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Abstract: We derive the Bernoulli’s n-Formula and n_multi-series by equat-
ing the numerical and complete solution of the n* order generalized difference
equation. We also illustrate 2_multi-series to product of arithmetic and geo-
metric functions.
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1. Introduction

The Fractional Calculus is currently a very important research field in sev-
eral different areas: physics (including classical and quantum mechanics and
thermodynamics), chemistry, biology, economics and control theory ([5], [6],
[7]). In 1989, K.S.Miller and Ross [8] introduced the discrete analogue of the
Riemann-Liouville fractional derivative and proved some properties of the frac-
tional difference operator. The main definition of fractional difference equation
(as done in [8]) is the v fractional sum of f(¢) by

1 t—v F(tfs)

AP0 = g 1) 1)

where v > 0. On the other hand, when v = m is a positive integer, if we replace
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the function f(t) by u(k) and A by A, defined as Ayu(k) = u(k+£) —u(k), (1)

becomes ]
7] — 1)(n=1)

k k—rf). 2

0= 8770k =3 Ttk =0 2

Let ¢; > 0, u(k) be real valued function on [0,00), u(k) = 0 for all k €

(—00,0], [k/4;] be the integer part of k/l;, {;(k) =k —[k/l;]¢; fori=1,2,---n

lo(k) = k and r(™ = r(r —1)--- (r — (n — 1)). Then, for n > 2, (2) induces

n_multi-series

w (k)=>" u (k—rly), (3)

1] —1 -

—
‘\‘R‘

]

where 0 (k) = u(k —r161) (1_series with respect to ¢1),
[1,1] r1 1

k.
Lo

u (k)= > u (k—roly) (2-multi-series with respect to /1, {2)
ng ro—=14[1,1]
and in general
(]
u (k)= > u (k—ri) (i- multi-series w.r.to £y, lo, -+ ,€y).
) ri=141,i-1]

Substituting u , u ,---, u in (3), we get
L) g L1
0 k—rpln—ry 1Ly — ’“’.i riti
(2] ) [rse=t] [ .
0 (k) = > > e Y u(k =) i), (4)
[1,n] rn=1 rp_1=1 Pr_o=1 ri=1 i=1

which is a numerical solution of the generalized difference equation

A 0(k) = Ay (B B, (0(k) ) = ulk), k0. (5)
[1,n]

By denoting R.H.S of (4) as Y. u(k), (3) and (4) become

tn)
o)=Y ulk) (©
[1,n] é[l,n]
In particular, when n =1 lél(k) %*] |£1 = Z u(k) (7)
[1,1] 1,1

f11,1)
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Remark 1.1. Y. u (¢,,-1(k)) denotes

Cr g C1Lim—1]
k— > ri¢
—rnln i=m+1
R :
DO DR 2 (b1 (k= 32 rili)).
rn=1 rp_1=1 rm=1 fnm-1) i=m
When ¢, = by = ---£, = {, the above n_multi-series 3. u(k) becomes

1)
1(1( )(k) given in (2). We find that, by expanding the terms, u (k) is indepen-

(1,n]

dent of the order of the parameters ¢1,lo,--- ,£,. There are direct formulas to
find the n_series when u(k) = k™, k™ ok, kma¥ etc and &y =y = -« = £, =
3, 4].

There is no direct formula to find the sum of n_multi-series in the existing

literature. We find that the n_multi-series Y wu(k) is the numerical solution as
1)
well as the complete solution (closed form solution with lower limits) of equation

(5), so we call U (k) as the complete solution and Y wu(k) as the numerical
[1,n] é[l,n]

solution of (5). Hence in this paper, we obtain the numerical-complete relation
(6) and derive n_multi-series with Bernoulli’s n-formula.

