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1. Introduction

The solution of the eigenvalue problem of the Laplacian with the standard
metric on spheres are well known in the literature. (see, for example [1] and
references therein).

The Laplacian with the normal metric induced by the Killing form for
semisimple compact Lie groups on homogeneous spaces (see, for example [2],[3])
plays an important role in theoretical physics, for example, in the higher di-
mensional quantum Hall effect [4].

Received: June 30, 2013 c© 2013 Academic Publications, Ltd.
url: www.acadpubl.eu

§Correspondence author



622 L. Hu, J.J. Rossetto

The higher dimensional quantum Hall effect involves a generalization of the
Landau problem for a particle moving on homogeneous spaces, especially on
2n-spheres S2n = SO(2n+1)/SO(2n) in the presence of the background gauge
fields. Its further development can be found in [5], [6], [7], and [8].

A common ingredient of these analysis is the calculation of the degeneracy
of the ground state for the Landau problem.

Since the Landau Hamiltonian on a homogeneous space is, up to a constant,
equal to the Laplacian with the normal metric on the same homogeneous space,
it is meaningful to study the solution of the eigenvalue problem of the Laplacian
with the normal metric.

In [9], we gave the solution of the eigenvalue problem of the Laplacian with
the normal metric on a homogeneous space G/H, where G is a compact, semi-
simple Lie group, H is a closed subgroup of G, and the rank of H is equal to
the rank of G. In [10], the solution of the eigenvalue problem of the Laplacian
with the normal metric on the corresponding affine homogeneous space ĝ/η̂
is obtained. It is shown that the multiplicity of the lowest eigenvalue of the
Laplacian with the normal metric on G/H is just the degeneracy of the lowest
Landau level on G/H , although the eigenvalues of the Laplacian are different
from the Landau levels.

In this paper we apply our result to the case of SO(2n+ 1)/SO(2n) = S2n

and give the solution of the eigenvalue problem of the Laplacian with the normal
metric. The inverse version of the branching rule from SO(2n) to SO(2n + 1)
is also obtained.

The layout of the paper is as follows. In Section 2, we give the eigen-
values and the multiplicities of the Laplacian on SO(2n + 1)/SO(2n) = S2n.
In Secction 3, the lowest eigenvalue and its multiplicity of the Laplacian on
SO(2n + 1)/SO(2n) = S2n are given. Then the corresponding inverse branch-
ing rule from SO(2n) to SO(2n + 1) is obtained.

2. Eigenvalues and Multiplicities of ∆ on SO(2n+ 1)/SO(2n)

We first review the Laplacian on a homogeneous space G/H. Let g and η be
the Lie algebras of G and H, respectively. Let Uµ be a given irreducible rep-
resentation of η with highest weight µ. Let G×HU be the associated vector
bundle of the principal bundle P (G/H,H). The Hilbert space of square inte-
grable sections of G×HUµ decomposes into the direct sum of the eigenspaces
of the Laplacian on G/H, which are irreducible representations Vλ of g with
highest weights λ’s. and this induces the following expression for the Laplacian
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on G/H which was discussed in [11], [12], [13], [14], [15], [4], [5], [6], [7], and
appears explicitly in [8].

Definition 1. The Laplacian withe normal metric induced by the Killing
form for semisimple Lie groups on G/H is

∆ = C2(g, ·) − C2(η, U). (1)

Here C2(g, ·) is the quadratic Casimir element of g calculated in an irreducible
representation of g. C2(η, U) is the quadratic Casimir element of η calculated
in a given irreducible representation U .

We take so(2n) and so(2n+1) be the Lie algebras of SO(2n) and SO(2n+1),
respectively. We shall work in the space Rn, where the inner product is the
usual one and where ǫ1, · · · , ǫn denote the usual orthonorml unit vectors which
form a basis of Rn. We make the usual choice of Cartan subalgebra and positive
roots, ǫi ± ǫj (1 ≤ i < j ≤ n) for so(2n) and these together with ǫi, (1 ≤ i ≤ n)
for so(2n+ 1). The Weyl vectors of so(2n+ 1) and so(2n) are

ρso(2n+1) = (
2n − 1

2
,
2n − 3

2
, · · · ,

1

2
),

and
ρso(2n) = (n− 1, n− 2, · · · , 1, 0).

