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Rua Romão Ramalho 59, 7000-671, Évora, PORTUGAL

Abstract: We consider the linear heat equation with appropriate boundary
conditions describing the temperature on a wire with adiabatic endpoints. We
also consider a perturbation, which provokes a global change in the temperature
of the wire. This perturbation occurs periodically and is modeled by an iterated
nonlinear map of the interval belonging to a one-parameter family of quadratic
maps, fµ. We observe a long term stabilization, under time evolution, of the
number of new critical points of the temperature function. However, for certain
values of the parameter µ, even with the stabilization effect of the number
of critical points, the evolution of the temperature function is chaotic. We
study the parameters of the system, that is, difusion coeficient and µ, in order
to characterize the observed behaviour and its dependence on the topological
invariants of fµ, in particular the dependence on the chaotic behaviour of fµ.
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1. Introduction and Preliminaries

We consider an ideal system arising from one of the most simple boundary
value problem, the linear heat equation describing the temperature on a wire
with adiabatic endpoints. When the system is isolated evolves continuously
described by the usual linear heat equation and in this regime we have the
explicit time dependent solution. Here, we consider that the system is not
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isolated and is periodically perturbed. When the perturbation disappears the
system evolves again continuously and the process repeats itself after constant
time intervals. The considered perturbation is modeled by a nonlinear iterated
interval map in a manner described below in detail.

The physical context is here given, considering the temperature function on
the ideal wire, simply as a motivation for the study of certain infinite dimen-
sional systems which have, nonetheless, much properties strongly related with
iteration of interval maps (one dimensional systems). These infinite dimensional
dynamical systems, despite its simple definition, may present very complex be-
haviour showing some features of real turbulence regarding the balance between
coherence versus disorder. In particular, depending on the parameters, the sys-
tems present chaotic behaviour, that is, non-periodic evolution and sensitivity
to initial conditions, with exponential divergence of two arbitrary close initial
temperature functions.

Before giving in detail our systems, we present some preliminaries and dis-
cussion related with previous related work.

Consider a m-modal map f in the class C1(I, I), for a certain interval I,
and the class of differentiable functions

A =
{
ϕ ∈ C1([0, 1]) : ϕ′(0) = ϕ′(1) = 0, |cp (ϕ)| <∞

}
,

where |cp (ϕ)| denotes the number of critical points of ϕ. That is, a function
belongs to the class A if it is differentiable, its derivatives at the endpoints are
0 and its number of critical points are finite. Consider also the operator Tf
defined by

Tf : A → A
ϕ 7→ f ◦ ϕ.

Note that this operator is well defined since (f ◦ ϕ)′ (0) = (f ◦ ϕ)′ (1) = 0.
Moreover, if φ ∈ A and Im(φ) ⊂ I, then Im(T k

f φ) ⊂ I, for every k ∈ N.

Therefore, we obtained a discrete infinite dimension dynamical system (A, Tf )
in the sense that we have a set A (with additional structure, a topology or
a metric, for now not specified) and a self map Tf , which characterizes the
discrete time evolution.

In the papers of Severino et al. [1], [2] and [3], Sharkovsky [4] and Vinagre
et al. [5] were applied methods and techniques of discrete dynamical systems to
study different aspects of the system (A, Tf ), arising from nonlinear boundary
value problems associated with the wave equation and a time-delayed Chua’s
circuit.

In the works of Correia et al. [6] and [7], using techniques of symbolic dy-
namics, was studied the localization of the critical points and critical values
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of the iterated functions of the class A, by Tf , for the case in which Tf is in-
duced by a m-modal map f . After, in the papers of Correia et al. [8] and [9]
was analyzed the evolution and distribution of the periodic critical values of
the iterated functions when the kneading sequences of f are periodic and was
studied the growth rate of critical points of the iterated functions comparing
it with the growth number of the map f . Later, in the work Correia et al. [10]
was analyzed the evolution and distribution of the periodic critical values of
the iterated functions when the kneading sequences of f are aperiodic.