2. Preliminaries

In this section, we present some notations, basic definitions and preliminary
results. Let J, = {1,2,...,n}, 0(J,) = {¢}, ¢ is the empty set, 1(J,) =
{{1}7 {2}7 T {n}}7 2(Jn) - {{17 2}7 {17 3}7 T {17 n}7 {27 3}7 Tt {27 n}v

-+, {n—2,n—1}}. In general, t(J,) is the set of all subsets of size ¢ in ascend-

ing order from the set J,,, p(J,) = | t(J,) is the power set of J,,, > f(t) =0
t=0 t=1

t
forn <1, [[ f(i) = 1if t <1, A u(k) = A, HAE - Ay Nu(k)) -+ ) for
=2 q

Cp.q) s
1<p<qg<n, u =u(k), u(k)=A u(k)and for 2<i <mn, u (k)=
£11,0] l1) ! L1,
_ k _ _
Aeil(zhu ,® ooam) =050 w (k) = AL w (Gioa(k)).

C ol bl

Lemma 2.1. [2] If s} and S}’ are the Stirling numbers of the first and
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second kinds respectively, kén) =k(k—20)---(k— (n—1)¢), then

n n

KD =S5tk and k=Y Spev k. (8)

r=1 r=1

) (1) o _ kY
Aok = " AR = . 9
ok, (nl)k, and A,k OES 9)
Theorem 2.2. [I] (Discrete Bernoulli’s Formula)

Let u(k) and v(k) be two real valued functions, u® (k) = Alu(k), vi(k) =

Aj'v(k) fort = 1,2, -+ and u) (k) = u(k). Then,
A7 u(R)o()] = S (=1 (B (k + ). (10)

t=0

3. Main Results And Applications

Here, by introducing Striling numbers of third kind and expressing the poly-
nomial factorial ké:) interms of kg;), r = 1,2,---n and Stirling numbers of
third kind, we derive the Bernoulli’s n-formula and n_multi-series to product of

arithmetic and geometric functions with examples.

Definition 3.1. Let 1 < p <n, The Stirling number of third kind for the
pair of positive reals ¢, and ¢, is defined by

n

s;j; = " spshente . (11)

t=p

Lemma 3.2. The expression of ké:) interms of kg ) is given by

n - n_¢
kY =350k, (12)
p=1

Proof. The proof follows from (11) and first, second terms of (8). O

Example 3.3. Since S7°5 = 0, S35 = 0, 555 = 60, S, 5 = 20 and

SP-4 =1, (12) yields £ = (60 x £{¥) + (20 x &) + (1 x &),
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Lemma 3.4. Let p; =1, ¢1,05,--- £, be a set of positive reals and
o)
A1 = A, A - Ayt Then, Ay 10) — 511 and

£1,m)

n—11+pr_1 1+j7‘ 1lr41 k(1+pn—1)
—1EO) = Pty b . 13
5[1 7H2 pzl 1+ pr— 1 J 61(1 +pn—1)£n ( )
Proof. Since 1 = ké?) = k) and k:g) = kg) from second relation of (9), we
o _ (1) k(2)
t Ak . Taking A t A7 EO) = - Again taking A,
get A, kg, 0 0y Ve ge o 26162 gain taking
both sides of the above and applying (12), we obtain A[l ; 110 — 5 gl % AZ; kg) =
o0, Ky "
A3
p22=:1 paLa 2z1z223(1+p2)‘
Now the proof is completed by taking Ag_il and applying second relation of (9)
and (12) for i = 4,5, - ,n respectively. O

Lemma 3.5. Let pg € N(0) and S;__f: be the Stiriling number of third
kind. Then,

n— 11+p7‘ 1 Sl+pr 1—Z7‘+1 k(l“l‘pnfl)

k(po prtr tn . 14
le H pz_l 1 + pr— 1 (1 +pn71)£n ( )

Proof. Taking v = p, and ¢ = ¢; in second relation of (9), we get

k(po+1)
AP = T
ath (po + 1)61

The proof follows by repeatedly applying (12), Azl and second relation of (9)
fori=2,3,--- ,n. O

Theorem 3.6. A closed form solution of (5) for u(k) = kPe is

n 1+p'r 1 Po 1+jr—1—zr k(1+pn)
k.po Spo po P1 Dr-tr—1 ln ' 15
L | DY ey ey )

r=2 pr=1 p1=1
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Proof. Replacing n by p,, r by p1 and ¢ by ¢; in second relation of (8), we