One has

ρso(2n+1) − ρso(2n) = (
1

2
, · · · ,

1

2
).

Definition 2. The Laplacian with the normal metric on SO(2n+1)/SO(2n)
is

∆ = C2(so(2n + 1), ·) − C2(so(2n), U). (2)

Here C2(so(2n+1), ·) is the quadratic Casimir element of so(2n+1) calculated
in an irreducible representation of so(2n + 1). C2(so(2n), U) is the quadratic
Casimir element of so(2n) calculated in a given irreducible representation U .

The spectrum of C2(SO(2n + 1), Vλ) in an irreducible representation Vλ of
so(2n+ 1) with highest weight λ = (λ1, · · · , λn), (λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0), is

C2(λ) = (λ+ ρso(2n+1), λ+ ρso(2n+1))− (ρso(2n+1), ρso(2n+1))

=
∑n

i=1
[λ2

i + (2n − 2i+ 1)λi]. (3)

The spectrum of C2(SO(2n), Uµ) in a given irreducible representation Uµ of
so(2n) with highest weight µ = (µ1, · · · , µn), (µ1 ≥ µ2 ≥ · · · ≥ µn−1 ≥ µn ≥ 0),
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is

C2(µ) = (µ+ ρso(2n), µ + ρso(2n))− (ρso(2n), ρso(2n))

=
∑n

i=1
[µ2

i + 2(n − i)µi]. (4)

Thus we have the following result:

Theorem 3. Given an irreducible representation Uµ of so(2n) with highest

weight µ = (µ1, · · · , µn), the eigenvalue of ∆ labelled by highest weight λ reads

Eλ = (λ+ ρso(2n+1), λ+ ρso(2n+1))− (µ+ ρso(2n), µ+ ρso(2n))

−(ρso(2n+1), ρso(2n+1)) + (ρso(2n), ρso(2n))

=
∑n

i=1
[λ2

i − µ2
i + (2n− 2i+ 1)λi − 2(n − i)µi]. (5)

The multiplicity of the eigenvalue Eλ is given by the Weyl dimension formula:

dimVλ =

∏
α∈Φ+

so(2n+1)
(λ+ ρso(2n+1), α)

∏
α∈Φ+

so(2n+1)
(ρso(2n+1), α)

=
∏n

i=1

2λi + 2n+ 1− 2i

2n+ 1− 2i

×
∏

1≤i<j≤n

(λi − λj + j − i)(λi + λj + 2n+ 1− i− j)

(j − i)(2n + 1− i− j)
. (6)

The above highest weights λ’s will be determined by Theorem 5 in the next
section.

3. The Multiplicity of the Lowest Eigenvalue of ∆ and the Inverse
Branching Rule

Let us determine the multiplicity of the lowest eigenvalue of ∆, we first review
the relation between the Weyl groups Wso(2n+1) of so(2n+ 1) and Wso(2n) of
so(2n), where Wso(2n) is a subgroup of Wso(2n+1) [16]. Choose the positive
roots consistently. Then the positive Weyl chamber Wso(2n+1) of so(2n+ 1)
is contained in the positive Weyl chamber Wso(2n) of so(2n). The interior of
positive Weyl chamber for so(2n+ 1) consists of all

x = (x1, · · · , xn) = x1ǫ1 + · · ·+ xnǫn

with
x1 > x2 > · · · > xn > 0,



THE LAPLACIAN ON HOMOGENEOUS SPECIAL... 625

whereas the interior of positive Weyl chamber of so(2n) consists of all x satis-
fying

x1 > x2 > · · · > xn−1 > |xn|.

