+1)=0[{a(n+1)} Puyi1], asn — oo (2.2)

then the Fourier series (1.4) is summable (C,2) (E,q) to f (x).

Theorem 2. Let {p,} be a positive, monotonic, non-increasing sequence
of real constants such that

n
Pn:Zp,,—H)oasn—)oo.

14

If
t

w)—/o rwu)\du—o[—

t 0 2.3
a(%)PT as t — 40, ( )

where « (t) is a positive, monotonic and non-increasing function of t

= (n—k+1 B
(1+q) ;<W>—O(n+l)(n+2) (2.4)

and condition (2.2), then the conjugate Fourier series (1.5) is summable
(C,2) (E,q) to

Fay=—L [T wi) cot <%> dt

271'0

at every point where this integral exists.
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3. Lemmas

For the proof of our theorems, following lemmas are required:

Lemma 1.

1

n+1

|K,, (t) =0(n+1), for0 <t <

Proof. For 0 <t < sinnt < nsint

g

n

(n—k+1) s~ k\ p @vt1)sing
|Kn(t)|§7r(n+1)(n+2) l;) (1+q)k ;}(V )q sin% ”
1 " (n—k—i—l) b k k—v
S7r(n+1)(n+2) ,;) (14 q)" (2k+1)§)(y )q ]
1 n
_ﬂ(n+1)(n+2)kzzo[(n—k—i—l)(%—irl)]
B n+1 g B 1 g
_7T(n+1)(n+2)kzo(2k+1) W(n+1)(n+2)l;)[k(2k“)]
1 n
_m;)(%ﬂ) — +1 22’6“2’“]
_ (n41)2 1 [n( +1)(2n—|—1)+ (n—l—l)}
S w(n+2) w(n+1)(n+2) 3 2
7(n+1)2_n(2n—|—1)_ n
S a(n+2) 3r(n+2) 27(n+2)
72n2+7n+6
- 6r(n+2)
=0(n+1)
Lemma 2. ) )
\Kn(t)\—()(Z),fornJrlStSﬂ
Proof. For —5 <t < m, applying Jordan’s lemma, sin (%) > andsmnt<
1.
1 “l(n—k+1) r k o, sin (v +3)t
|K"(t)|§7r(n+1)(n+2) kzo (1+q)" VZ:;) <1/ >q sin (5)
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s ()]
i 1+qkz( ) é”
s ()]

i 1+qk,§)< >]“]

(n+1)
m(n+1)(n+2)

Z

1
T(n+1)(n+2)

n

2

1
~ t(n+2)

AN

1
t(n+1)(n+2)

n

1-— k
_tn—i—QZ n—|—1(+2)k0

(n+1) 1 n(n+1)
St(n+2)_t(n+1)(n+2)( 2 )
n—+1 n
“tn+2) 2(n+2)

_ 1
Kn(t)—0<z>, f0r0§t§n+1

Proof. For 0 <t < Jrl,sm (t/2) > (t/m)and |cosnt| < 1
— 1

B Ol = i DT o)

>

k=0

n—k+le~/k\ ,_,cos(v+3i)t
(1+q)* —\v sin (£/2)

okl (B o feos (vt d) 1
(1+q)F VO( v ) T T i (t/2)]

n—k+le=/k\ .,

1
7T(n—|—1)(n+2)l;)

1
St(n+1)(n+2)l;)
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Lemma 4. For 0 <a<b<o0,0<t<mand any n,

t

Proof. For 0 < n%rl <t <m, sin(t/2) >

(t/m)

O = o n(l_fq—i)_klzi:(k>Qk
St<n+1;<n+2> ,; ?ffq—;klR{Z()“)q
S ) k: _iff;)klRe{Vi)(i)q
< Y kzo _iffq—;klRe{,;)@)q
e M ?ffq—;klR{i( )

1
T D2

k=1

Now considering first term of (3.1)

T

1
t(n+1)(n+2)

(1+q)"

k=0
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1 Skl k k—v || vt
St(n—l—l)(n—i—Q)];)(l_i_q)k uo(l/)q ]
1 = n—k+1 k k k—v
St(n+1)(n+2),;0 (1+¢)" VO(V>q ]
1 T—1
_t(n+1)(n+2)l;)(n_k+l)
1 T—1 T—1
_t(n+1)(n+2)k:0(n+1)_t(n—l—l)(n+2)gok
1 T—1 1 T—1
_t(n+2)z_: _t(n+1)(n+2)z_:k
T—1 (T —1)

ttn+2) tn+1)(n+2)
() o

Now considering second term of (3.1) and using Abel’s Lemma

n

1 n—k+1 : k k—v _ivt
tin+1)(n+2) ];T (1_|_q)k Re{;)(l/)q € }”
1 - n_k—'_l - k k—v vt
_t(n+1)(n+2)kZT (I+q)F 0<msk ;)<V>q ¢
k remn—k+1
St(n+1)(n+2)(1+q) kz:; (1+¢)" (33)

