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Abstract: The B-differentiability of f is defined in general vector normed

spaces, which is defined in finite dimensional Euclidean space(See [2]). Mean-

while, Gäteaux differentiability, Hadamard differentiability and Fréchet differ-

entiability are also considered. In addition, srong Fréchet differentiability and

strong Bouligand differentiability are also introduced. We present the relation-

ships along these kinds of differentiable maps and give two examples to explain

these relationships.
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1. Introduction

For later discussion, some definitions and lemmas are introduced. Let X and
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Y be vector normed spaces and consider a mapping f : X → Y .

Definition 1.1. (see [1]) A mapping f : X → Y is said to be directionally

differentiable at a point x along a direction h if the limit

f ′(x;h) := lim
t↓0

f(x+ th)− f(x)

t
(1)

exists; this limit, denoted f ′(x;h), is called the directional derivative of f . If

f is directionally differentiable at x in every direction h ∈ X, we say that f is

directionally differentiable at x.

Remark 1.1. The directional derivative f ′(x;h), when it exists, is posi-

tively homogeneous in h, i.e., f ′(x; th) = tf ′(x;h) for any t ≥ 0.

Definition 1.2. (see [1]) A mapping f : X → Y is said to be Gäteaux

differentiable at a point x if f is directionally differentiable at a point x and the

directional derivative f ′(x;h) is linear and continuous in h. That is, f ′(x;h) :

X → Y is a linear continuous operator. We denote this operator(when it exists)

by f ′(x), i.e., f ′(x;h) = f ′(x)h.

Definition 1.3. (see [1]) A mapping f : X → Y is said to be directionally

differentiable at a point x in the Hadamard sense if the directional derivative

f ′(x;h) exists for all h and, moreover,

f ′(x;h) := lim
t↓0

h′→h

f(x+ th′)− f(x)

t
. (2)

If in addition f ′(x;h) is linear in h, f is Hadamard differentiable at x. Equa-

tion (2) can be formulated in the following equivalent form, for any sequences

hn → h and tn ↓ 0:

f ′(x;h) := lim
n→∞

f(x+ tnhn)− f(x)

tn
. (3)

Before Bouligand differentiable, we introduce the concept of Lipschitz con-

tinuity.
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Definition 1.4. A mapping f : X → Y is said to be locally Lipschitz

continuous at x if there exists a constant L > 0 such that

‖f(y)− f(x)‖ ≤ L‖y − x‖, ∀y ∈ N(x), (4)

where N(x) denotes the neighborhood of x.

It is said that f is Lipschitz continuous on a set S ⊂ X if there exists a

constant L > 0 such that

‖f(x1)− f(x2)‖ ≤ L‖x1 − x2‖, ∀x1, x2 ∈ S. (5)

Definition 1.5. A mapping f : X → Y is said to be Bouligand differen-

tiable(for short, B-differentiable) at a point x if f is Lipschitz continuous in a

neighborhood of x and directionally differentiable at x. If f is B-differentiable

at x, we call the directional derivative f ′(x;h) the B-derivative of f at x along

h.

The B-derivative f ′(x;h) is strong if the error function

e(y) = f(y)− f(x)− f ′(x; y − x) (6)

satisfies

lim
y1 6=y2

(y1,y2)→(x,x)

e(y1)− e(y2)

‖y1 − y2‖
= 0. (7)

In this case, we say that f is strongly B-differentiable at x. We say that

f is B-differentiable near x if f is B-differentiable at every point in a certain

neighborhood of x.

Remark 1.2. Definition 1.5 is extended from B-differentiability of func-

tional f in [2] to general operator, i.e., Rn is replaced by general vector normed

space X, Rm is replaced by general vector normed space Y , that is, finite di-

mensional Euclidean space is extended to infinite dimensional space.

Definition 1.6. (see [1]) A mapping f : X → Y is said to be directionally

differentiable at x in the Fréchet sense if f is directionally differentiable at x

and

lim
h↓0

f(x+ h)− f(x)

‖h‖
= f ′(x;h) (8)
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In other words, we can write (8) as follows:

f(x+ h) = f(x) + f ′(x;h) + o(‖h‖), h ∈ X. (9)

If in addition, f ′(x;h) is linear and continuous, it is said that f is Fréchet

differentiable(for short, F-differentiable) at x. If f is F-differentiable at x, we

call the directional derivative f ′(x;h) is the F-derivative of f at x along h.

