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1. Introduction

Let X be a non-empty set with the power set 2%. A function v : 2¥ — 2% is
said to be monotonic [2] iff A C B C X implies yA C vB. The collection of
all monotonic functions is denoted by I'(X) and the elements of I'(X) are said
to be operations. If v,¢ € I'(X) and A C X, we write ¢ instead of y o ¢. If
v € I'(X) then a set A C X is said to be y-open [2] iff A C vA.

Let X be a nonempty set and p be a collection of subsets of X. Then p
is called a generalized topology (briefly GT) on X iff ) € p and G; € p for
i € I # () implies G = U;c;G; € p. The elements of p are called p-open sets
and the complements are called p-closed sets.
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For A C X, we denote by i, A the union of all y-open sets contained in A, i.e.
the largest p-open set contained in A. The complement of a p-open set is said
to be p-closed. Any intersection of p-closed sets is p-closed, and for A C X,
we denote by c,A the intersection of all p-closed sets containing A, i.e. the
smallest p-closed set containing A. The purpose of this paper is to introduce the
notion of o-structures, which are extended notions of topology and generalized
topology , and to investigate some properties for the structures. In particular,
we investigate enlarging and quasi-enlarging operations (7yis,isYis, sy, YisY)
induced by o-structures.

2. o-Structures

Definition 2.1. Let X be a nonempty set and s C 2X. Then s is called
a o-structure on X if for i € I # (), U; € s implies U;c;U; € s. The elements of
s are called o-open sets and the complements are called o-closed sets.

If s is a topology (or generalized topology), then it is obviously o-structure.
In [3], Csészar introduced the notion of weak structure as the following: A
family w € 2% is called a weak structure (briefly WS) on X if () € w. So we can
get the next result.

Lemma 2.2. Let X be a nonempty set. Then a family s C 2% is a GT
on X iff s is a WS and a o-structure on X.

Definition 2.3. Let X be a nonempty set, and let s be a o-structure on
X. Then the two operators is and c; are defined as the following:

isA=U{SCX:SCA §Siso-open };

csA={F CX:ACF, Fiso-closed }.

Theorem 2.4. Let s be a o-structure on a nonempty set X and A, B C X.
Then:

(1) ish = 0;

(2) isA C A;

(3) if A C B, then isA C isB;

(4) isisA = isA;

(5) A is o-open iff A =i4A for A # ().

Theorem 2.5. Let s be a o-structure on a nonempty set X and A, B C X.
Then:
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(1) esX = X;

(2) A CcsA;

(3) if A C B, then ¢;A C ¢sB;

(4) cscsA = csA;

(5) A is o-closed iff A = c;A for A # X.

Example 2.6. Let X = {a,b,c} and a o-structure s = {{a}, {b},{a,b}}.
Then is X = {a,b} # X and c¢;0 = {c} # 0.

Theorem 2.7. Let s be a o-structure on a nonempty set X and A C X.
Then:

(1) The collection u = {A C X :isA = A} is a generalized topology on X .

(2) x € isA iff there exists a o-open set S containing x such that S C A.

(3) © € csA iff SN A # () for every o-open set S containing .

(4) es(4) = X — iy(X — A).

(5) is(4) = X — cy(X — A).

Proof. (1) By Theorem 2.4, () € 1 and every element in p is o-open, and so
1 is a generalized topology.

(2) Obvious.

(3) For A C X, x & csA iff there exists a o-closed set F such that A C F
and x ¢ F iff for the o-open set G = X — F containing z, G N A = () iff there
exists a o-open set S containing z, S N A = ().

(4) By (3), x € ¢, A iff there exists a o-open set S containing z, SN A =0
iff x € is(X —A).

Similarly, we can show the statement (5). O

Definition 2.8. Let s,s’ be o-structures on X and Y, respectively. Then
a function f: X — Y is said to be

(1) o-continuous if f~1(G) € s for every G € §';

(2) o-open if f(S) € &' for every S € s.

Theorem 2.9. Let f : (X,s) — (Y,s') be a function, let s and s be
o-structures on X,Y, respectively. Then

(1) f is o-continuous iff f=1(iLA) Cisf~1(A) for every A CY.
(2) f is o-open iff f(isB) C i, f(B) for every B C X.
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Proof. (1) Let f be o-continuous. For A C Y, since i’, A is o-open, f~1(i’LA) =

isfH(iA) CisfTH(A).
For the converse, let G € §'; then i,G = G and from hypothesis, it follows
FYG) = f~Yi.G) Cisf~H(G). So by Theorem 2.4, f~(G) is o-open.

