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Abstract:
Using the Chebyshev-Halley family of iteration functions and
numerical examples, we discuss the influence of both the asymptotic constant
and the choice of the initial trial in the basin of attraction on the rapidity of
convergence of an iterative method.
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1. Introduction
Methods for solving a nonlinear equation are classified by their order of convergence p and the number d of function (and derivatives) evaluations per step.
Based on p and d, there are two efficiency measures defined by I = p/d (informational efficiency) and E = p1/d (efficiency index) [12]. These measures do
not depend on the function f (x) nor on the number of steps required to solve
the problem within a given precision. Unfortunately, for methods of the same
order p and demanding the same number of function evaluations d, these two
measures are the same for these methods. For example, each iteration function (IF) of the Chebyshev-Halley family is of order p = 3 and requires d = 3
evaluations per step (evaluation of f (x), f (1) (x), and f (2) (x)).
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Another measure introduced recently is the basin of attraction of a given IF
([10] and the references therein). The basin of attraction depends on f (x) and,
for a given method of order p, the ”local order” of convergence in the basin is
not necessarily p for the first steps of the method.
Moreover, since the number of steps required to reach a given precision is
not known, it is difficult to classify methods with respect to the efficiency index,
the informational efficiency, and even their basins of attraction (which depend
on f (x)).
In many papers, to compare methods authors take one arbitrary initial
point and study the error after the same number of steps or the number of
steps required to get a given error bounds (see for examples [2, 11]). This
number of step depends on how far the initial trial x0 is from the solution α,
and the value of the asymptotic constant. For two methods of the same order p,
the method having the smallest asymptotic constant will converge faster than
the second method having the higher asymtotic constant, for a starting point x0
sufficiently close to the solution α. Unfortunately, as for the basin of attraction,
the asymtotic constant depends on the function f (x).
One goal of this paper is to illustrate the role of the asymptotic constants
in the rapidity of convergence of iterative methods and show that it is difficult
to classify IFs based on the asymptotic constant and the basin of attraction.
In Section 2 we introduce definitions and basic results on asymptotic constants and order of convergence. In Section 3 we present a one parameter
formula valid to describe each member of the Chebyshev-Halley family of IFs
of order 3, and an expression for their asymptotic constants. In Section 4, to
illustrate the points raised in the introduction about te comparison of IFs, we
present numerical experiments using the Chebyshev-Halley family of IFs of order 3. At first, we apply the IFs on set of 5 test functions already used in [11]
to compare similar IFs. We choose initial points x0 in the basin of attraction
of the considered solution α and study the role of the asymptotic constant on
the convergence speed. In second, we consider a form of particular test functions for which IFs of the Chebyshev-Halley family are of order p for arbitrary
p ≥ 3. Finally we consider the n-th root computation problem of a real number
to compare the asymptotic constant of the methods. Concluding remarks are
given in Section 5.
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2. Preliminaries
In this section we assume that α is a fixed point of an iteration function (IF)
G(x) which is sufficiently many times differentiable in a neighborhood of α.
Moreover we consider any sequence {xk+1 = G(xk )}+∞
k=0 starting at an arbitrary
point x0 and converging to α (x0 is in the basin of attraction of α with respect
to G(x)).
Let ek = xk −α be the error at the step k. We say that p (a positive integer)
is the order of convergence of the sequence {xk+1 }+∞
k=0 to α if and only if
ek+1
p = Kp (α; G) ∈ R \ {0} .
k→+∞ ek
lim

(1)

We also say that G(x) in an IF of ordre p. Kp (α; G) is called the asymptotic
constant (for the order p). For p = 1 we assume that |K1 (α; G)| < 1. If the
limit Kp (α; G) exists but is zero, we can say that G(x) is of ordre at least p.
Let us observe that if Kp (α; G) exists then for any integer p′ , such that
1 ≤ p′ < p, we have Kp′ (α; G) = 0. Indeed, since p − p′ > 0, we can write
ek+1
p′

ek

=

ek+1 p−p′
,
e
epk k

(2)

and the result follows by taking the limit.
Since we have assumed that G(x) is sufficiently many times differentiable,
we have
G(p) (α)
Kp (α; G) =
.
(3)
p!
In fact the limit Kp (α; G) exists if and only if G(α) = α, G(l) (α) = 0 for
l = 1, . . . , p − 1, and G(p) (α) 6= 0 [12].
From a numerical point of view, since α is not known, let ẽk = xk − xk+1
be the approximate error at the step k. It is useful to define the ratio
e p (α; k) = ẽk+1
K
,
ẽpk