The particular characteristic of the system (A, Tf ), for certain choices of the
map f , is that the number of different critical values will always grow with the
iteration of Tf , for almost all initial conditions. This is an essential aspect of
the notion of ideal turbulence introduced by Sharkovsky [11] and [12]. Systems,
like (A, Tf ) for certain choices of f , presents ideal turbulence which the main
characteristic is a cascade process which produce structures of arbitrarily small
scale, meaning that in the limit the functions, under iteration, become fractal
functions or even stochastic functions, depending on the ergodic properties of
the map f .

Differently with the systems considered in the described papers above, in
the systems we work with, in the present paper, the number of critical points
does not grow exponentially. On the contrary, it attains a balance between
the creation of new critical points, due to the interval map effect, and the
destruction of critical points, due to the dissipative effect of the heat equation.

The interval maps we consider in our work, modeling the perturbation,
belongs to the well studied quadratic family defined by fµ (x) = 1 − µx2, de-
pending on the parameter µ ∈ (0, 2], and with xc = 0 being the unique critical
point where fµ gets the maximal value, see the Figure 1. There is a maximal
invariant interval, [−1, 1] , where the relevant dynamics occurs, that is, the iter-
ates fkµ (x0) := fµ (. . . fµ (x0)) (k times) of initial points x0 in [−1, 1] will belong

to [−1, 1], for every k. For initial points x0 outside [−1, 1], the iterates fkµ (x0),
k ∈ N diverge to infinity.

We consider the one parameter family of operators Tfµ , induced by fµ on
A, defined by

Tfµ : A → A
ϕ 7→ fµ ◦ ϕ.

For each parameter µ, the operator Tfµ is well defined since (fµ ◦ ϕ)′ (0) =
(fµ ◦ ϕ)′ (1) = 0, therefore, we consider the discrete dynamical system (A, Tfµ).
Since points outside the interval [−1, 1] goes to infinity under iteration of fµ,
and every iterate of initial points belonging to the interval [−1, 1] belongs to
[−1, 1], the iterates of initial functions φ0 whose image is contained in [−1, 1]
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Figure 1: Graph of the quadratic map fµ, with µ = 2.

will maintain its image contained in [−1, 1]. If the image of φ0 is not contained
in [−1, 1] then the iterates of φ0 under the operator Tfµ will explode. Next, we
show an example with several iterates under Tfµ of a given initial function φ0.

Example 1. Consider fµ (x) = 1− µx2, with µ = 2 and

φ0 (x) = 0.2 + 0.1 cos(πx)− 0.2 cos(2πx) + 0.1 cos(3πx) +

+0.1 cos(4πx)− 0.1 cos(5πx) + 0.2 cos(6πx).

In the Figure 2 we can see increasing frequencies and the asymptotic be-
haviour expresses the occurrence of ideal turbulence.

2. Nonlinear Perturbed Heat Equation

We consider the unit interval representing an ideal wire with isolated endpoints.
The temperature function at each point x ∈ [0, 1] and each time instant t ∈ R

+
0

is denoted by ψ(x, t). Assume that the wire is such that the time evolution of
the temperature function is described by the linear heat equation

∂ψ

∂t
= λ

∂2ψ

∂x2
, (1)

where λ is a constant, the diffusion coefficient. If there is no heat exchange
in the endpoints x = 0 and x = 1, we have adiabatic conditions with the
correspondent boundary conditions

∂ψ

∂x
(0, t) =

∂ψ

∂x
(1, t) = 0. (2)
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Figure 2: Graphs of (a) φ0 (x) , (b) φ1 (x) , (c) φ2 (x) , (d) φ3 (x) , (e)
φ4 (x) and (f) φ7 (x) , with fµ (x) = 1 − µx2, µ = 2 and φ0 (x) = 0.2 +
0.1 cos(πx)−0.2 cos(2πx)+0.1 cos(3πx)+0.1 cos(4πx)−0.1 cos(5πx)+
0.2 cos(6πx).