The F-derivative is strong at x if

lim
y1 6=y2

(y1,y2)→(x,x)

f(y1)− f(y2)− f ′(x)(y1 − y2)

‖y1 − y2‖
= 0. (10)

2. Relationship Along Kinds of Differentiable Maps

We all know that the Fréchet differentiability implies Gäteaux differentiabil-

ity, for continuously differentiable mappings, Fréchet differentiability is equiv-

alent to Gäteaux differentiability. If the space X is finite dimensional, then

Hadamard directionally differentiable implies Fréchet directionally differentiable.

If f is Fréchet directionally differentiable and f ′(x; ·) is continuous, then the

converse is also true, i.e., Hadamard directionally differentiability holds. In ad-

dition, if X is finite dimensional and f is locally Lipschitz continuous, then the

Fréchet directionally differentiability, Hadamard directionally differentiability

and Bouligand differentiability are equivalent.

Give some results relevant to kinds of differentiability. The following propo-

sition shows that the relationship between Fréchet differentiability and Bouli-

gand differentiability, including the relationship between strong Fréchet differ-

entiability and strong Bouligand differentiability.

Proposition 2.1. (i)If f : X → Y is locally Lipschitz continuous and has

an F-derivative at x, then f is B-differentiable at x.

(ii)If f has a strong F-derivative at x, then f has a strong B-derivative at

x.
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Proof. (i): Since f has an F-derivative at x, then f is directionally differ-

entiable at x. By the assumption, f is locally Lipschitz continuous at x, then

f is B-differentiable at x.

(ii): Since f has a strong F-derivative at x, i.e,

lim
y1 6=y2

(y1,y2)→(x,x)

f(y1)− f(y2)− f ′(x)(y1 − y2)

‖y1 − y2‖
= 0. (11)

Since

e(y1) = f(y1)− f(x)− f ′(x)(y1 − x), (12)

and

e(y2) = f(y2)− f(x)− f ′(x)(y2 − x), (13)

then it follows from (11), (12) and (13) that

lim
y1 6=y2

(y1,y2)→(x,x)

e(y1)− e(y2)

‖y1 − y2‖

= lim
y1 6=y2

(y1,y2)→(x,x)

f(y1)− f(x)− f ′(x)(y1 − x)− [f(y2)− f(x)− f ′(x)(y2 − x)]

‖y1 − y2‖

= lim
y1 6=y2

(y1,y2)→(x,x)

f(y1)− f(y2)− f ′(x)(y1 − y2)

‖y1 − y2‖

= 0.

So, f has a strong B-derivative at x.

The following proposition presents that if f is B-differentiable at x, globally

Lipschitz continuity of B-derivative f ′(x; ·) and the equivalence conditions of

strong B-derivative f ′(x; ·) are obtained.

Proposition 2.2. If f is B-differentiable at x, then

(i) B-derivative f ′(x; ·) is a globally Lipschitz continuous function with

respect to second variable and f is directionally differentiable at x in the

Hadamard sense.



470 C. Yu, X. Liu

(ii)B-derivative f ′(x; ·) is strong if and only if the error function e has a

strong F-derivative at x and F-derivative of e is equal to 0.

Proof. (i): By the definition of B-derivative f ′(x; ·), we have that

‖f ′(x;h1)− f ′(x;h2)‖ = ‖ lim
t↓0

f(x+ th1)− f(x)

t
− lim

t↓0

f(x+ th2)− f(x)

t
‖

= ‖ lim
t↓0

f(x+ th1)− f(x+ th2)

t
‖

≤ lim
t↓0

‖f(x+ th1)− f(x+ th2)‖

t

≤ lim
t↓0

L
‖th1 − th2‖

t

= L‖h1 − h2‖, ∀h1, h2 ∈ X

where L is the Lipschitz constant of f . Thus, B-derivative f ′(x; ·) is a globally

Lipschitz continuous function with respect to second variable.

On the other hand, we have that

f(x+ th′)− f(x)

t
=
f(x+ th)− f(x)

t
+
f(x+ th′)− f(x+ th)

t
, (14)

and by the Lipschitz continuity of f ,

‖
f(x+ th′)− f(x+ th)

t
‖ ≤ L‖h′ − h‖. (15)

As t ↓ 0, f(x+th
′)−f(x)
t

→ f(x+th)−f(x)
t

, then (2) follows from (1).