Let
C ⊂ Wso(2n+1) (7)

denote the set of elements that map Wso(2n+1) into Wso(2n). Then

C = {e, s}. (8)

Here e is the identity and s is the reflection, which changes the sign of the last
coordinate.

Wso(2n) = Wso(2n+1)

⋃
sWso(2n+1), (9)

while
Wso(2n+1) = Wso(2n) · C. (10)

Given an irreducible representation Uµ of so(2n) with highest weight µ =
(µ1, · · · , µn), (µ1 ≥ µ2 ≥ · · · ≥ µn−1 ≥ µn ≥ 0), it can be found that µ
corresponds to a unique highest weight λ of an irreducible representation Vλ of
so(2n+ 1):

λ = µ+ ρso(2n) − ρso(2n+1)

= (µ1 −
1

2
, · · · , µn −

1

2
). (11)

It follows that

(λ+ ρso(2n+1), λ+ ρso(2n+1)) = (µ + ρso(2n), µ+ ρso(2n)).

By theorem 3, the lowest eigenvalue of ∆ is

E(µ1−
1
2
,··· ,µn−

1
2
) = (ρso(2n), ρso(2n))− (ρso(2n+1), ρso(2n+1).

Thus we have the following result:

Theorem 4. Given an irreducible representation Uµ of so(2n) with highest

weight µ = (µ1, · · · , µn), (µ1 ≥ µ2 ≥ · · · ≥ µn−1 ≥ µn ≥ 0), the eigenspace of

the lowest eigenvalue of ∆ on SO(2n + 1)/SO(2n) is Vλ with highest weight

λ = (µ1 −
1
2 , · · · , µn − 1

2). The lowest eigenvalue of ∆ is

E(µ1−
1
2
,··· ,µn−

1
2
) = (ρso(2n), ρso(2n))− (ρso(2n+1), ρso(2n+1)

=
1

4
n−

1

2
n2. (12)
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The multiplicity of the lowest eigenvalue of ∆ is

dimV(µ1−
1
2
,··· ,µn−

1
2
) =

∏n

i=1

2µi + 2n− 2i

2n+ 1− 2i

×
∏

1≤i<j≤n

(µi − µj + j − i)(µi + µj + 2n− i− j)

(j − i)(2n + 1− i− j)
. (13)

Remark. It should be mentioned that λ = µ + ρso(2n) − ρso(2n+1) is the
highest weight of the lowest eigenvalue of ∆ (the ground Landau level). In the
literature, this highest weight was often taken to be λ = µ.

Notice that the eigenvalues of ∆ are different from the Landau levels due
to the different evaluation of the quadratic Casimir element C2(SO(2n), Uµ).

By Theorem 4 and the branching rule from SO(2n+1) to SO(2n) [17], we
have

Theorem 5. Given an irreducible representation Uµ of so(2n) with highest

weight µ = (µ1, · · · , µn), (µ1 ≥ µ2 ≥ · · · ≥ µn−1 ≥ µn ≥ 0), the highest weights
appeared in Theorem 3, λ = (λ1, · · · , λn) with (λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0) satisfy
the following inequalities:

(λ+ ρso(2n+1), λ+ ρso(2n+1)) ≥ (µ + ρso(2n), µ+ ρso(2n)). (14)

λ1+
1

2
≥ µ1 ≥ λ2+

1

2
≥ µ2 ≥ · · · ≥ λn−1+

1

2
≥ µn−1 ≥ λn+

1

2
≥ µn ≥ 0. (15)

The Hilbert space of square integrable sections of the associated vector bundle

SO(2n+1)×SO(2n)Uµ of the principal bundle P (SO(2n+1)/SO(2n), SO(2n))
decomposes into the direct sum of the eigenspaces of the Laplacian on SO(2n+
1)/SO(2n), which are irreducible representations Vλ of so(2n + 1) with the

above highest weights λ’s.

Theorem 5 can be considered as an inverse version of the branching rule
from SO(2n) to SO(2n+ 1).
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