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Abstract: Derivatives of signals generate spikes if noise is present. This is the
typical case in practical applications. This paper deals with an approximation
of a derivative using a dynamic system to avoid spike and noise due to the
calculation of this derivative. After formulating the problem, a proposition
allowing to find a possible solution, which consists of the wanted approximation,
is proven.
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1. Introduction and Motivation
Derivatives and structures using derivatives, as for instance PD controllers, are
very often used in industrial applications. Such kind of controllers are much
used in practical applications of any nature. They are used also in electromagnetic valve control, [1] and more recently [2], [3] and [4]. This contribution
emphasizes some mathematical aspects of an algorithm which the author used
in practical applications such as for instance in [5] and in [6]. In particular, in
[5] this algorithm is used in designing a velocity observer in the context of a
throttle valve control. In [6] a similar algorithm is used to estimate the paramReceived:
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eters identification in an application in which a synchronous motor is proposed.
This paper proposes an approximated derivative structure to be taken into account for such kind of applications so that spikes, noise and any other kind of
undesired signals which occur from the derivatives can be reduced. After the
problem formulation this paper proves a proposition which allows to build this
possible approximation of the derivative using a dynamic system. The paper is
structured as follows. In Section 2 the problem formulation and a possible solution are proposed. At the end a remark discusses the results and the conclusion
closes the paper.
2. An Approximated Derivative Structure
Using the derivative structures, imprecision occurs. The imprecision is due to
spikes generating power dissipation. The idea is to find an approximated structure of general derivatives as they occur in mathematical calculations which
are often used also in technical problems as proportional derivative controllers.
The following formulation states the problem in a mathematical way.
Problem 1. If the following differential equation is given:
r(t) = kp ey (t) + kd

dey (t)
dt

(1)

where ey (t) = yd (t) − y(t), and yd (t) and y(t) are the desired and achieved
position trajectories, respectively. In particular, t represents the time variable
with t ∈ R, yd (t) and y(t) ∈ R. The aim of the proposed approach is to
look for an approximating controller r̂(t, ey (t), kp , kd , kapp ), where kp and kd are
constants which are independent on differential variables. kapp is a parameter,
such that:
lim r(t) − r̂(t) = 0.
(2)
kapp →+∞

Proposition 1. The dynamic system

kapp
kapp 
dη(t)
kp ey (t) − kapp ey (t)
= −
η(t) +
dt
kd
kd
r̂(t) = η(t) + kapp ey (t)

(3)

where function η(t) ∈ R, solves the problem defined above.
Proof. Considering the following approximate dynamic system:

dey (t) 
dr̂(t)
,
= −M r̂(t) − kp ey (t) − kd
dt
dt

(4)
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where M can be a function of ey (t) or a parameter with M ∈ R. If
er (t) = r(t) − r̂(t),
then

der (t)
dr(t) dr̂(t)
=
−
.
dt
dt
dt

dr̂(t)
If k dr(t)
dt k ≪ k dt k, then:



der (t)
dr̂(t)
=−
= M r̂(t) − r(t) = −Mer (t)
dt
dt

(5)

and M can be taken, so the system
der (t)
+ Mer (t) = 0
dt

(6)

is asymptotically stable. For guaranteeing the asymptotical stability,
M > 0.
dr̂(t)
Also, for guaranteeing k dr(t)
dt k ≪ k dt k, M ≫ 0. A supplementary variable is
defined as:
η(t) = r̂(t) − N (ey (t)),
(7)

where N (ey (t)) is a function to be designed with N (ey (t)) ∈ R.
Considering that:
dη(t)
dr̂(t) dN (ey (t))
=
−
,
dt
dt
dt
let
Mkd

dN (ey (t))
dN (ey (t)) dey (t)
dey (t)
=
=
.
dt
dt
dey (t)
dt

(8)

(9)

k

If N (ey (t)) = kapp ey (t), then M = kapp
. If kd > 0, then the asymptotical
d
stability is always guaranteed for kapp > 0 and the rate of convergence can also
be specified by kapp > 0. From (7),
r̂(t) = η(t) + kapp ey (t),
and substituting (10) into (4), it follows (3).

(10)
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Remark 1. The proposed controller satisfies condition (2). Condition
dr̂(t)
r (t)
stated in equation (3) satisfies the following relation: dedt
= dr(t)
dt − dt ,
dr̂(t)
where er (t) = r(t) − r̂(t). If assumption k dr(t)
dt k ≪ k dt k is satisfied. This
assumption is a technical one and it is used to simplify the proof of Proposition
1. A possible method to prove Proposition 1 removing this assumption is the
singular perturbation approach which in presented in [7].
Using Euler method for the discretization of the controller described in (3),
this structure follows:
η(k − 1)

η(k) =

(1 + ts

kapp
kd )

+

ts

kapp
kd (kp

− kapp )ey (k)

(1 + ts

kapp
kd )

u(k) = η(k) + kapp ey (k),

(11)

where u(k) = r̂(k), ts indicates the fixed sampling time with ts ∈ R and k
represents the discrete index of the discrete variables with k ∈ N. After the
transformation of the controller shown in (11) with the Z-transform, these equations are obtained:
U (z) =

(ts

kapp
kd (kp

(1 +

and
U (z) =

(ts

− kapp ))Ey (z)

k
ts kapp
) − z −1
d

kapp
kd kp

+ kapp Ey (z),

+ kapp − kapp z −1 )Ey (z)

(1 + ts

kapp
kd )

− z −1

.

(12)

(13)

In expressions (12) and (13) z ∈ C and represents the well known complex
variable.

3. Conclusion
This paper deals with an approximation of a derivative using a dynamic system
to avoid spikes and noise. After formulating the problem, a proposition allowing to find a possible solution, which consists of the wanted approximation, is
proven.
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