The initial condition ψ(x, 0) = φ0 (x) is assumed to be a differentiable function
belonging to the class A.

The solution can be written as follows

ψ(x, t) =

∞∑

n=0

cne
−n2π2λt cos (nπx) , (3)

where the coefficients cn, are determined by the initial condition written as a
cosine Fourier series

φ0 (x) =

∞∑

n=0

cn cos(nπx). (4)

Example 2. Let us consider λ = 0.005 and

ψ (x, 0) = φ0 (x) = 0.2 + 0.1 cos(πx)− 0.2 cos(2πx) + 0.1 cos(3πx) +

+0.1 cos(4πx)− 0.1 cos(5πx) + 0.2 cos(6πx).
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This initial condition is the same chosen in the Example 1. In Figure 3, we
show the evolution of the system in a linear continuous regime for the initial
condition ψ (x, 0).
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Figure 3: Graphs of (a) ψ (x, 0) , (b) ψ (x, 0.4) , (c) ψ (x, 0.8) ,
(d) ψ (x, 1.2) , (e) ψ (x, 1.6) and (f) ψ (x, 2) , with λ = 0.005 and
ψ (x, 0) = 0.2+0.1 cos(πx)−0.2 cos(2πx)+0.1 cos(3πx)+0.1 cos(4πx)−
0.1 cos(5πx) + 0.2 cos(6πx).

Now, suppose the system is perturbed in time instants t1, t2, . . . in a way
that the temperature on the wire is globally changed. Being the temperature
described initially by the function ψ0(x, t), for t0 < t < t1, after the pertur-
bation the temperature function is ψ1(x, t), for t > t1. We have continuous
time evolution for t ∈]tj , tj+1[ and discrete time evolution for t = tj . We as-
sume that the perturbation is characterized by an nonlinear map f so that
ψj+1(x, tj+1) = f(ψj(x, tj+1)), with ψ1(x, t1) = f(ψ0(x, t1)). For simplicity
and without losing any important property, we choose the time instants to be
tk = k ∈ N. Therefore, the time evolution of the system is described by the
sequence of functions

{ψ0, ψ1, ψ2, . . . , ψk, . . .} , (5)
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each function ψk satisfying the heat equation for x ∈ [0, 1] , t ∈ [k, k + 1[ and
k ∈ N0, with initial conditions determined by

ψk+1(x, k + 1) = f (ψk(x, k + 1)) for k ∈ N0,

and ψ0(x, 0) = φ0 (x), a given function from A.

Example 3. Consider fµ (x) = 1− µx2, with µ = 2, λ = 0.00005 and

ψ0 (x, 0) = 0.2 + 0.1 cos(πx)− 0.2 cos(2πx) + 0.1 cos(3πx) +

+0.1 cos(4πx) − 0.1 cos(5πx) + 0.2 cos(6πx).

In the Figures 4 and 5, we show the evolution of the system described
by the heat equation, which is perturbed in time instants t = 1, 2, 3, 8, 9, 10.
The perturbation changes the system nonlinearly. After the perturbation the
system evolves again continuously, and the process repeats itself periodically.
Displayed in lines we have the continuous time evolution described by the heat
equation in the non-perturbed regime. On the other hand, the first figure in
each line is the nonlinear perturbation of the last figure, on the right, in the
previous line. In the Figure 4 are presented the temperature function in the
time instants t = 0, 0.5, 1, 1, 1.5, 2, 2, 2.5, 3 and in the Figure 5 are presented the
temperature function in the time instants t = 7, 7.5, 8, 8, 8.5, 9, 9, 9.5, 10. In the
first Figure, the decay is not perceptible, but, on the contrary, in the second
figure, the decay is visible.