Po
 Lpe — o ppo—p11.(P1)
obtain kPe = 21 Spreye TP R
p1=
Applying Ag_ll and using second relation of (9), we get

1 (1+p1)
o o 1 1

kP plzl SPoghe~P THh (16)
Using (12) in (16), we obtain

1 - 14+p1 Gy ¢ k(m)

e — Z SPolRe PN " Sy QW

p1=1 pa=1

The proof of (15) follows by contuining this process n times, O

The following Theorem is the generalization of Theorem 2.2.

Theorem 3.7. (DISCRETE BERNOULLI’S n-FORMULA)

n oo St . n
Ak = [T 3 D= @)@ e+t asey (17
Ln p=11t,=0 p=1

where (u(k)) )1 = AL (- (Apu(k) ), (0lk + Y tply)) 1t

:Az_l(1+t1)(A_(1+t2) o (A_(1+t")v(k + 3t --)) and

0o Cn, =

2 =% >
p=1t,=0 t1=0t2=0 1, =0

Proof. From Theorem 2.2, we have

AL uk)o(R)] =Y (=1 (k)@ Wk + t10)) @ 40,).
t1=0
Taking Agl on both sides, we get
2 o0 5
ZA* =TI Do (=0 2 (u(k) i (w(k + t16y + t2ls)) 14,0 (18)
[1.2] p=11t,=0

The proof follows by taking Aé_i , for i = 3,4,--- | n successively on both sides
of (18). O
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Lemma 3.8. Let t;s and p, are positive integers. Then,

n n—1pr—1—tr

t; (po) _ (t1) t1 tri1 tri1 pr—lftr—£r+1 (pn—l*tn)
[Ta6E) =i [T X2 wrearisy ki, :
=1 r=1 pr=1

Proof. From first relation of (9), we have
AR (k) = pioe ke,
Taking AZ on both sides of the above equation, we obtain
o Oit
AL (AR (RE)) = pli ey Al (k).
Applying (12), we get
Po—t1

o o—t1-L
AR (AR RE) = piarag | D2 shrar) Ik

p1=1
The proof follows by repeating this process n times.
Lemma 3.9. Ifa% —1+#0, fori=1,2,---n, then

—(1+t —(1+t —(1+tn a
A, ”(AQ 2>(“A%§ >¢>): _ _
[T (ati — 1)+t

=1

k

Proof. Since Aja¥=a*** — ak=a*(a® — 1), we have
k

—(1+t1) & _ @

By @ = (afr —1)(+t)

Taking AZQ(HM on both sides of the above equation, we get

k
—(I4t1) ([ A—(+t2) k) _ a
Aoy (Afz a ) - (afr —1)(A+t1) (gf2 — 1)(1+12)"

The proof follows by repeatedly taking A;i(Hti) on both sides for i = 3,4, - - -

Theorem 3.10. Bernoulli’s n_Formula to the product k:ép gk s

node S o 2 tty)
A =TT S 0 G i 5

¢
[t p=11,=0

541

(20)

O

(21)
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Proof. Since (kézl"’))(tl)(tz)"-(tn) = O when t1+to+- - -+t,, > p,and tq,t2, -+ 1,
take the values from 0 to pg, we have

(k+ Zn: tplp)

AT k(po HZ :1 k(po))()(a Pt )(1+t,,)7;,

fanl p=11t,=0
ti At tn 1.(Po)
where (KPR — (kF))-ta) = AnBaC ALk o))
! ! 01ft17t27'”7tn>p07
k+ an tplp _ k+ Zn) tplp
(@ 2 Dy = AL A e ST (23)
(21) follows by taking u(k) = kép“) and v(k) = a* in (17). O

The following theorem gives complete solution of equation (5).