(4)

which can be called the approximate asymptotic constant (of order p) at the
point xk . Since
ek+2
1 − ek+1
ek+1
e
ip ,
(5)
Kp (α; k) = p · h
e
ek
1 − k+1
ek
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it follows that for p = 1
e 1 (α; k) = K1 (α; G) · 1 − K1 (α; G) = K1 (α; G)
lim K
k→+∞
1 − K1 (α; G)

(6)

since K1 (α; G) 6= 1, and for p > 1

e p (α; k) = Kp (α; G) · 1 − K1 (α; G) p = Kp (α; G)
lim K
k→+∞
[1 − K1 (α; G)]

(7)

because K1 (α; G) = 0.
In the same way, to estimate the order p of convergence, we can proceed as
follows. Since
e 1 (α; k + 1) = ẽk+2
K
ẽk+1
=

e p (α; k + 1)
K

=

e p (α; k + 1)
K

e p (α; k)
K
e p (α; k)
K

it follows that
p=
Because

e 1 (α; k + 1)
ln K
e 1 (α; k)
ln K

lim ln

k→+∞

and

ln

−

ẽk+1
ẽk

p

p

e 1 (α; k) ,
K

e p (α;k+1)
K
e p (α;k)
K

e 1 (α; k)
ln K

e p (α; k + 1)
K
= 0,
e p (α; k)
K

e 1 (α; k) = −∞,
lim ln K

k→+∞

.

(8)

(9)

(10)

we can define the local order of convergence at xk by
p̃(xk ) =

e 1 (α; k + 1)
ln K
e 1 (α; k)
ln K

,

(11)

and the order p can be obtained by considering the limit
p = lim p̃(xk ).
k→+∞

(12)
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3. Chebyshev-Halley Family of Iteration Functions
The basic problem is to look for α ∈ R such that f (α) = 0. We assume that
f (1) (α) 6= 0 and α is a simple zero of f (x). In this section we recall expressions
for the IF and its asymptotic constant valid for each members of the ChebyshevHalley family of IFs of order 3.
Following [4], let Nβ (x) be the Newton’s IF of order 2 applied to f (x)/[f (1)
β
(x)] with β ∈ R. Then using β 6= 0, we set
1
[Nβ (x) − (1 − 2β)N0 (x)]
2β


f (x) 1 − (β − 1/2)Lf (x)
= x − (1)
1 − βLf (x)
f (x)

Gβ (x) =

where Lf (x) =

f (x)f (2) (x)

2 . This one parameter family of IFs corresponds to the
[f (1) (x)]
Chebyshev-Halley family of IFs of order 3 (see also [3, 13, 1, 7, 8]). Indeed, for
β = 1 we get the Super-Halley IF, for β = 1/2 we get the Halley IF, and for
β = 0, which is a limit case, we get the Chebyshev IF. We verify that

Gβ (α) = α,
and
(3)
Gβ (α)

(1)

Gβ (α) = 0,

(2)

Gβ (α) = 0,

"
#2
f (2) (α)
f (3) (α)
.
+ 3(1 − β) (1)
= − (1)
f (α)
f (α)

Then for any β we have an IF of order 3 with an asymptotic constant

"
#2 
(3)
(2)
1
f (α)
f (α) 
K3 (α; Gβ ) = − (1)
+ 3(1 − β) (1)
.
3!
f (α)
f (α)

(13)

4. Numerical Examples
To illustrate the points raised in the introduction about te comparison of IFs,
we present numerical experiments using the Chebyshev-Halley family of IFs of
order 3. We consider 3 types of examples to illustrate different phenomenas
that might happen when we try to compare IFs. At first, we apply the IFs on
set of 5 test functions already used in [11] to compare similar IFs. We choose
initial points x0 in the basin of attraction of the considered solution α and
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study the role of the asymptotic constant on the convergence speed. In second,
we consider a form of particular test functions for which IFs of the ChebyshevHalley family are of order p for arbitrary p ≥ 3. Finally we consider the
n-th root computation problem of a real number and compare the asymptotic
constant of the methods. In this section we use the notation Ek = |ek | and
ek = |ẽk |.
E
4.1. Test Functions