(ii)”⇒”: first we calculate the e′(x;h):

e′(x;h) = lim
t↓0

e(x+ th)− e(x)

t

= lim
t↓0

f(x+ th)− f(x)− f ′(x; th) − [f(x)− f(x)− f ′(x;x− x)]

t

= 0.

Since B-derivative f ′(x; ·) is strong, that is

lim
y1 6=y2

(y1,y2)→(x,x)

e(y1)− e(y2)

‖y1 − y2‖
= 0. (16)
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Then it follows from the above two that

lim
y1 6=y2

(y1,y2)→(x,x)

e(y1)− e(y2)− e′(x;h)(y1 − y2)

‖y1 − y2‖
= 0. (17)

”⇐”: The error function e has a strong F-derivative at x, that is

lim
y1 6=y2

(y1,y2)→(x,x)

e(y1)− e(y2)− e′(x;h)(y1 − y2)

‖y1 − y2‖
= 0. (18)

Since by the calculation of e′(x;h), e′(x;h) = 0. Thus, we have that

lim
y1 6=y2

(y1,y2)→(x,x)

e(y1)− e(y2)

‖y1 − y2‖
= 0. (19)

So B-derivative f ′(x; ·) is strong.

Remark 2.1. It follows from the proof of (ii) in Proposition 2.2 that if

f is directionally differentiable at x, then e′(x;h) = 0, i.e, e′(x) = 0 if f is

F-differentiable at x.

If f is B-differentiable in a neighborhood of x, the B-derivative f ′(·;h) is

generally not continuous with respect to first viable. But if for every fixed

direction h, f ′(·;h) is continuous with respect to first viable at x, then f is

F-differentiable at x. The following proposition say that: if f is directionally

differentiable at x in the Hadamard sense, then the directional derivative f ′(x; ·)

is continuous on X.

Theorem 2.1. If f is directionally differentiable at x in the Hadamard

sense, then the directional derivative f ′(x; ·) is continuous on X.

Proof. Assume that f is directionally differentiable at x in the Hadamard

sense and consider two directions h, h′ ∈ X. Without loss of generality we can

assume that f(x) = 0. Then for ∀ǫ > 0 and sufficiently small t > 0, we have

that

‖f ′(x;h′)−
f(x+ th′)− f(x)

t
‖ = ‖f ′(x;h′)−

f(x+ th′)

t
‖ ≤ ǫ.
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Moreover, by the definition of directionally differentiability at x in the Hadamard

sense, we also have that, for h′ sufficiently close to h and sufficiently small t > 0,

‖f ′(x;h)−
f(x+ th′)

t
‖ ≤ ǫ.

It follows that

‖f ′(x;h) − f ′(x;h′)‖ ≤ 2ǫ.

Since ǫ is arbitrary, this proof is completed.

The composition of two B-differentiable functions has some interesting prop-

erties. First, it remains B-differentiable; there is a chain rule. Moreover, it is

possible to establish that the B-derivative of the composite map is strong under

an appropriate restriction.

Theorem 2.2. Let f : X → Y and g : Y → Z be B-differentiable at

x ∈ X and f(x) ∈ Y respectively. Suppose that f(X) ⊆ Y . The following two

statements hold.

(i)The composite map ψ ≡ g ◦ f : X → Z is B-differentiable at x ∈ X;

moreover,

ψ′(x;h) = g′(f(x); f ′(x;h)), ∀h ∈ R
n (20)

(ii)If g is strongly F-differentiable at f(x) and f has a strong B-derivative

at x, then ψ has a strong B-derivative at x.

Proof. We prove (ii) only; the following proof is applicable to (i) with a

minor modification. It suffices to show

lim
y1 6=y2

(y1,y2)→(x,x)

eψ(y
1)− eψ(y

2)

‖y1 − y2‖
= 0. (21)

where

eψ(y) ≡ g(f(y))− g(f(x))− g′(f(x); f(y)− f(x))

≡ g(f(y)) − g(f(x))− g′(f(x); f ′(x; y − x)), (22)
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where Equation 22 holds since f has a strong B-derivative at x.

