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1. Introduction

A meromorphic function is a single-valued function that is analytic in all but
possibly a discrete subset of its domain, and at those singularities it must go to
infinity like a polynomial (i.e., these exceptional points must be poles and not
essential singularities). A simpler definition states that a meromorphic function
f(2) is a function of the form

where ¢g(z) and h(z) are entire functions with h(z) # 0 (see [12], p. 64). A
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meromorphic function therefore may only have finite-order, isolated poles and
zeros and no essential singularities in its domain. A meromorphic function
with an infinite number of poles is exemplified by csc% on the punctured disk
U* = {2:0< 2] <1}. An equivalent definition of a meromorphic function
is a complex analytic map to the Riemann sphere. For example the Gamma
function is meromorphic in the whole complex plane, see [12] and [13].

Let A be the class of analytic functions h(z) with ~2(0) = 1, which are convex
and univalent in the open unit disk U = U* U {0} and for which

R{h(z)} >0 (z€U). (1)
For functions f and g analytic in U, we say that f is subordinate to g and write
f=<g in U or f(z)<g(z) (z€U)
if there exists an analytic function w(z) in U such that
lw(z)| <zl and  f(z)=g(w(2) (2€U).
Furthermore, if the function ¢ is univalent in U, then
f(2)=g(z) & f(0)=g(0) and f(U)=gU), (z€U).

Let A be the class of analytic functions h(z) with ~(0) = 1, which are convex
and univalent in the open unit disk U = U* U {0} and for which

R{h(z)} >0 (z€U"). (2)
For functions f and g analytic in U, we say that f is subordinate to g and write
f<g in U or f(2)<g(z) (z€U%)
if there exists an analytic function w(z) in U such that
w2 <lz|  and  f(2)=g(w(z) (2€U"),
Furthermore, if the function ¢ is univalent in U, then

f(2)=g()e f(0)=g(0) and [f(U)SgU), (z€U").
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2. Preliminaries

Let ¥ denote the class of meromorphic functions f(z) normalized by
1 [o@)
FE) =5+ Y anet, g
n=1

which are analytic and univalent in the punctured unit disk U*.
For functions f;(z)(j = 1;2) defined by

1 "
CEERS yrves (W
n=1
we denote the Hadamard product (or convolution) of fi(z) and fa(z) by
1 (e.]
- - n n n' 5
(f1x f2) (2) Z+nz1a 10n 2% (5)
Let us define the function ¢(a, 8; z) by
’ ’ z n=0 (B)?’L-‘rl ’

for p #0,—1,-2,...,and @ € C/ {0}, where (A\)n = A(A+1),,41 is the Pochham-
mer symbol. We note that

30 ) = 2oF1 (1,0, 5;2)

where

2By (b fz) = 3

n=0

is the well-known Gaussian hypergeometric function. Corresponding to the
function ¢(«, 8; z), using the Hadamard product for f(z) € X, we define a new
linear operator L*(a, 3) on X by

L* (a, ) f (2) = ¢ (@, B; 2) % f (2)

_ 1 ()41

(IB)nJrl

anz". (7)

n=1
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The meromorphic functions with the generalized hypergeometric functions were
considered recently by Dziok and Srivastava [2], [3], Liu [8], Liu and Srivastava
[9], [10],[11], Cho and Kim [1] .
For a function f € L (o, ) f (2) we define
I°(L(a, B) f(2)) = L (e, B) f (),
and for k =1,2,3, ...,

I*(L (e, B) f ()

Il
N
—
~
>
L
h
2
™
S~—
&,}
O
~—
+

where I* was studied by Ghanim and Darus in [4], [5], [6] and [7].