The 5 test functions, already used in [11] to compare some IFs, are given explicitely in Table 1 with the root α we are interested in. To illustrate that
the asymptotic constant depends on the function f (x), Table 2 presents the
asymptotic constants K3 (α, Gβ ), for β = 0, 1/2, and 1, when they are applied
to the 5 test functions.
In Tables 3 and 4, we report standard normal situations. If we use an
x0 near enough to α the method with the smallest asymptotic constant will
converge faster.
In Table 5, we took two initial points x0 , the first value near the exact
solution α and the second value relatively far from the solution α but both in
the basin of attraction of α with respect to Gβ . For the first initial x0 , G0
converge faster than the two other methods, but for the second initial point
x0 , it is G1/2 which seems to converge faster (after 5 iterations) even if its
asymptotic constant is not the smallest one.
e5 is given
In Table 6, taking different initial points, the estimated error E
for each method. It illustrates the fact that the error decreasing depends on
the initial point x0 in the basin of attraction of the method Gβ . Looking for
α = −3, depending on how far from the root α we start the process, a method
can show faster converge than another method even if its asymptotic constant
is higher than the other for the problem considered. This is the case for G1/2
compared to G1 for x0 = −2.2, −2.4, and −2.6.
In Table 7, we have an example of an initial point which show faster convergence for G0 diring the first 3 iterations, but after that it is G1/2 which shows
ek . Let us use the notation E β,k for Ek obtained from Gβ . If
the best error E
p
we suppose that Eβ,k+1 ≈ |K3 (α, Gβ )| Eβ,k
, using approximate value we can
deduce that
Eβ,k+1
Eβ ′ ,k+1

≈

K3 (α, Gβ )
K3 (α, Gβ ′ )

pk −1
p−1



Eβ,1
Eβ ′ ,1

p k
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Function f (x)

α

f1 (x) = x − 2 − e−x
f2 (x) = ex − 3x2
f3 (x) = x2 + (x − 1)5
f4 (x) = x3 + 5x2 + 10x + 12
f5 (x) = x − (x − 1)20

2.1200282389...
−0.4589622675...
0.3459548158...
−3.0000000000...
0.1061045880...
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Table 1: Set of the 5 test functions used to compare the methods.

=

K3 (α, Gβ )
K3 (α, Gβ ′ )

1
− p−1

"

K3 (α, Gβ )
K3 (α, Gβ ′ )

1
p−1



Eβ,1
Eβ ′ ,1

#pk

.

In our case p = 3, and taking β = 1/2 and β ′ = 0, we have
K3 (α, G1/2 )
K3 (α, G0 )
and

1/2

=



5.725
61.64

1/2

≈ 0.3048 ,

E1/2,1
1.14 · 10−2
≈
≈ 2.562 .
E0,1
4.45 · 10−3

It follows that

k

E1/2,k+1
0.78073
≈
E0,k+1
.3048

which indicates that after few iterations, even if E1/2,1 > E0,1 we will have
E1/2,k+1 < E0,k+1 after k iterations. In Table 7, E1/2,1 > E0,1 but E1/2,4 < E0,4 .
4.2. A Special Family of Test Functions
The following function is also used for comparison in [11]
F (x) = (x − 1) − (x − 1)20 .
It is a member of a family of functions of the form
Fp (x) = a1 (x − α) + ap (x − α)p + ap+1 (x)(x − α)p+1 ,
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Asymptotic constant K3 (α, Gβ )

Chebyshev

Halley

Super-Halley

f (x)

β=0

β = 1/2

β=1

f1 (x)
f2 (x)
f3 (x)
f4 (x)
f5 (x)

-0.01212
1.226
-0.159
0.5102
61.64

−0.01499
0.5974
−1.410
0.1837
5.725

−0.01786
-0.03110
−2.663
-0.1429
−50.19

Table 2: Asymptotic constants for the Chebychev, Halley and SuperHalley IFs for the 5 test functions (the smallest asymptotic constant
are indicated in boldface).

where p ≥ 3, a1 and ap are two nonzero constants, and ap+1 (x) is a regular
function.
(1)
(j)
These functions are such that Fp (α) = 0, Fp (α) = a1 6= 0, Fp (α) = 0
(p)
for j = 2, . . . , p − 1, and Fp (α)/p! = ap 6= 0. It is well known that for
that type of functions, the Newton’s method is of order p for any p ≥ 2 [6].
h
iβ
(1)
Since Fp (x)/ Fp (x) is of the same type, the Newton’s method applied to
iβ
h
(1)
Fp (x)/ Fp (x) will be of the same order p. It follows that Gβ will be also of
order p for any p ≥ 3 independently of the value of β. We can also show that
Kp (α, Gβ ) = −ap

(p − 1)(p − 2)
.
2

(14)

