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1. Introduction

Pawlak [6,7] introduced the rough set theory as a formal tool to deal with
imprecision and uncertainty in the data analysis. Hajek [2] introduced a com-
plete residuated lattice which is an algebraic structure for many valued logic.
By using the concepts of lower and upper approximation operators, informa-
tion systems and decision rules are investigated in complete residuated lattices
[1,2,8,9]. Bélohlavek [1] developed the notion of fuzzy contexts using Galois
connections with R € L**Y on a complete residuated lattice. Zhang [10,11]
introduced the fuzzy complete lattice which is defined by join and meet on
fuzzy posets. It is an important mathematical tool for algebraic structure of
fuzzy contexts [1,4-6]. Kim [3] show that join (resp. meet, meet join, join meet)
preserving maps and upper (resp. lower, meet join, join meet) approximation
maps are equivalent in complete residuated lattices.

In this paper, we investigate the properties of join-meet and meet-join pre-
serving maps in complete residuated lattice. In particular, we give their exam-
ples.
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2. Preliminaries

Definition 1. [1,2] A structure (L,V,A,®,—, L, T) is called a complete
residuated lattice iff it satisfies the following properties:

(L1) (L,V,A, L, T)is a complete lattice where L is the bottom element and
T is the top element;

(L2) (L,®, T) is a monoid;

(L3) adjointness properties,i.e.

r<y—ziff oy <z

A map * : L — L defined by a* = a — L is called strong negations if

a** = a.

o T, lfy:x, * . J_’ 1fy:x’
Ta(y) = { 1, otherwise. Taly) = { T, otherwise.
In this paper, we assume that (L, V,A\,®,—,*, L, T) be a complete residu-
ated lattice with a strong negation *.

Definition 2. [10,11] Let X be a set. A function ex : X x X — L is
called:

(E1) reflexive if ex(x,z) =1 for all z € X,

(E2) transitive if ex(z,y) ® ex(y, z) < ex(z, z), for all z,y,z € X,

(E3) if ex(z,y) = ex(y,z) =1, then x = y.

If e satisfies (E1) and (E2), (X,ex) is a fuzzy preorder set. If e satisfies
(E1), (E2) and (E3), (X, ex) is a fuzzy partially order set (simply, fuzzy poset).

Example 3. (1) We define a functioner, : Lx L — L aser(z,y) =z — y.
Then (L,eyr) is a fuzzy poset.

(2) We define a function e x : LX x LY — Lasepx (A, B) = \,cx(A(z) —
B(x)). Then (LX,e;x) is a fuzzy poset from Lemma 10(9).

Definition 4. [10,11] Let (X,ex) be a fuzzy poset and A € LX.

(1) A point xg is called a join of A, denoted by xg = UA, if it satisfies

(J1) A(x) < ex(z, ),

(J2) /\acEX(A(‘T) — GX(.’E, ?/)) S GX(CCO, y)
A point z; is called a meet of A, denoted by z; = MA, if it satisfies

(M1) A(z) < ex(x1,2),
(M2) A,ex(Alr) = ex(y,2)) < ex(y,21).
Remark 5. Let (X,ex) be a fuzzy poset and A € LX.
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(1) If zp is a join of A, then it is unique because ex(xo,y) = ex(yo,y) for
all y € X, put y = z¢ or y = yo, then ex(zo,y0) = ex(yo,x0) = T implies
xo = yo. Similarly, if a meet of A exist, then it is unique.

(2) wo is a join of A iff A\ _y(A(z) = ex(z,y)) = ex(20,y).

(3) z1 is a meet of A iff A\ _x(A(x) = ex(y,2)) = ex(y,z1).

Remark 6. Let (L,er) be a fuzzy poset and A € L.

(1) Since zg is a join of A iff A\ . (A(z) = er(z,y)) = Nyep(Alz) —
( = ¥y) = Vyerlx © Ax)) = y = er(xo,y) = 0 — y, then g = LA =
\/LEGL(x © A(.CI?))