Since g is F-differentiable at v ≡ f(x), thus g′(v; ·) is linear in the second

variable, we have, for i = 1, 2,

eψ(y
i) = eg(f(y

i)) + g′(f(x))ef (y
i), (23)

where

eg(u) ≡ g(u) − g(v) − g′(v)(u− v), ∀u ∈ R
m, (24)

and

ef (y) ≡ f(y)− f(x)− f ′(x)(y − x), ∀y ∈ R
m, (25)

Since g has a strong F-derivative at v, then g has a strong B-derivative at v,

we have

lim
u1 6=u2

(u1,u2)→(v,v)

eg(u
1)− eg(u

2)

‖u1 − u2‖
= 0. (26)

Hence

lim
y1 6=y2

(y1,y2)→(x,x)

eg(f(y
1))− eg(f(y

2))

‖y1 − y2‖

= lim
y1 6=y2

(y1,y2)→(x,x)

eg(f(y
1))− eg(f(y

2))

‖f(y1 − f(y2)‖
·
‖f(y1 − f(y2)‖

‖y1 − y2‖

= 0,

where the last equality holds because f is locally Lipschitz continuous at x.

Similarly, since f has a B-derivative at x, we have

lim
y1 6=y2

(y1,y2)→(x,x)

ef (y
1)− ef (y

2)

‖y1 − y2‖
= 0. (27)

Combining the last two expressions immediately yields the desired limit (21).

By the Part(i) of Proposition 2.2, If f is B-differentiable at x, then f is

directionally differentiable at x in the Hadamard sense. Then combing Theorem

2.2 with Proposition 2.2, the following corollary is obtained.
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Corollary 2.1. If f is directionally differentiable at x and that g is

Hadamard directionally differentiable at v ≡ f(x). Then the composite map-

ping g ◦ f is directionally differentiable at x and the following chain rule holds:

(g ◦ f)′(x, h) = g′(f(x); f ′(x, h)) (28)

Remark 2.2. (i) It is important to note that in part (b) of the above

Theorem 2.2, the order of composition is important; more precisely, if f has a

strong F-derivative at x and g has a strong B-derivative at f(x), the composition

g ◦ f does not necessarily have a strong B-derivative at x.

(ii)Corollary 2.1 is Proposition 2.47 in [1]. The order of composition is

also important; if f is Hadamard directionally differentiable at x and thatg is

directionally differentiable at v ≡ f(x), then the composite mapping g ◦ f is

directionally differentiable at x. Moreover, it is not difficult to see that if in the

above Corollary 2.1 the mapping f is also Hadamard directionally differentiable

at x, then the composite mapping is Hadamard directionally differentiable as

well.

The following two examples show that relationship along these kinds of

differentiable maps.

Example 1. (see [1]) Consider the Hilbert space X := L2[0, 1], the set

K ⊂ L2[0, 1] formed by almost everywhere nonnegative valued functions x(·) ∈

L2[0, 1], and the function f(x) := d(x,K) : X → R. The function f(x) is a

continuous and convex function, since the set K is convex. It is difficult to see

that f(x) = ‖x−‖, where x−(t) := min{x(t), 0}, t ∈ [0, 1]. Consider the function

x0(t) = 1 for all t ∈ [0, 1]. Clearly, x0 ∈ K, and it is not difficult to check that

f is Gäteaux differentiable at x0, with Gäteaux derivative f ′(x;h) = 0, i.e.,

f ′(x) = 0. On the other hand, consider the sequence of functions hn(t) :=

−(1+2αn)t
αn , t ∈ [0, 1], where αn is a sequence of numbers such that αn ↓ −1

2 .

Note that ‖hn‖ = (1+2αn)
1

2 → 0. By direct calculations it is possible to verify

that f(x0 + hn)/‖hn‖ → e−1 6= 0. Consequently, we obtain that the function f

is not Fréchet differentiable at x0.
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The example shows that it can happen that a convex continuous function

is Gäteaux differentiable and Hadamard differentiable, but not Fréchet differ-

entiable.

Example 2. (see [2]) Let

f(r, x1, x2) := min(
r+

√

x21 + x22
, 1)x, (r, x1, x2) ∈ R

3

We claim that this function is B-differentiable everywhere on R
3. First we

show that f is globally Lipschitz continuous on R
3. Second, we can prove that

f directionally differentiable everywhere on R
3.
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