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Abstract: In this paper, we introduce a new class of hanging theta graphs
and prove that those graphs admit graceful labeling.
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1. Introduction

In this paper, G is a simple undirected graph with vertex set V (G) and edge
set E (G) contains p vertices and q edges respectively. A function ¢ is called
graceful labeling of graph G with q edges if ¢ is an injunction mapping from ¢:
V (G) — {0, 1, 2,3,..., qgtand ¢1: E(G) — {1, 2,..., q} such that ¢;(uv) is the
difference between cardinality of ¢(u) and ¢(v). The resulting edge labels are
distinct. A graph that admits graceful labeling is called graceful graph.

The concept of graceful labeling was introduced Rosa [5] with the name /3
valuation Golomb [3] given the name ‘graceful label’. Gallian [2] given the
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extensive survey of contributions to graceful labeling of variety of graphs. The
notation and terminology used in this paper are taken from [2]. There are many
works relating to graceful labeling of trees, which are given in [2]. Besides tree
graphs there are many other graphs, which are not trees that admit graceful
labeling, are also given in [2]. The above contributions motivated us to give a
graceful labeling of new graphs called "Hanging of Theta Graphs”.

In[1], Barrientos has given graceful arbitrary super subdivisions of graphs
and in our paper[4], we have given a graceful labeling for a special class of
generalized fan graph. In different context the theta graphs were given by
Shee and Ho [6, 7], Shiu and Kwong [8], Kwong, and Lee [9], Swaminathan and
Jeyanthi [10].

2. Main Result

Definition 1. The theta graph ©(1, 2,..., m+1) is the graph consisting
of (m+1) internally disjoint paths of length 2 which have two common end
points..

Select degree two vertex one from each of the ”¢” identical copies of theta
graph and merge them to a point ”t”. Join ”t” with another point ”"b” by an
edge and call the resulting structure as ©* graph.

Here after we term the point ”t” as supporting point and ”b” as base point.

Now, consider ‘n’ copies of ©* graph say ©*(1), ©*(2),..., ©*(n) with base
points by, ba,..., b, forming a path P, ( a path on n vertices). The resulting
graph is called a hanging theta graph and is denoted by h©(n, ¢, m, 2).

The two common end vertices of j'* theta graph in ©*(i) are denoted by
u(i, j, 1) and u(i, j, 2). The m two degree vertices in j'* theta graph in ©*(i)
are denoted by v(i, j, 1), v(i, j, 2),..., v(i, j, m).

Let ”e” denotes the number of edges in any ©* graph, and e = ¢(2m+2)+1.
Clearly ¢ = ne+ n — 1 or n(e+1) -1 denotes the total number of edges in hO(n,
¢, m, 2).

Theorem 2. hO(n, ¢, m, 2) is graceful.

Proof. Section 1: c is odd.

First, we label the vertices of © (1) as follows.

Step 1: ¢(b1) = 0; ¢(t1) = q.

Step 2: ¢(u(l,ik)) =2m+2)(i—1)+k, 1 <i<c¢, 1<k<2
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: The general form of h©(n, ¢, m, 2)

Step 3:
g—2+2m+2)(1—i)—2( - 1),
where 1 < i<i23,1§ 7 < m.
S(o(Li. k) = q—2—(2m+2)5 — (2m+1) —2(j — 1),

fori:%g,lg 7 < m.
g—4—02m—-1)—2m+2)(i —2)—2(j — 1),
where%g 1< 1< < m.

Now, we label the vertices of © (2) as follows.

Step 1: ¢(t2) = e, ¢(ba) = g — P(t2).

Step 2: ¢(u(2, i, k)) = ¢(b2) +2Cm+2)(i —1)+k, 1 <i<ec, 1 <k <2
Step 3:

( ¢(t2) =2+ (2m +2)(1 =) —2(j — 1),
where 1 < i<i23,1§ 1< m.
B(ta) = 2= (2m +2)(55%) = (2m +1) = 2(j - 1),
fori=421< j< m.
O(t2) =4 —(2m — 1) = (2m +2)(i =2) = 2(j — 1),
whe'rec‘g—5§ i< 1< < m.

¢(v(2,1,k)) =

Now, we label the odd branches of © (2d+1) as follows

Step 1: ¢(baat1) = d(baa—1) + € +1, P(taar1) = q — ¢(bagy1), 1 <d < 5.
Step 2: ¢(u(2d+1, i, k)) = ¢(bagi1) + Cm +2)(i—1)+k 1<i<c 1<
k<2 1<d<zt
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Step 3:

G(tags1) =2+ 2m+2)(1 —i) —2(j — 1),

. 3 . -1
where 1 < Z<%,1§ Jj< m,1< p< i,

G(taay1) =2 — (2m +2)(FH) — (2m +1) = 2(j — 1),
fori=S21< j< m.
G(tags1) —4—(2m —1) — (2m +2)(i —2) —2(j — 1),
where<® < i< ¢,1< j< m,1< d< B

o(v(2d+1,4,5)) =

Now, label even branches of © (2d+2) as follows.