(2) Since x¢ is a join of A iff A ./ (A(z) = er(z,y) = Nyer(Alz) = (y —
z)) = Nperly = (A(z) = 2)) =y = Ner(A(z) — ) = y — MNA, then
MA = Nper(Alz) = ).

Remark 7. Let (LX,e;x) be a fuzzy poset and ® € LE"

(1) Since Agepx(®(4) > ex(4,B)) = epx(Vaepx(B(4) © A),B) =
epx (U®, B), then U® = \/ 1., x (P(A) © A).

(2) Since Apepx(®(A) = epx(B,A) = Ajerxepx(B,(®(A) — A)) =
erx (B, Aacpx (2(4) = A)), then N® = A i/ x ((A) — A).

Definition 8. [10,11] Let (LX,e;x) and (LY, e;v) be fuzzy posets.

(1) K : L* — LY is a join-meet preserving map if K(U®) = MK~ (®) for
all & € LY, where K (®)(B) = \/,c(4)—p ®(A).

(2) M : LX — LY is a meet-join preserving map if M(M®) = UM (®) for
all @ € LY, where M (®)(B) =\ 4)—p ®(A).

Theorem 9. [3] Let X and Y be two sets. Let (LX,e;x) and (LY ,erv)
be fuzzy posets. Then the following statements are equivalent:

(1) K : L* — LY is a join-meet preserving map iff K(a ® A) = a — K(A)
and K(V,c; Ai) = Nijeg K(A;) for all A, A; € LY, and o € L.

(2) M : LX — LY is a meet-join preserving map iff M(a — A) = a —
J(A) and M(N,;c; Ai) = Ve M(A;) for all A, A; € L™, and a € L.

Lemma 10. [1,2] Let (L,V,A,®,—,*, L, T) be a complete residuated lat-
tice with a strong negation *. For each x,vy, z, x;,y; € L, the following properties
hold.

(1)

(2)

Bz —-y=Tiff x <uy.

4Ax—->T=Tand T - x=u.

B)zoy<zAy

(6) 2O (Viervi) = Vier(@ © %) and (V;er i) ©y = Viep(zi © ).
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(/\zeF Yi) = /\zeF(x — y;) and (\/zeF Ti) =y = /\ieF(xi — ).
\/zEF Ti — \/zeF yl) > /\zeF(xz — yz)
(r—=y)or<yand (y = 2) O (x = y) < (r — 2).
Jx—=y<(y—2z) = (x—2).
) /\ZEF‘Q? (\/ZEF xl) and \/ZEF‘Q? (/\’LGF xz) .
; (xOy)—wz=2x—=>Yy—2)=y— (r—2)and (zOy)" =z — y*

(7) =
(8)
(9)
(10
(11
(12
(13) 2* »y* =y —zand (x - y)" =z Oy

3. Join-Meet and Meet-Join Preserving Maps

Theorem 11. Let (L, e;x) be a fuzzy poset. Let IC,K~' : LX — LX be
join-meet preserving maps such that K=(T,)(y) = K(T,)(z) for each z,y € X.
Let M, M~! : LX — LX be meet preserving maps such that M~Y(T%)(y) =
M(Ty)(z) and K*(T2)(y) = M(T3)(y) for each z,y € X. Forz,y € X, a € L

and A, B € LX, we have the following properties.
(1) £(A)(y) = N\o(A(z) = K(T2)(y) and

KT (A)(y) = N\A@) = £H(Ta)) = N(Al) = K(Ty)())

x T

=V, (4%(2) © M(T})(y) and M~ (A)(y) = V,(A*(z) ©

‘/—\
_—t)
&2*3
=
NN

~—
—~
<

S~—

).
BYM(T)=MYT)=_Land M(L) =K (L)=T.
(4) M(A) = (K(A"))" and M(A) = (M(A7))".
(5) K(a = A) > a® K(A) and M(a® A) < a — M(A).
(6) M(Ty = a)(y) = M(T3)(y) ©a" = K* (T, © a™)(y).
() Naer((Aly) = o) = a) = A(y).
(8) K(A") = Nper M(AG ") = a).
9) Ka®A) =a—K(A) = M(A*) = a*.
(10) M(a® A) < K(A*) — o*.
(11) e;x (B, K(A)) = e;x (A, K~1(B)) and