Combining (3.1) to (3.3), we get

— 1 1 = (n—k+1
K"““’ﬁ(ﬁ*’“{(m)(”q) ,§<<1+q>k>} .
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4. Proof of Main Theorems

Proof of Theorem 1. Following Titchmarsh [8] and using Riemann-Lebesgue
theorem, s, (f;x) of the series (1.4) is given by

™ sin (n + %
s (f12) — (1) = o /0 s Snlnta)ty,

- % sin 5
Therefore using (1), the (E, q) transform E} of s, (f;z) is given by
1 " "/ n\ 4 sin(k+i)t
Eq _ - - t k—v= "\ " 2) " dt
n f(@) 277(1+q)k/0 ¢(){kz:0(k>q sin%
Now denoting (C,2) (E, q) transform of s, (f;z) by C2E}, we write

CrEL — f(z) = AT DT 2)

St SHE (i) ] o

:/OW 6(t) Kn (1) dt

In order to prove the theorem, we have to show that, under our assumptions

/07r (1) K (t)dt = o(1) as n — oo

For 0 < § < 7, we have

| o Kayan- [/0_+/6_+/6

=hLi1+La+1s (say) (4.2)

¢ (t) Ky (t)dt

1
We consider, |I11] < /n+1 | ()| | Ky (t)] dt
0

1

=0(n+1) /n+1 lo ()] dt] using Lemma 1
0

=06 o Gryramr A ) ™ @Y
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R

—0 {bg(n%n} using (2.2)

=o(l), as n —

é
Now we consider, |1 2| < / lo ()] | K, ()] dt
1

n+1

1

L™ n+t+1

=
+
=

L n+

Putting % = u in second term,

Lo =0

_0 {%(I)(t) }51+/it12¢>(t) dt]
‘OO{aﬁﬁEFL+l;°QET——

)*

S A A e

‘O{m}“{mméﬂw

~o{ o) ey P @)

(1) +o(1), asn — oo

=0
=o(1), asn— oo.

§
=0 / o (t)] (%) dt] using Lemma 2

329

n+1
} / 1.du
+1 1

(4.4)

By Riemann- Lebesgue theorem and by regularity condition of the method of

summability,
Rl < [l (o) 15, 0)] dr
=o(1), as n — 0o
Combining (4.1) to (4.4), C2E1 — f(z) = o(1), as n — oo

(4.5)

Proof of Theorem 2. Let 5, (f;xz) denotes the partial sum of series (1.5).
Then following Lal [4] and using Riemann- Lebesgue theorem, §,, (f;z) of series
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(1.5) is given by
_ - 1 4 cos (n+ 1)t
sn(f;w)—f(fv)ZQ—/ ¥ (t) (7t2) dt
T Jo sin (%)
Therefore using (1.5), the (E, q) transform Ej of 5, (f;x) is given by
_ _ 1 ™ n n . cos (k + l) t

Now denoting (C,2) (F, q) transform of 5, by (C2EL), we write

5T 1

(C2ER) — f (z) = P O]

S (n—k+1) [Ta(t)
Z (1+q)* /0 sin%{

k=0

:/Oﬂ W (1) Ko (t)dt

S(4)iren(d) o

In order to prove the theorem, we have to show that, under our assumptions
Q —
/ Y (t) Ky (t) dt =0(1l) as n — o0
0

For 0 < § < 7, we have

[T g - [/O+/6+/6

= Io1 + Iso + Iy 3 (say) (4.6)

U (t) Ky (t) dt

ﬁ
We consider, |I21] < / [0 (t)] |Rn (t)‘ dt
0

1

nt1 1 ]
/ n [ (1) dt] using Lemma 3
0

/ g @) dt]
0

=00 [ e En ) @9

=0(n+1)
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R

=0 {ﬁ} using (2.2)

=o0(1), asn — o0 (4.7)

5’“/6 i (reres) 0 )T:T?ffq—;kl @)
e /5 (7) |¢<t>|dt] by (2.4)
~ol{iva ) +f hvod

0
1 o 1
o sl Lo i)y e

n+1

Putting % = u in second term,

:O{W}”{(nﬂ>a<;+1>Pn+1}/;Hl'd“
~f

|I22] = O

1 1
log(n+1)}+0{log(n+1)}
=o(l)+o(l), asn—o00 by (2.2)
=o0(l),as n— o0 (4.8)

By Riemann- Lebesgue theorem and by regularity condition of the method of
summability,

|12.3] S/;W)(m | K, ()] dt
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=o0(1), asn — o0 (4.9)

Combining (4.5) to (4.8), (C2EL) — f(x) = o(1), as n — o0

1]
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