(2) It is similar to the proof of (1).
O

Let X be a nonempty set and s be a o-structure. Then s is called a strong
o-structure on X if X € s.
Obviously we have the following theorem:

Theorem 2.10. Let f : (X,s) — (Y,s’) be a function, let s and s’ be
o-structures on X,Y, respectively. Then:

(1) if f is o-continuous and s is strong, then s is strong;

(2) if f is o-open, surjective and s is strong, then s’ is strong.

3. Enlarging and Quasi-Enlarging Operations on o-Structures

Let X be a non-empty set and v € I'(X) (see [4]).
(1) v is said to be enlarging if A C vA for A C X.
(2) 7 is said to be quasi-enlarging if yA C y(AN~A) for A C X.
(3) v is said to be weakly-quasi-enlarging if ANyA C v(AN~yA) for A C X.

(4) For pu C 2%, v is said to be p-enlarging if L C L for all L € p.

Clearly every enlarging operation is quasi-enlarging. For a o-structure s,
since the operation ¢, is enlarging, it is also quasi-enlarging.

Lemma 3.1. Let s be a o-structure on a nonempty set X. Then the
operation i, Is quasi-enlarging.

Proof. For A C X, since isA C ANizA, from (3) and (4) of Theorem 2.4,
isA =1igisA Cis(ANisA). So iy is quasi-enlarging. O

Corollary 3.2. (see Proposition 1.6 of [4]) Let s be a GT on a nonempty
set X. Then the operation is is quasi-enlarging.

Henceforth, we deal with the special operations i, isYis, 57, VisY-
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Lemma 3.3. Let s be a o-structure on a nonempty set X, and let v be
s-enlarging. Then for A € s,

(1) A CvyisA;

(2) A CigyisA;

(3) A C yisyA;

(4) A CigvyA.

Proof. (1) For A € s, A = i;A € s. Since 7 is an s-enlargement of s,
A CyA = viA.

(2) For A € s, by (1), A C visA and so it implies A = i3A C isyisA.

(3) For A€ s, by (1) and A C~vA, A C visA C vigyA. So A C vigyA.

(4) For A € s, from (2) and isA = A, A CizyisA CisyA. O

By Lemma 3.3, we have the following theorem.

Theorem 3.4. Let s be a o-structure on a nonempty set X, and let v be
s-enlarging. Let an operation ) : 2% — 2% be defined as A(A) = visA (yisVA,
isyisA, isyA) for A € 2X. Then ) is s-enlarging.

Corollary 3.5. Let s be a o-structure on a nonempty set X. Then for
A€ s,

(1) A C csis4;
(2) A CigesisA;
(3) A C cyiscsA;
(4) A CigcsA.

Proof. Since c; is an s-enlarging operation, by Lemma 3.3, the things are
obtained. O

Theorem 3.6. Let s be a o-structure on a non empty set X, and let
be s-enlarging. Then the operation vyis is quasi-enlarging.

Proof. For A C X since iy is quasi-enlarging, isA C is(ANisA) Cig(AN
visA). From the monotonicity of v, it follows vyis A C vig(A N yigA). So vis is
quasi-enlarging. U

Corollary 3.7. (see Corollary 1.8 of [4]) Let s be a GT on a nonempty
set X, and let v be s-enlarging. Then the operation ~yis is quasi-enlarging.
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Theorem 3.8. Let s be a o-structure on a non empty set X, and let
be s-enlarging. Then the operation isyis IS quasi-enlarging.

Proof. For A C X, from Theorem 2.4 (4) and Theorem 3.6, it follows

Yis(A N yisA)
Yisis(ANyisA)
Yis (/LSA N is'yisA)
Yis(ANigyisA)

vigA

N 1N

This implies i57is A C i57is(A NigyisA). Hence igyis is quasi-enlarging. O

Corollary 3.9. Let s be a GT on a nonempty set X, and let v be s-
enlarging. Then the operation isvis is quasi-enlarging.

Theorem 3.10. Let s be a o-structure on a nonempty set X, and let
be s-enlarging. If y(AN B) =~vAN~B for A, B C X, then the operation vis7y
is quasi-enlarging.

Proof. For A C X, since YA C X and igyA € s, from Theorem 2.4 (4) and
Theorem 3.6, it follows

visyA C  yis(YAN yigyA)
S yis(YAN yvisyA)
= Yisy(ANvisyA)
Hence vi47v is quasi-enlarging. O

Corollary 3.11. Let s be a GT on X, and let v be s-enlarging. If
Yy(ANB) =~vAN~B for A, B C X, then the operation vis7y is quasi-enlarging.