In Table 8, we illustrate the convergence of the IFs when applied to Fp (x) for
p = 3, p = 5, and p = 20, with a1 = 1, ap = −1 and ap+1 = 0. Their given
asymptotic constants are estimated and correspond to the values obtained using
(14).
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f1 (x)

k

1
2
3
4
5
K3 (α; Gβ )
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e5 for k = 1, . . . , 5
Absolute error E
Chebyshev

Halley

Super-Halley

β=0

β = 1/2

β=1

x0 = 2.1
9.79 · 10-8
1.14 · 10-23
1.78 · 10-71
6.83 · 10-215
3.85 · 10-645
-0.01212

and α = 2.1200282389...
1.22 · 10−7
1.46 · 10−7
2.70 · 10−23
5.52 · 10−23
−70
2.96 · 10
3.00 · 10−69
−211
3.91 · 10
4.83 · 10−208
8.94 · 10−634 2.01 · 10−624
−0.01499
−0.01786

Table 3: Error decreasing and asymptotic constants (best errors and
the smallest asymptotic constant are indicated in boldface).
4.3. The n-th Root Computation Problem
The problem of finding the n-th root α = r 1/n of a positive real number r is
equivalent to solve the equation f (x) = xn − r = 0. Since f (1) (x) = nxn−1 ,
f (2) (x) = n(n − 1)xn−2 , and f (3) (x) = n(n − 1)(n − 2)xn−3 , it follows that
K3 (α; Gβ ) =
where
C(β) =

(n − 1)2
C(β)
2α2

(15)

2n − 1
− β.
3(n − 1)

It follows that for
β ∗ (n) =

2n − 1
,
3(n − 1)

(16)

which does not depend on α but only on n, C(β ∗ (n)) = 0 and K3 (α; Gβ ∗ (n) ) = 0
and the method is of order 4 (see also [9]).
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f2 (x)

k

1
2
3
4
5
K3 (α; Gβ )

e5 for k = 1, . . . , 5
Absolute error E
Chebyshev

Halley

Super-Halley

β=0

β = 1/2

β=1

x0 = −0.5
7.40 · 10−05
4.97 · 10−13
1.50 · 10−37
4.18 · 10−111
8.96 · 10−332
1.226

and α = −0.4589622675...
3.77 · 10−05
8.24 · 10-07
3.21 · 10−14
1.74 · 10-20
−41
1.98 · 10
1.64 · 10-61
−123
4.63 · 10
1.38 · 10-184
5.96 · 10−368 8.19 · 10-554
0.5974
-0.03110

Table 4: Error decreasing and asymptotic constants (best errors and
the smallest asymptotic constant are indicated in boldface).
In Table 9 we have compared values of C(β) for the 3 popular IFs applied
to this particular problem. We observe that for low values of n (2 ≤ n ≤ 4) the
Super-Halley IF has the smallest asymptotic constant, less than the Halley IF.
For values of n ≥ 6 the Halley IF has the lowest asymptotic constant, and for
n = 5 they are equivalent. The Chebyshev IF always has a greater asymtotic
constant compared to the two other IFs.

5. Conclusion
From the numerical examples given here we cannot say that a method is superior
to the other methods among the Chebyshev, Halley or Super-Halley methods.
As observed, it is not easy to compare IFs of the same order of convergence p
and requiring the same number of function evaluations d. For methods of the
same order of convergence, the method with the smallest asymptotic constant
will be locally faster, but if the first trial is too far from the solution we are
looking for, it might happend that a method with a higher asymptotic constant
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f3 (x)

k

1
2
3
4
5
1
2
3
4
5
K3 (α; Gβ )
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ek for k = 1, . . . , 5
Absolute error E
Chebyshev

Halley

Super-Halley

β=0

β = 1/2

β=1

x0 = 0.3 and α = 0.3459548158...
5.72 · 10-05
1.01 · 10−04
2.79 · 10−04
2.95 · 10-14
1.43 · 10−12
5.79 · 10−11
-42
−36
4.06 · 10
4.15 · 10
5.16 · 10−31
-125
−106
1,06 · 10
1.01 · 10
3.66 · 10−91
1.91 · 10-376 1.45 · 10−318 1.30 · 10−271
x0 = 0.1 and α = 0.3459548158...
2.89 · 10−02
7.21 · 10-03
4.77 · 10−02
7.80 · 10−06
5.08 · 10-07
2.61 · 10−04
−17
-19
7.51 · 10
1.85 · 10
4.71 · 10−11
−50
-57
6.72 · 10
8.92 · 10
2.78 · 10−31
4.81 · 10−149 9.99 · 10-169 5.73 · 10−92
-0.159
−1.410
−2.663