Theorem 3.11. Consider the functions Zu (k), ti(k) fori =1,2,--- ,n,
(1,]
given in the notations and above. Assume that for each i, 1 <1i <n, %_1 u(k)
(1.4
be any closed form solution of the difference equation A v(k) = u(k). Then,
[1,4]

for k > max 4,

1<i<n
k n
u (k) = A (k) + 3 (1) > Al (k) x
L1 ,m) (k) L t=1 {ms}t_ €t(Jn) £11,my ]
X H (b (BN ATL RO (24)
€[1+m m7,+1] Cligmy,n]

is the complete solution of equation (5).

Proof. Since 1 = k(O applying the limit from ¢, (k) to k for Azllu(k), we
have Azllu(kﬂz(k) = Azllu(k) — Az_llu(él(k))k(o)’

which is the complete solution of equation (5) for n = 1.

Taking AZQI on both sides and applying the limits from ¢5(k) to k and keeping

A[llu(ﬁl(k)) as a constant, we obtain

= A" uk

—1/A— -1 —17.(0)|k
A, (Agl {zl ‘42( T ‘fg(k A, U(fl(k))AgZ k( ){fz(k)

which is the complete solution of the equation (5), and it can be expressed as

\gz = A (k) — A u(ly (k)AL KO

[1 2] 1,2)
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= AN u(ly (k) + A u(ta (k) Ay (Ca(k)©.
[1,2]
In the R.H.S of the above expression, second term is associated to {m;} = {1} €
1(J2), third term to {m1} = {2} € 1(J2) and the fourth term to {m,ma} =
{1,2} € 2(J3). Taking AZSI on uy(k), applying the limits ¢3(k) and k, and as
Agllu(fl(k)), Aél(fg(k))(o) and ZA*1 u(ly(k)) are constants, we get a relation
(1,2]

of the form u (k)vz b = AN u (k) - AZI u (¢3(k)), and this relation can
tpg W) ? g *
be expressed as

W+ 5 1 A ull )

Gl A
t=1 {my}t €t(Jn) "1

5[1 3] 5[1 3]

XH AT (g ()@ AT RO

Ctm,, z+1J Cl1tmy,3)

which is a complete solution of the equation (5) for n = 3.
As all the lower limit values are constants, the proof is completed by taking
Azil and applying the limit from /¢;(k) to k& on [1u3](k) successively for ¢ =

)

4,5, ,m. O

The following theorem gives the numerical solution of the equation (5).

Theorem 3.12. Consider the terms of Theorem 3.11. Then,
_ n
m=1 £y, ] fam- 1] i=1
is the numerical solution of the difference equation (5).

Proof. From equation (7), we have

ANy = Sou(k) = u (k)= u (k) = 21 (), (say)  (26)

4 4
é[l,l] [1,1] [1,1]

is a numerical solution of the equation (5) for n = 1. Again taking Az;l on
z1(k) and applying equation (7), we get

AL )y, = D 21 (k) = 2(k), (say) (27)

{2,2]
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which is a numerical solution of the equation (5) for n = 2.
Replacing k by k — rafls in (26), we obtain

4l (k — T2€2) = u (k — ?”262) — u (61 (k — T2€2)). (28)

5[1,1] [1,1]

Substituting (28) in (27), we find that

wk)=> u (k-3 u (29)

0
2,2] b £2,2] “]

which is the same as

2(k) = u (k) = u (k) - Zéu (C1(k)). (30)

b,z {2 loay Y

Applying the numerical solution z(k) = 3 u(k) on (30), we get

k

) Lo(k) Z + Z £11,1) (31)

41 ,2) Li2,9)

u (k
ﬁ[l,zJ(

where the values u (¢1(k—raf2)) can be evaluated by replacing k by ¢1(k—rals)

1,1

in the complete solution 0 (k:)!l;l(k) given in Theorem 3.11 for n = 1.