It follows from (7) that

2 (L(e, B)f(2)) = aL(a +1,8)f(2) = (a+1) L(e, B)f (2). (9)
Also, from (9) we get

2 (Lo, A)f(2)) = al*Lla+ 1,8)f(2) — (a+ 1) I* Lo, £)f (2). (10)

Throughout this paper, we assume that
meN, B¢ Zy, 5%:exp(2ﬂ> (11)

m
and
1 .
fm (o, 83 2) = el f) (ehz), fex. (12)
7=0

Also, we define

Fmge (0, B3 2) = I¥ fn (o, B3 2)

m—1
_ 1 3 ekt (I’“L (@, B) f) (c,2), k=1,23.. (13)

m “
Jj=
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It is clear, for k = 0 and m = 1, we have

fila, B;2) = L(a, B) f (2)

Making use of the linear operator L (a, #) and the principle of subordination be-
tween analytic functions, we introduce and investigate the following subclasses
of the meromorphically analytic function class X:

Em,k (Oé, /8; h) ) Mm,k (Oé, /8; h) ) Mm,k (7; «, /8; h) (h € A)
Definition 1. A function f € ¥ is said to be in the class ¥, (o, 8; h) if
it satisfies the following subordination condition:
—z(I"L (o, 8) ) ()
fm,k (Oé, /8; Z)
where h € A and fy, 1 (o, B;2) # 0 (z € U").
Definition 2. A function f € 3 is said to be in the class M, 1 (o, B; h) if
it satisfies the following subordination condition:
—z(I"L (0, 8) ) (2)
9Im,k (Oé, 6; Z)
for some g € ¥, (o, B; h) where h € A and gy, (o, B52) # 0 is defined as in
(13).
Definition 3. A function f € ¥ is said to be in the class M, ; (v; , 85 h)
if it satisfies the following subordination condition:

< h(2) (z€U) (14)

< h(2) (z € U) (15)

(1" La+1,8 1) (2) GC ("L (a5 f) (2)
Im,k (@ + 1,85 2) 7 Im,k (o, B; 2)

for some v (y > 0) and g € X, 1 (o, B3 h), where h € Aand gp, 1, (v + 1, 3;2) # 0.

< h(2) (z€U) (16)

In order to prove our main results, we need the following lemmas.

Lemma 4. [15] Let a (a > 0) and v be complex numbers and let h(z) be
analytic and convex univalent in U with

R{ah(z) +~}>0
If q(z) is analytic in U with q (0) = h (0), then the subordination:
zq (2)
q(z)+ ————— <h(z zeU
(42D <) (eD)
implies that

q(z) <h(z) (z€U).
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Lemma 5. [14] Let h(z) be analytic and convex univalent in U and let
w(z) be analytic in U with

R{w(2)} >0 (z€U).
If q(z) is analytic in U and q (0) = h(0), then the subordination:
1) +w () () <h(z)  (z€U)
implies that
q(z) <h(z) (z€U).
Lemma 6. Let f € ¥, (o, 8;h). Then

> (Jo (0 552)) h U 17
ok (@, B 2) <hiz) el a7)

Proof. Making use of (13), we have

m—1
Fe 0 Bih2) = = 3 e (1ML (0, ) 1) (2372)
n=0

—j m—1

_eni Z en(k+1)+5 (I’“L( B) f) (el 2) = epd foni (v, B 2)

(] S {07 1,...,7’77, - ]-}) and

-1

6%k+2) (IkL(a,B) f)l (5{%2)

3

3=

f;n,k (Oé,ﬁ; Z) =

<.
Il
o

Thus

“Len ™z (1ML (0,8) £) (che)
fm,k (Oé, ﬁ; Z)

2 (fp(@:82)

fm,k (a,,@;z) E

MS
o

=0

not elts (1L (0, ) ) g h) Gevy. ()

a, B; ez

/N

7=0 fm,k
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Since f € ¥, % (o, B; h) it follows that

E%z(IkL(a,ﬁ)f)/<€%

)
o o) < h(2) (19)

(zeU,j€{0,1,2,....,k — 1}). Since h(z) is convex univalent in U, from (18)
and (19) we conclude that (17) holds true. O

3. Main Results

Theorem 7. Let h € A with
R{h(2)}<1l+a (zeU,a>0). (20)

Iff S Em,k (Oé + 17/8§ h)a then f S Em,k (Oéa/@§ h)a
provided that

fm,k(a75;z)7é0 (ZGU*)'

Proof. By using (10) and (13), we have

m—1 ’ )
(@ +1) ok (@ B;2) + 2fl 1 (@, By 2) = % T ik <1kL(a+ 1,8) f) (€3,2)
=0
= afmi(a+1,8;2), (fex). (21)
Let f € ¥,k (a+ 1, 8; h) and suppose that
z ( 7,71,19 (Oz,,@; Z))
fm,k (Oé, 6; Z) .