Table 5: Error decreasing and asymptotic constants (best errors and
the smallest asymptotic constant are indicated in boldface).
seems to converge faster. Finally, as for the basin of attraction of a method,
the asymptotic constant depends on the function f (x) under consideration.
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e5
Absolute error E

f4 (x)

α = −3

Chebyshev

Halley

Super-Halley

initial x0

β=0

β = 1/2

β=1

−2.2
−2.4
−2.6
−2.8
−3.2
−3.4
−3.6
−3.8
K3 (α; Gβ )

1.08 · 10−15
7.66 · 10−58
2.94 · 10−112
5.03 · 10−196
2.29 · 10−215
3.08 · 10−151
4.40 · 10−117
5.61 · 10−95
0.5102

3.15 · 10-131
5.28 · 10-147
4.15 · 10-185
9.02 · 10−258
6.70 · 10−263
7.02 · 10−194
1.03 · 10−155
3.14 · 10−130
0.1837

4.28 · 10−102
1.95 · 10−135
9.59 · 10−184
3.31 · 10-264
1.55 · 10-282
4.26 · 10-220
4.35 · 10-189
8.66 · 10-172
-0.1429

e5 , depending on the initial point
Table 6: Error after 5 iterations, E
x0 (best error after 5 iterations and the best asymptotic constant are
indicated in boldface).
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f5 (x)

k

1
2
3
4
5
K3 (α; Gβ )

ek for k = 1, . . . , 5
Absolute error E
Chebyshev

Halley

Super-Halley

β=0

β = 1/2

β=1

x0 = 0.2
4.45 · 10-03
5.46 · 10-06
1.00 · 10-14
6.19 · 10−41
1.46 · 10−119
61.64

and α = 0.1061045880...
1.14 · 10−02
2.08 · 10−02
1.33 · 10−05
4.78 · 10−04
−14
1.36 · 10
5.47 · 10−09
-41
1.45 · 10
8.22 · 10−24
1.73 · 10-122 2.79 · 10−68
5.725
−50.19

Table 7: Error decreasing and asymptotic constants (best errors and
the smallest asymptotic constant are indicated in boldface).
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ek for k = 1, . . . , 4
Absolute error E

Fp (x)

α=1

k
p=3
1
2
3
4
K3 (α; Gβ )
p=5
1
2
3
4
K5 (α; Gβ )
p = 20
1
2
3
4
K20 (α; Gβ )

Chebyshev

Halley

Super-Halley

β=0

β = 1/2

β=1

1.16 · 10−03
1.56 · 10−09
3.80 · 10−27
5.47 · 10−80

6.01 · 10−05
4.71 · 10−21
1.39 · 10−101
3.10 · 10−504

1.63 · 10−4
3.02 · 10−74
6.77 · 10−1469
7.06 · 10−29362

x0 = 0.9
1.06 · 10−03
1.20 · 10−09
1.71 · 10−27
4.97 · 10−81
1
x0 =0.9
6.00 · 10−05
4.67 · 10−21
1.33 · 10−101
2.52 · 10−504
6
x0 = 0.5
1.63 · 10−04
3.04 · 10−74
7.96 · 10−1469
1.77 · 10−29360
171

9.68 · 10−04
9.08 · 10−10
7.50 · 10−28
4.21 · 10−82

5.00 · 10−05
4.63 · 10−21
1.28 · 10−101
2.04 · 10−504

1.63 · 10−04
3.04 · 10−74
9.35 · 10−1469
4.43 · 10−29359

Table 8: Error decreasing and asymptotic constant for Gβ applied on
Fp .
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C(β) =

2n−1
3(n−1)

−β

Iteration functions

Chebyshev

Halley

Super-Halley

Optimal
parameter

n

β=0

β = 1/2

β=1

2
3
4
5
6
7
8
9
10
..
.

1
5/6
7/9
9/12
11/15
13/18
15/21
17/24
19/27
..
.

1.5/3
2/6
2.5/9
3/12
3.5/15
4/18
4.5/21
5/24
5.5/27
..
.

0
-1/6
-2/9
-3/12
−4/15
−5/18
−6/21
−7/24
−8/27
..
.

3/3
5/6
7/9
9/12
11/15
13/18
15/21
17/24
19/27
..
.

∞

2/3

1/6

−1/3

2/3

β ∗ (n) =

2n−1
3(n−1)

Table 9: Comparaison of the parameter C(β) of the asymptotic constant for Chebychev, Halley and Super-Halley IFs for the n-th root
computation problem (the smallest asymptotic constant are indicated
in boldface).
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