= epx (A", K71(B")).
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Proof. (1) For A =\/,cx(A(z) ® T3), by Theorem 9(1), we have

KA)(y) = K(Vpex(Alz) © Te)) () = Npex (Alz) = K(T2)(y))
KT A)(y) =K (Veex(A@) © To))(y) = Agex (Alz) = K7HT2)(y))
= Vaex (A(@) = K(Ty)(2)).
(2) For A= A cx(A*(x) = T3), by Theorem 9(2), we have

M) = M(Agex (A7) = T2))(y) = Voex (47(@) © M(T2)(y))
MTHA)(Y) = Vaex (A" (@) © MTH(TI(Y))

(3) M(M)(y) = V,(T*(x) © M(T%)) = L and other cases are similarly
proved.
(4) By Lemma 10 (11), we have

(A )" = (Asex (A7) = KT ()
= Ve (A"(2) © KX (T2) ) = Ve (4%(x) © M(T2) (1))
— M, ex (4°(@) > T2)() = M{A))

(MA)@)* = (Vyex(4
~ Aex(A) > KT8
)

(5) Since a ® (o — A(z)) ® (A
(y) iff a ®

K(T2)(y) < K(T2)(y)
then o ©® L(A4) < K(a — A).

Since a ® (a — A*) © M(T%
M(To)(y) Sa— A" 6 M()Ti)(y)

y) < A" 0 M(T)(y) iff (a — A%) ©
then M(a ® A) < a — M(A).
(T ®a*)(z) and

) Dz O (Te = a)*(y))
ex(M(T} 2O (Te ®at)(y) = M(T2)(z) @ a*
(Te)(z) ©@a* = (o = K(T)(2)" =K*(T, ©a")(2).

Put o = A(y). Then A o, ((Aly) = o) = a) < (A(y) = Ay)) = A(y)) =
A(y). Hence A o1 ((A(y) = a) = a) = A(y).
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(1

have

—~

e

[

0) Since (A(z) — o)
a*) O A(z) < o* iff (A(x) —

%@ | e |
? =

g s O]

> o

o

Q

SV
_|

“(z) © M(T3)(y))
vex((A@) = a")© z
vex (K7 (T2)(y
(ANpex (A"(x) = K(T2)(y

1) By Lemma 10 (12), we have
erx (B,K(A)) = Nyex(B(y) = £(A)(y))
(

= Nyex(B) = Npex (Az) =
- /\yEX /\:EGX( ( ) (A(LIZ‘)

<<

Aoa)=V,x(AO
)

.
(T

\_/:3>

rex (@O A)(x) = K(T4)(2))

Y.C. Kim

Tz ) =
(fv;) a®) < (Apex (K* Tx)(y) = Az)) = o

= Noex(A(x) = Ayex (Bly) = ’C(Tx)(y)))

= epx (A, K1(B)).

[
~
&
<
=
=

Nyex M(A)(y) = B(y))
Nyex(Vpex (A" (@) © M(T7)(y)
Nyex Noex M(T)(y) = (A% (2
Nyex Noex M(T2)(y) — (B*(y
Nzex(Vyex (B*(y) © M(T3)(y)
Nae (M Y(B)(y)) — A(x))