Then w (z) is analytic in U, with w (0) = 1, and it follows from (21) and (22)
that

(22)

w(z) = —

fm,k (a + 1,,8;2)
(6% .

fm,k (OCMB§Z) (23)

a+l—w(z)=
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Differentiating both sides of (23) with respect to z logarithmically and using
(22), we obtain

zw'(2) o (frlnk (a+1,5 Z))

R 5 e Y A 155 B 29

From (24) and Lemma 6 (with a replaced by o + 1) we find that

zw'(z)
a+1—w(z)

w(z) + < h (z€U). (25)

Now, in view of (20) and (25), and application of Lemma 4 yields
w(z) < h(z) (z€U). (26)
Set

~ —z(I"L(a,B) f) (2)
q(Z) B fm,k (Oé,ﬁ; Z) '

Then ¢(z) is analytic in U, with ¢(0) = 1, and it follows from (10) and (27)
that

(27)

Fre (@, B;2) q(2) = —al*L(a +1,8) f (z) + (1 + @) I*L (. B) f (2) - (28)

Differentiating both sides of (28) with respect to z and using (27), we get

, 2 (Fpue (@ 852)) _ az(*La+1,8) ) (2)
e (”H fr@ Bz )10 T e (29
Furthermore, we find from (21), (22) and (29) that
w0 (z)  _ 2(PLe+LBN G,
T T R A N I )

since f € ¥y, (v + 1, 5;h). By (20) and (26), we see that
R{a+1—-w(z)} >0.
Therefore, we deduce from (30) and Lemma 5 that
q(z) < h(z) (zeU),

which implies that f € 3, i (o, 8; h) and the proof of Theorem 7 is thus com-
pleted. O
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Theorem 8. Let h € A with
R{h(2)} <1l+a (zeU,a>0). (31)

If f € My, i, (a + 1, B; h), with respect to g € Xy, 1 (v + 1, 8; h), then
f €My, i (o, B; h) provided that g, i (o, 8;2) # 0 (zeU").

Proof. According to the hypotheses of Theorem 8, we have

—2(I*L(a+1,8) f) (2)
Im,k (a + 17/8;2)

< h(2) (z€U) (32)
with g € ¥,,, 1 (a + 1, 8; h). Furthermore, it follows from Theorem 7 that g €

Y.k (o, B3 h) and Lemma 6 yields

gy (0, 5:2)

¢ (Z) - Im.k (Oé, 6; Z)

< h(2) (z€U). (33)

Suppose that

2(I*L(@B) 1) ()

= 34
Q(Z) 9m.k (Oév/@§z) ( )

By using (10), (34) can be written as follows:
gk (0, 5;2) ¢ (2) = —al"L(a+1,5) f (2) + (L + @) I"L (e, ) f (2) - (35)

Differentiating both sides of (35) with respect to z and using (21) (with f
replaced by g), we find that

! 2z (I*L (« , "(»
1O+ g @ (Igi: (oj_-l—l 1%;]2)( L Gen. (36)

Combining (32) and (36), we obtain

z2q (2)

Consequently, in view of (31), (33) and (37), we deduce from Lemma 5 that
q(z) < h(2) (z€U),

which shows that f € My, i, (o, 5; h) with respect to g € ¥, 1, (o, 55 ). O
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Theorem 9. Let h € A with
R{h(2)} <1+« (zeU,a>0). (38)
Then
Mok (M50, B3h) C Mk (y250, 85h) (0 <71 <72).