Step 1: @(togr2) = @(t2a) + € +1, P(badr2) = ¢ — P(t2as2), 1

Step 2: ¢(u(2d+2, i, k))= ¢(bagta) +(2m +2)(i —1)+k, 1 <
<2,1<d<22

Step 3:

(2m +2)(1 —4) + ¢(tag2) —2 —2(j — 1),
where 1 < i <<31< j< m2< d<252
Gtaara) —2— (2m+2)(5E) — (2m + 1) —2(j — 1),
fom‘:%g’,lg j< m.

G(tagra) — 4 — (2m — 1) = (2m +2)(i — 2) — 2(j — 1),
where? < i< 1< j< m2< d< "3

o(v(2d+2,4,5)) =

Now, we obtain edge labeling by assigned vertex values earlier, as follows.
Step 1: ¢1(b1t1) =q.

Step 2: ¢1(baar1t2ar1) = é1(baa—itog—1) — 2(e + 1), for 1 < d < 2L

Step 3: ¢1(bata) = q—2e.

Step 4: ¢1(bagyatadra) = ¢1(bzataa) — 2(e+ 1), 1 < d < 52

Step 5: ¢1(tiu(l,i,k) = (g—1)+(2m+2)(1—i)—(k—1),1 <k <2, 1<
i<ec.

Step 6: ¢ (t2d+1u(2d—|— 1,1, k) = ¢1 (tgd_lu(Qd— 1,1, 1)) — 2( e+ 1) + (2m +
(1 —i)—(k—1),1<k<21<i<c1<d<2L

Step T: ¢1(tou(2,i,k)) =q —2e+ 14+ 2m+2)(i —1)+(k—1),1 <k <
2,1<i<c

Step 8: ¢1(tadrou(2d+2,4,k)) = ¢1(tegu(2d,1,1)) — 2(e+1)+ (2m+2)(i —
D4+(k—-1),1<k<21<i<c 1<d< 22

Let E; be the edge set of the sub graph (© (s) —bs) and ¢ (Es) is common
for odd and even.

c is odd.
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Step 9:

( q—3—-4m+1)(E—-1)—(k—-1)—2(j -1
where 1 < i<<L 1< j< m1< k<2
pr(By) = 1727 AmADE-1) = Q20— D+ (k—1)),
nH forz-i;’ 1< 7j<ml1< k< 2

¢—2—4m+1)(i— () - (k—1)—2(j - 1),
where#§i< 1< < ml1< kE< 2

\

Step 10:

(g—2e+3+4m+1)(i—1)+(k—1)+2(j — 1)
where 1< i< 1< j< m1< k<2
61(By) = q+2m+2) —(e—1)+(2(j — 1) + (k- 1)),
e fori=431< j< m1< k< 2

q—4m+1)(i — (4) +2( = 1) + (k- 1),
wherec+5< 1<l < ml1< k< 2

\

edge values in odd branches.

Step 11:
( g—3-2de+1)—4(m+1)(i—1)—(k—1)—=2(j — 1),
1<i< 1< j<ml< k< 21<ad< 22
qg—2—2de+1) —4(m+1)(i—1)— (k—1)—2(j — 1),

$1(Eady1) = fori— 3 1< j<

edge values of even branches.

Step 12:
( q+5—((2d+2)(e+ 1) +4m+1)(i—1)+ (k- 1)+
20— 1), forl < i< 1< j< m1< k< 2,

1< pg n=2,

g+2—(2d+1)(e+1)+2m+2)+ (k—1)+2(j — 1),
$1(Bagyz) = fori=21< j<m1< k< 2,

1< d< 252
g+2—((2d+1)(e+1))+6(m+1)(i— (Z2)+ (k—1)
+2(j — 1), for §2 < i< 1< j<m 1< k<2

1< d< 22

c is even.
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First we label © (1) as follows.

Step 1: ¢(b1) = 0; é(t1) = q.
Step 2: ¢(u(l,1,k)) =2m+2)(i —1)+k 1 <i<c, 1<k<2

Step 3:

¢(U(17 i, k)) =

( g—2+©2m+2)(1—1i)—2( — 1),
where 1 < i< 5§+1,1< 5 < m.
g—2+(@2m+2)(1- %) — 2m+1)2( — 1),
fori=5+1,1< 5< m.
g—4—-02m+2)(i —2)—(2m—1) —2(5 — 1),
where 5 +2< i< ¢,1< 7< m.

Now, we label the vertices of © (2) as follows.

Step 1: ¢(t2) = e, ¢(ba) = g — P(t2).
Step 2: ¢(u(2, 1, k)) = ¢(b2) + (2m +2)(i = 1)+ k, 1 <i<c, 1 <k <2.

Step 3:

¢(’U(27 i, k)) -

( P(t2) =2+ (2m+2)(1 —4) —2(j — 1),
where 1 < i < §+1,1< 57 < m.
P(ta) =2+ (2m+2)(1—35) - (2m+1) —2(j — 1),
fori=5+1,1< 5< m.
P(t2) =4 —(2m—1)=2(j —1) — 2m + 2)(1 — 2),

L where 5 +2< i< ¢,1< 7< m.