Now, we give a formal presentation of the discrete dynamical system used
in our work. We again consider the state space A, the operator Tfµ , and a new
operator Uλ,ε : A → A which gives the time evolution under the unperturbed
regime, with diffusion coefficient λ. The operator Uλ,ε is defined implicitly by

Uλ,εψ (x, t) := ψ (x, t+ ε) .

Remark 1. Note that we could give the operator Uλ,ε, explicitly and
independent of the heat (diffusion) equation. It could be defined in terms of
the Fourier and Inverse Fourier transform and an appropriate multiplication
operator. For our purposes in the present work this is unnecessary. In future
work we will take this approach.

Let us consider the operator Vµ,λ,ε : A → A defined by

Vµ,λ,ε := Tfµ ◦ Uλ,ε.

Now, since the system is periodically perturbed in natural time instants,
it is sufficient to consider a natural value for ε. Therefore, we set ε = 1, and



286 M. de Fátima Correia, C. Ramos, S. Vinagre

0 0.2 0.4 0.6 0.8 1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

(a)

0 0.2 0.4 0.6 0.8 1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

(b)

0 0.2 0.4 0.6 0.8 1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

(c)

0 0.2 0.4 0.6 0.8 1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

(d)

0 0.2 0.4 0.6 0.8 1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

(e)

0 0.2 0.4 0.6 0.8 1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

(f)

0 0.2 0.4 0.6 0.8 1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

(g)

0 0.2 0.4 0.6 0.8 1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

(h)

0 0.2 0.4 0.6 0.8 1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

(i)

Figure 4: Graphs of (a) ψ0 (x, 0) , (b) ψ0 (x, 0.5) , (c) ψ0 (x, 1) , (d)
ψ1 (x, 1) , (e) ψ1 (x, 1.5) , (f) ψ1 (x, 2) , (g) ψ2 (x, 2) , (h) ψ2 (x, 2.5)
and (i) ψ2 (x, 3) , with λ = 0.00005, fµ (x) = 1 − µx2, µ = 2 and
ψ0 (x, 0) = 0.2+0.1 cos(πx)−0.2 cos(2πx)+0.1 cos(3πx)+0.1 cos(4πx)−
0.1 cos(5πx) + 0.2 cos(6πx).
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Figure 5: Graphs of (a) ψ7 (x, 7) , (b) ψ7 (x, 7.5) , (c) ψ7 (x, 8) , (d)
ψ8 (x, 8) , (e) ψ8 (x, 8.5) , (f) ψ8 (x, 9) , (g) ψ9 (x, 9) , (h) ψ9 (x, 9.5) and
(i) ψ9 (x, 10) , with λ = 0.00005, fµ (x) = 1 − µx2, µ = 2 and
ψ0 (x, 0) = 0.2+0.1 cos(πx)−0.2 cos(2πx)+0.1 cos(3πx)+0.1 cos(4πx)−
0.1 cos(5πx) + 0.2 cos(6πx).
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we define Vµ,λ ≡ Vµ,λ,1. Our discrete dynamical system is, then, defined by
the pair (A, Vµ,λ). When we iterate a function φ0 (x) in A, under Vµ,λ, the
obtained iterates φk (x) = V k

µ,λ (φ0 (x)) will correspond to the solution given
by the sequence of functions (5) in the time instants φk (x) = ψk (x, k). If,
for some reason, we need to obtain the temperature function at a non integer
time instant t′ we simply use the solution presented in (3) with initial condition
given by ψ (x, 0) = V k

µ,λ (φ0 (x)), where k = [t′] the integer part of t′. Then, we
evaluate the function for the time instant t′ − k, that is, ψ (x, t′ − k).