[1,1]
The proof is completed by taking Azil on z3(k) and applying the numerical
solution of equation (5) successively for i = 3,4,5,--- ,n. O

Theorem 3.13. The numerical-complete relation of the equation (5) is

given by
> >, u (bm1 (k) = ZA u(k)+ 3 > (=)'
milf[m,n] [1,m—1] [1,n] t= 1{m5}g:1€t(Jn)
< A u(ly, W) ], A" Gy ()@ AT RO (32)
£1,my) izlé[“‘mz miy1] Ultmy,n)

Proof. The proof follows by equating the numerical solution given in The-
orem 3.12 and the complete solution given in Theorem 3.11. U

Theorem 3.14. n_multi-series to the polynomial factorial kZG is

Z Z i@‘)) Z[l k(Po)+Z Z (_1)t><

L m—
m=1 L, o =1 {m.}!_ €t(Jn)
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x A~ H A7 (U, ()OO AT (O (33)

n, ml] i=1 [1+m mz+1] Cligmy,n]

Proof. The proof follows by taking u(k) = kéf °) in (32) and the terms in
(33) are evaluated by (13) and (14). O

Theorem 3.15. n_multi-series formula to the polynomial kP is

n

Zzz (b1 (K)) —A kp°+z > (-D)fx

o t=1 {m.}t_, €t(Jn)
x A7 H AT (b, (O AL (O (34)
Z[Lmﬂ i=1 [1+mz z+1] Ligmy,n]

Proof. The proof follows by taking u(k) = kP° in (32) and the terms in (34)
are evaluated by (15). O

Theorem 3.16. n_multi-series formula to U(k) = u(k)v(k) is
> X U (lma(k) = ZA_I(U(k)U(k)) +> X (1

m=1 L, ) {11,m—1] n] t=1 {m}t_ €t(Jn)
x ATV u(ly, (k H AT (RO AT KO (35)
Z[Lmﬂ : 1+mz z+1] z[1+mt»"]

Proof. The proof follows by taking U(k) = u(k)v(k) in Theorem 3.13 and
ZA*[U(k)U(k)] can be obtain by Bernoulli’s n-Formula . O

(1,n]
The following example illustrates Therom 3.16.
Example 3.17. Taking n = 2, u(k) = ké ) = = (u(k)OO) y(k) = a* in
(35) and using (17), we get
2 2
(u(k) )T = Al (ALu(k)) = AL (AZED). (36)

From (36), (u(k)) 00 = 26k + (6 — £1)0a, (u(k))O® =243,
(u(k) DO =20k, (u(k) DD = 26165, (u(k))PO) = 262 and

—(1 —(1
(W(k)) (140,02 = AT (AL ak) = (37)
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(37) yields (v(k)) 1)), (v(k) y2)s (W(E)) 1)), (0(E))2)a), (k) @)2)s (0(E))@2)3)
(v(k))(3)1) and (v(k))(3)(2)-
To find the corresponding (35), consider:

(), k (1) kte
(i) A~ (k(Q)ak>: kfz a B 2€2kg2 a”"
o \ O (al —1)(af2 —1) (at —1)(al2 —1)2

2€2ak+%2 (62 - fl) 261&61
+ 2 + —
@ @ -1 @ —1) (@ 1)

kg)ak _ Loaktte }+ 23a"+2

@21) ~ {a2-12 [ T @11

(ii) the terms for 1(J2) = {{1},{2}} :

(DA Gk a8 ATRO and (~1) A (6 (k) o).
[1,1] [2,2

] f1,2)

X

(iti) the terms for 2(J2) = {1,2}: A~ (G (k) a® A~ (by (k).
[1,1] [2,2]
In particular taking k = 5, {1 = 1, o = 2, {1(k) =0, l3(k) =1 and a = 2 in
(35), we get (i) 37.92592 (i7) 20 and 13.92592 (iii) 4.
R.H.S of (35) is the sum of the terms (¢) + (i7) + (i7i) = 8.
L.H.S of (35) is 8, which is obtained by adding the terms:
m=1; Suk)=0and m=2; S u ({1(k)=8.
2 £z, Y111

Conclusion: Finding the complete solution of higher order Generalized dif-
ference equations coincided with the numerical solution of that equation is the
significant of the research work. This relation generates certain formulas and
some applications for finding the growth of animal population of first n gener-

ations.
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