Now, we label the odd branches of © (2d+1) as follows.

Step 1: ¢(bagy1) = ¢(baa—1) + e +1, p(tagy1) = q — ¢(baay1), 1 <d
Step 2: ¢(u(2d+1, i, k)) = ¢(bogr1) +2m +2)(i — 1)+ k, 1 <i <

n—1
sds 5.
<.

1<

k<2 1<d<2t

Step 3:

o(v(2d+1,14,7)) =

(2m + 2)(1 —4) + ¢(taqs1) — 2 —2(j — 1),
where 1< i < §+1,1< j< m,1< d< 25
P(taar1) —(2m+2)(5 -1)—=2-2(j — 1) = 2m + 1),
fori=5+1,1< 5< m.

Htagp1) —4—2(j —1) = (2m —1) — (2m + 2)(i — %),

where §+2< i< ¢,1 < j < m,1< d< "5

Now, label even branches of © (2d+2) as follows.

Step 1: ¢(taar2) = d(taa) +e +1, d(bagya) = ¢ — P(taara), 1 < d < 732,
Step 2: ¢p(u(2d+2, i, k)) = ¢(bagro) + (2m+2)(i—1)+k, 1 <i<c, 1<k

<2,1<d< 22
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Step 3:

o(v(2d+2,1i,7)) =

25

( (2m + 2)(1 — i) + P(tagsa) — 2 — 2(5 —

wherel < 1 < g+1,1 < j < m,2< 72

P(taa+2) —(2m+2)(5-1)—2-2(j — 1) - 1),
fori=5+1,1< j< m.

Bltaas) — 42 — 1) — (2m— 1) — (2m +2)(i -

2),
( whereg+2 < i<,1 <5 < m2< d< 55E.

1),
d <
(2m +

‘ [\

The resultant edge label of ¢ is even as follows.
(Step 1 to Step 8 is common for ¢ is odd or even, which is already given.)

Step 9:

¢1(E1)

Step 10:

#1(E2)

( g—3—4m+1)(i—-1)—(k—1)—-2( —1),
where 1< i< 5+1,1< < m, 1< k< 2
a—2—Am+1)(i—1)— (2 — 1) + (k— 1),

Jori=5+1,1< i< m1< k< 2
q=2-4m+1)(i—(5-1)—(k—1)—2(j - 1),
where 5 +2 < i< ¢, 1< j< m,1< k< 2

(q—2e+3+4m+1)E—-1)+(k—-1)+2(—-1)
where 1< i< 5+1,1< < m, 1< k< 2
g—8(m+1)+ (23— 1) + (k- 1)),
Jori=5+1,1< j7< m1< k< 2
g—4m+ 16— (§+1)+2( - 1)+ (k-1),
where §+2 < i< ¢,1< j< m,1< k< 2

\

edge values in odd branches.

Step 11:

7

g—3—2de+1)—4m+1)(i—1)—(k—1)—2(j — 1),

n—1

forl< i< §41,1< j<m,1< k< 21<d<

q—2—2d(e—|—1)—8(m+1)

(k—1) -

2(j

J =

61(Eodqt1) = —1
1< d< 2L

g—2—2d(e+1) —4(m+1)(i — (§ —1)) —
2(j -
{ 1< k< 21< d< 25

edge values of even branches.

fori=5$+11< j< m1< k<2

1),

3 -

(k—=1)-
1), for54+2 < i< ¢,1 <5< m,
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Step 12:
g+1—2d+2)e+4m+1)(i—1)+ (k- 1)+
2(j—1), forl < i< §4+1,1< 5< m,
1< k< 2,1< d< 252
g+2—((2d+1)(e+ 1)+ (k—1) +2(j - 1), for
$1(E2d12) = i=5+L1< < m1< k< 2,
1< d< 22

q+2—(2d+1)(e+1)+4m+1)(i—(5§+1)+ (k- 1)+

2(j— 1), forfracc2+2< i< ¢,1 < j< m,
L 1< k< 2,1<d< 22 )

Figure 2: The example for h ©(5, 5, 2, 2) and h© (4, 4, 2, 2) are given
above

Some useful relations between the vertices of different branches for easy
understanding are given below.

For odd branches:

Low((2d+1),i,k) =u@2d—1,i,k)+e+1,1<d <21 1<i<c 1<k
< 2.

2. v(2d+1,i,5) =v(2d —1,i,5) —(e+1),1 <d <2t 1<i<ec 1<k

For even branches:
Lou((2d+2),i,k) =u(2d,i k) —(e+1),1 <d< %2 1<i<c 1<k<

2. v(2d+2,i,§) =v(2d,i,5) +(e+1),1 <d <22 1<i<ec 1<k<2
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Hence we conclude the graph h ©(n, ¢, m, 2) is graceful.

3. Conclusion

In this paper, we have proved the graceful labeling of new class of graphs called
Hanging Theta graphs.
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