3. Stabilization of the Number of Critical Points for Positive

Topological Entropy of fµ

The topological entropy, ht (g), of an interval map, g, is an important measure
for the characterization of the complex behaviour of the map under iteration,
see for details [13]. Roughly speaking as greater topological entropy more com-
plex is the dynamical behaviour. Among other aspects, the topological entropy
measures the growth rate of the periodic orbits for g. For the infinite dimen-
sional system (A, Tg), the topological entropy of g measures the growth rate of
the number of critical points for the functions in A. That is, if the topological
entropy is 0, then the growth rate is polynomial or there is no growth at all,
for almost every initial functions. For positive topological entropy the iterates
will have increasingly number of critical points, growing exponentially under
iteration. In this case, since the domain of the functions is an interval, in the
limit the iterates will tend to a fractal function, and this is the essence of the
ideal turbulence.

For the dynamical system (A, Vµ,λ), independently on the initial condition,
once fixed the diffusion coefficient and the parameter µ so that fµ has posi-
tive topological entropy, we observe that the number of new critical points, in
the time evolution of the temperature function, tend to stabilize. This deeply
contrasts with the the purely iteration of the operator Tfµ .

In Figure 6, we show the evolution of the number of critical points, Nk, of
ψ (x, t) , with t = 0, 0.2, 0.4, . . . , 1.8, 2, for six different initial conditions.

It is clear that independently of the number of critical points of the initial
condition ψ0 the iterates ψk will have the number of critical points stabilized.
Since the rate of appearance of new critical points for the iterates is constant
and equal to the growth number of the interval map fµ (therefore is equal to
eht(fµ)) the rate of destruction is not constant under iteration. It depends on the
number of critical points of the temperature function, that is, if the temperature
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Figure 6: Variation of the number of critical points of ψ (x, t) , with t =
0, 0.2, 0.4, . . . , 1.8, 2, and λ = 0.005, for six different initial conditions.

function has many critical points the destruction rate will be higher than the
destruction rate for an initial temperature function with few critical points.
This can be seen in the Figure 6 where the six initial temperature functions
have, respectively, 7, 9, 13, 17, 23, and 29 critical points and after 0.4 time
units the temperature functions have around 6 critical points.

Example 4. Consider fµ (x) = 1− µx2, with µ = 2,

ψ0 (x, 0) = 0.2 + 0.1 cos(πx)− 0.2 cos(2πx) + 0.1 cos(3πx) +

+0.1 cos(4πx) − 0.1 cos(5πx) + 0.2 cos(6πx)

and

ψ̃0 (x, 0) = 0.2 + 0.1 cos(πx)− 0.2 cos(2πx) + 0.1 cos(3πx).

In the Figure 7, we show the evolution of the number of critical points, Nk,

of the iterated functions V k
µ,λ (ψ0) and V

k
µ,λ

(
ψ̃0

)
, with k = 5, . . . , 100, when we

fix λ = 0.00005. In the Figure 8, we show the evolution of the number of critical
of V 60

µ,λ(ψ0) and V
60
µ,λ(ψ̃0) for different values of the diffusion coefficient λ.

With our numerical study, we are led to the following result.

Numerical Result 1. Independently of the topological entropy of fµ, that

is, independently of µ, of the diffusion coefficient λ and of the initial condition,

there exists an order after which the number of critical points maintains limited.

Remark 2. i) The average number of critical points of the iterates depends
on the diffusion coefficient λ. When we decrease the diffusion coefficient λ, the
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Figure 7: Variation of the number of critical points of (a) V k
µ,λ (ψ0)

and (b) V k
µ,λ

(
ψ̃0
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, with k = 5, . . . , 100, λ = 0.00005, fµ (x) =

1 − µx2, µ = 2, ψ0 (x, 0) = 0.2 + 0.1 cos(πx) − 0.2 cos(2πx) +
0.1 cos(3πx)+0.1 cos(4πx)−0.1 cos(5πx)+0.2 cos(6πx) and ψ̃0 (x, 0) =
0.2 + 0.1 cos(πx)− 0.2 cos(2πx) + 0.1 cos(3πx).
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Figure 8: Variation of the number of critical points of (a) V 60
µ,λ(ψ0)

and (b) V 60
µ,λ(ψ̃0), for different values of λ, fµ (x) = 1 − µx2,

µ = 2, ψ0 (x, 0) = 0.2 + 0.1 cos(πx) − 0.2 cos(2πx) + 0.1 cos(3πx) +
0.1 cos(4πx) − 0.1 cos(5πx) + 0.2 cos(6πx) and ψ̃0 (x, 0) = 0.2 +
0.1 cos(πx)− 0.2 cos(2πx) + 0.1 cos(3πx).
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average number of critical points, at which the temperature function stabilizes,
increases, see Table 1.