Proof. For f € My, (72; 0, B; h), there exists a function g € X, (o, 5; h)
satisfying the following condition:

gmx (@ +1,8;2) #0 (ze€U").
such that
2(1*L(a+1,8) 1) (2) (1L (@ 8) £) ()
e ey TR TS <) GeU). (59
Put

(L) f) ()
1) = @ Bi2)

(z€U).

Since g € Xy, (o, B; h) it follows from (33) to (36) (used in the proof of Theorem
8) and (39) that

Y229’ (2)
1)+ 37 00

2(I*L(a+1,8) f) (2) 2(I*L(a, B) ) (2)

BT e 7 R ey o7 R
In light of (33) and (38), we thus observe that
%%{a+1—§2(z)}>0 (zeU).
Hence, by (40) and Lemma 5, we have
q(z) < h(z) (z€U). (41)

Since (0 < v; < 72) and since h(z) is convex univalent in U, we deduce from
(39) and (41) that

ALt 1A ) ()
M gura+18:7)

2 (I'L (0, 8) )’ (2)
9Im.k (Oé, 6; Z)

-(1-=m)
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o A(L(e+1.8)f) () (1 =y 2L (@ B) 1) (z)
w2\ gar(atLpz) Tk (@B 2)
!
+ (1 - %> q(z) < h(z) (z€U). (42)
Thus f € My, 1 (715 @, B; h) and the proof of Theorem 9 is completed. O

4. Convolution Properties

Let A be the class of functions of the form:
(0@
f2) =24 an2", (43)
n=2

which are analytic in U. A function f € A is said to be starlike of order § in U
if it satisfies the following inequality:

R (Z]J:,(S)) > 4, (zeU) (44)

for some § (6 < 1). We denote this class by S* (4). A function f € A is said to
be prestarlike of order ¢ (§ < 1) in U if

m « f(2) € 5" () (45)

We denote this class by S(d) (see [16]). It is clear that a function f € A is in
the class S(0) if and only if f(z) is convex univalent in U and that

() ()

Lemma 10. [16] Let 6 < 1,f € S(J) and g € S* (). Then, for any
analytic function F(z) in U,

295 1y c e (r ), (46)

[*g

where the symbol * means the Hadamard product (or convolution) of two an-
alytic functions in U and ¢o (F (U)) stands for the convex hull of F'(U).
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Theorem 11. Let h € A with
R{h(2)}<2-0 (z€U;0<0).
If feX,i(o,pih), g€ X and
22g(z) € S(0) (6<1)
then
f*9€Zmk(a,B;h).
Proof. Let f € ¥, (o, B; h) and suppose that

w(z) = 2% fr i (@, B 2)

Then
F(z):—Z(IkL(a75)f)/(z)<h(z) (z € U)
fmk (@, B; 2) ’
and
2w’ (2) 2 (frak (@, B52)) (2)

w(z) @ gi (2 7h) (zelwed,

where we have used Lemma 6. In view of (47) and (51), we see that

%(zw,('z)>>5 (z€U),

w(z)

that is,
weS (s (<1).
For g € ¥, it is easy to verify that
22 (I’“L(a, B) (f * g)) (sz'nz) = (%9 (2)) * ° (I’“L(a, B) f) (sz'nz)
(j €1{0,1,2,....,m — 1}) and
2 (1°L(0,8) (F 2 9)) (2) = (9 () * (+* ('L 8) 1) ().
Making use of (49), (50), (53) and (54), we find that

2 (I"L (o, B) (f % 9))" (2)
m—1 .

LT A IRL () (Fx 9) (o)
7=0

(47)

(48)
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(:29(2) « =2 (I"L (@, ) 1) (2)  (229()) * (w (2) F (2))
__ - (z€U). (55)
(229 (2)) * (22Fm 1 (@, 53 2)) (229 (2) * w (2)

Since h(z) is convex univalent in U, it follows from (48), (50), (52), (55) and
Lemma 10 that

22 z * (w2 z
St e Gew.

Hence f x g € ¥, 1 (o, B5 h). O

1]
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