Let X be a non-empty set and v € I'(X). Then for u € 2%, 7 is said to be
p-friendly [4] if yYANL C~y(ANL) for AC X, L€ p.

Theorem 3.12. Let s be a o-structure on a non empty set X, and let
be s-friendly. Then the operation is7y is quasi-enlarging.

Proof. For A C X, iszyA = yANigyA. Since isyA € s and vy is s-friendly,
isyA = yANigyA C y(ANigyA). This implies isisvA C is7(ANigyA). Finally,
from igisyA = isyA, we have the result that iy is quasi-enlarging. O
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Corollary 3.13. Let s be a o-structure on a non empty set X, and let ~
be s-friendly. Then the operation ~yisy is quasi-enlarging.

Proof. For A C X, from Theorem 3.12, it follows isvA C isy(ANigyA) C
is(ANyigyA). So vigyA C vigy(ANyigyA). O

Corollary 3.14. Let s be a GT on X, and let v be s-friendly. Then the
operations is7, yisy are quasi-enlarging.

Lemma 3.15. Let s be a o-structure on a non empty set X, and let v be
s-enlarging and A C X.

(1) A CigyisA C yisA C vA;

(2) A CisvisA C yisA C visyA C yv4;

(3) A CligvyisA CisyA CyA;

(4) A CigvisA CisyA C yisyA CyvA.

Proof. (1) Since isA € s, it is obvious.

(2) By (1), A € yA and 7isA C vigyA. So we have (2).

(3) and (4) are obvious. O

Corollary 3.16. Let s be a o-structure on a non empty set X, and let ~
be s-enlarging and A C X. If yvA = v A, then:

(1) A Cligyis A C vis A C visyA C vA;
(2) A CigyisA CigyA C yigyA C yA.

Let us consider the s-enlarging operations A defined in Theorem 3.4. For
A C X, we will call A a~,-semiopen (resp., Yo-q-open, ~,-preopen, v,-f-open)
set if A is A-open, that is, A C i A (resp., A CisyisA, A CigyA, A C yigyA).
We denote S(,) (resp., a(7s), P(75), B(7s)) the set of all v,-semiopen (resp.,
Vo-Q-0PEN, Yo-PTreopen, Yo-f-open) sets in X.

If the o-structure s is a topology on X and the s-enlarging operation v =
¢s, then the 7y,-semiopen (resp., vy -c-open, y,-preopen, Y,-F-open) set is the
semiopen [6] (resp., a-open [8], preopen [7], B-open [1]). Furthermore, if the o-
structure s is a generalized topology on X and the s-enlarging operation v = c,
then the ~,-semiopen (resp., yo-a-open, vy, -preopen, v,-f-open) set is the s-
semiopen (resp., s-a-open, s-preopen, s-f3-open) [3]. So we can the following
diagrams:



798

Y.K. Kim, W.K. Min

Yo-semiopen

/ pY
o-open — Y,-a-open Yo-fB-open
N\ /
Yo-preopen

Theorem 3.17. Let s be a o-structure on a non empty set X, and let

be s-enlarging and A C X. If vy =+, then a(v,) = S(7s) N P(Vs).

Proof. 1t is sufficient to show that S(v,) N P(v,) C a(v,). For A € S(v,)N

P(vs), A CigyA CligyyisA = igyisA. So A € a(vy). O

1]

References

M.E. Abd El-Monsef, S.N. El-Deeb, R.A. Mahmoud, S-open sets and /-
continuous mappings, Bull. Fac. Sci. Assiut Univ., 12 (1983), 77-90.

A. Csészar, Generalized open sets, Acta. Math. Hungar., 75, No-s: 1-2
(1997), 65-87.

A. Csészar, Generalized open sets in generalized topologies, Acta. Math.
Hungar., 106 (2000), 53-66.

A. Csaszar, Further remarks on the formular for v-interior, Acta. Math.
Hungar., 113, No. 4 (2006), 325-332.

A. Cséaszéar, Weak structures, Acta. Math. Hungar., 131, No-s: 1-2 (2011),
193-195.

N. Levine, Semi-open sets and semi-continuity in topological spaces, Amer.
Math. Monthly, 70 (1963), 36-41.

A.S. Mashhour, M.E. Abd El-Monsef, S.N. El-Deeb, On precontinuous
and weak precontinuous mappings, Proc. Math. and Phys. Soc. Eqgypt, 53
(1982), 47-53.

O. Njastad, On some classes of nearly open sets, Pacific Journal of Math-
ematics, 15, No. 3 (1964), 961-970.