ii) When we have positive topological entropy (chaos) for the nonlinear per-
turbation, for low values of the diffusion coefficient, we have a balance between
creation and destruction of critical points.

intial 
condition 

✁ ✂ ✄☎✄✄✄✆ ✁ ✂ ✄☎✄✄✄✄✝ ✁ ✂ ✄☎✄✄✄✄✆ 

arithmetic 
mean 

standard 
deviation 

arithmetic 
mean 

standard 
deviation 

arithmetic 
mean 

standard 
deviation 

�
✞
 21,16 2,39 29,05 3,28 61,42 5,45 

�✟✞ 20,32 2,58 30,00 3,20 64,26 4,24 

✠✞  21,11 1,97 29,47 2,46 64,37 4,13 

✠✡✞  20,05 2,48 28,26 2,88 60,53 6,65 

☛✞  21,47 2,30 29,05 3,52 62,79 4,05 

Table 1: The arithmetic mean and the standard deviation for five differ-
ent initial conditions, ψ0, ψ̃0, ϕ0, ϕ̃0, α0, of the number of critical points.
The values are presented for three different values of the diffusion coef-
ficient, λ.

4. Behaviour for Topological Entropy Equal to 0

For the cases in which the quadratic map fµ has entropy equal to zero every
point in the interval, under iteration of fµ, will be attracted to the critical
orbit which will have period 2k for a certain natural k. Moreover, the repulsive
coexisting periodic orbits are of period 2j with j < k. This is verified for values
of the parameter µ below the Feigenbaum point µ2∞ for which the map fµ has
a nonperiodic critical orbit, has zero topological entropy and has coexisting
repulsive periodic orbits of period 2j , for every natural j, see [13] for more
details.

A natural question, given a certain dynamical system, in particular the
dynamical system defined in our work, is wether there are periodic orbits. In our
context, a periodic orbit, will be a sequence of functions {ψ0, ψ1, . . . , ψk, ψ0, . . .},
so that V k

µ,λ (ψ0) = ψ0, for a certain k. It is natural to expect that in the zero
entropy case we could have periodic orbits, since every point under iteration
of fµ converges to the critical periodic orbit. The unexpected phenomena is
that, once fixed the parameters so that fµ has zero entropy and a periodic
critical orbit of period 2k, every initial condition ψ0, under iteration, converges
to a different periodic orbit. This means that the number of distinct periodic
orbits, of period 2k, is infinite. In the following example we show two distinct
attracting periodic orbits of period 4.
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Example 5. Consider fµ (x) = 1−µx2, with µ = 1.3107 . . . , λ = 0.00005,

ψ0 (x, 0) = 0.2 + 0.1 cos(πx)− 0.2 cos(2πx) + 0.1 cos(3πx) +

+0.1 cos(4πx) − 0.1 cos(5πx) + 0.2 cos(6πx)

and

ψ̃0 (x, 0) = 0.2 + 0.1 cos(πx)− 0.2 cos(2πx) + 0.1 cos(3πx) +

+0.1 cos(4πx) − 0.1 cos(5πx) + 0.2 cos(6πx) +

+0.1 cos(7πx) + 0.2 cos(8πx) + 0.2 cos(9πx).

In the Figure 9, we present the graphs of V k
µ,λ(ψ0), with k = 95, . . . , 100,

and, in the Figure 10, we present the graphs of V k
µ,λ(ψ̃0), with k = 95, . . . , 100,

when the critical point of fµ is a periodic point with period 4.
For the considered parameter µ the topological entropy of fµ is equal to

zero, and for k large enough the system approach a periodical function.

We can, after a systematic analysis, state the following

Numerical Result 2. Let fµ be a quadratic map, such that µ < µ2∞ ,

ψ0 ∈ A and ψk = V k
µ,λ(ψ0), with k ∈ N0. Then,

lim
n

∣∣∣V n+2m

µ,λ (ψ0)− V n
µ,λ(ψ0)

∣∣∣ = 0,

for a certain m ∈ N.

5. Conclusions

Independently of the physical motivation with a wire or the heat equation, the
heat equation may be substituted by an abstract diffusion equation. The impor-
tant point is that the state space is a function space, A, easy to define and the
dynamics is given by the iteration of a simple operator Vµ,λ. This setting gen-
eralizes the traditional iteration of interval maps, since the constant functions
belongs to the class A. In fact, if the initial function is constant the iteration
of Vµ,λ reduces to the iteration of the interval map fµ. The generalization is
to an infinite dimensional system: a point is substituted by a function (or an
infinite vector) and the iteration of a map is substituted by the iteration of an
operator.

The main result, in our work, is that, in certain conditions – namely positive
topological entropy of fµ – the iterates, under Vµ,λ, have an exponential grow of
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Figure 9: Graphs of (a) V 95
µ,λ(ψ0), (b) V 96

µ,λ(ψ0), (c) V 97
µ,λ(ψ0),

(d) V 98
µ,λ(ψ0), (e) V 99

µ,λ(ψ0) and (f) V 100
µ,λ (ψ0), with λ = 0.00005,

fµ (x) = 1 − µx2, µ = 1.3107 . . . , ψ0 (x, 0) = 0.2 + 0.1 cos(πx) −
0.2 cos(2πx) + 0.1 cos(3πx) + 0.1 cos(4πx)− 0.1 cos(5πx) + 0.2 cos(6πx)
and ψ̃0 (x, 0) = 0.2 + 0.1 cos(πx) − 0.2 cos(2πx) + 0.1 cos(3πx) +
0.1 cos(4πx)−0.1 cos(5πx)+0.2 cos(6πx)+0.1 cos(7πx)+0.2 cos(8πx)+
0.2 cos(9πx).
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Figure 10: Graphs of (a) Vµ
95(ψ̃0), (b) Vµ

96(ψ̃0), (c) V 97
µ,λ(ψ̃0),

(d) V 98
µ,λ(ψ̃0), (e) V 99

µ,λ(ψ̃0) and (f) Vµ,λ
100(ψ̃0), with λ = 0.00005,

fµ (x) = 1 − µx2, µ = 1.3107 . . . , ψ0 (x, 0) = 0.2 + 0.1 cos(πx) −
0.2 cos(2πx) + 0.1 cos(3πx) + 0.1 cos(4πx)− 0.1 cos(5πx) + 0.2 cos(6πx)
and ψ̃0 (x, 0) = 0.2 + 0.1 cos(πx) − 0.2 cos(2πx) + 0.1 cos(3πx) +
0.1 cos(4πx)−0.1 cos(5πx)+0.2 cos(6πx)+0.1 cos(7πx)+0.2 cos(8πx)+
0.2 cos(9πx).
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number of critical points up to a certain level. After attaining a certain number
of critical points, which depends on the parameters, this number oscillates and
becomes limited, as we can see in the Figure 7 and in the Table 1. The existence
and the dependence of this threshold level for the number of critical points on
the parameters can be seen in the Figures 6 and 8.

The other result, we obtained, which turned out to be unexpected, occurs
for the case the parameter µ is below the Feigenbaum point. In this case every
point, under iteration of fµ, is attracted to a periodic orbit of period 2j , for
a certain natural number j, and we observe the existence of infinite periodic
orbits for the iteration of the operator Vµ,λ. Each initial condition is, in fact,
attracted to a different periodic orbit of period 2j .
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