er, (/\/l 4(B), A).
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(12)
ex (B, K(A)) = Nyex(By) = K(A)(y))
= Nyex(B(Y) = Npex (Alz) = K(T2)(y)))
= Nyex Naex(B(y) = (K*(T2)(y) = A*(2)))
= Noex(Vyex(Bly )GK*(T )(y)) = A*( )
= /\xGX(\/yeX( (y) © MTH(Ty)(x)) = A*(x))
= epx (MTH(BY), AY).
erx (M(A), B) = Ayex (M(A)(y) = B(y))
= Nyex (Vaex (A*(2) © M(T7)(y)) = B(y))
= Nyex Naex (A7 (x) = (M(T7)(y )—>B( )
= Nyex Naex (A7(x) = (B*(y) = M*(T3)(y)))
= Noex(A"(@) = Ayex (B*(y) = K(T2)(®)))
=epx (A*, K~1(B)).
(12)
K(A)(y) © epx (B, A) = N\, (A(z) = K(T2)(y)) © A.ex (B(z) = A(2))
< Naex ((Alz) = K(T2)(y)) © (B(x) = A(x))
< Naex((B(z) = K(T2)(y)) = K(B)(y)-
Thu(s e)Lx(B ,A) < K(A)(y) = K(B)(y). Hence epx (B, A) < e;x(K(A),K(B)).
13
MH(T3)(y) © A*(2)) © epx (B, A)
S MH(T3)(y) © A%(2)) © (B(z) — A(x))
= M*(T3)(y) © A*(2)) © (A*(x) = B*) < M*(T3)(y) © B*(x)
Thus,e;x (B, A) < M*(T%)(y) © A*(z)) = M*(T%)(y) © B*(x). Hence

erx(A,B) <epx(M(B), M(A)).
Ol

Theorem 12. Let (L¥,e; x) be a fuzzy poset. Let K,K~ ' : LX —
LX be join-meet preserving maps such that K=1(T,)(y) = K(T,)(z) for all
z,y € X. Let M, M~ : LX — LX be meet-join preserving maps such that
M YT (y) = M(T;)(x) for all z,y € X. For z,y,z € X and A € L*, we
have the following properties.

(1) If T, < M(T%), then A* < M(A) and A* < M~1(A).
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(2) IFK(T,) < T, then K(A) < A* and K~1(A) < A*.

(3) Vyex £ (T JW)OK(Ty)(2) < K*(T2)(z) forall z, z € X il K(K*(T5))
> K(Ty) iff KTHK(T)) > K(T,) iff K(K*(A)) > K(A) iff KH(K(A4)) >
K*(A).

(4) Viex ’C*( 2) (WO (T)(2) < K*(Ty)(2) forall z, 2 € X #FC(K™(T))
> IC(T,) T (C(Ty)) = K15(T,) H#EC(C(A)) < KC(A) iff K (K(4) <
K1#(A).

(5) Vaex K(Ty) (@) OK(T2)(2) < K(Ty)(2) forallw, z € X it K~ (K*(Ty))
> K(T,) i K(K(T,)) = K5(T,) iff K7L (A)) > K(A) iff K(K(A)) > K*(A).

(6) \/yexM(T*)( JOM(T))(2) < M(T7)(2) forally, z € X it M(M*(T3))

M(TE) iff MTYM (T < MEYTE) iff M(M*(A)) < M(A) iff

§

(4) < Mfl(A)-

) Vaex M(T2)(y) © M(T3)(2) < M(Ty)(2) for all z,y € X iff
—(T3) < M(T7) iff M(MTH(TY)) < MTHTY) if M(M™H(A))

)

—~
EN|

%
A

(A) iff M(M~*(4)) < M~L(A).
(8) vxeXM(T*)( x) © M(T*)(x) M(TE)(z) for all y,z € X iff
TME(TE)) < MON(TY) ff M HMA(T3)) < M(Ty) iff M- (M*(4)) <

iff M~ ( (4)) < M(4).
K*(T2)(y) = M(TE)(y) for all z,y € X, then \/yEX K*(T2)(y) ®
To)(2) for all 2,2 € X iff M(K(Ty)) < K*(Ta) iff
TH(TL) FM(K(A)) < KH(A) iff MHKEH(A)) < KH(A).
= M(T;)(y) for all z,y € X, then \/,cx K*(T.)(y) ®
KC*(Ty)(2) for all T,z IS X iff
*(Ty) iff M(K™H(T,)) < K7X(T,) if M(K™1(A)) < K*(A)
K= (A).
)y) = M(T3)(y) for all 2,y € X, then \/ . K*(Ty)(x) ©
(Ty)(z) for all x,z € X iff Mfl(IC(Ty)) < KH(Ty
(L) iF MTYK(A)) < KH(A) if MTY(K(A) < K7

VE

\’;T
—~
< L
~—
-~
*/—\
~—

"=
L
I
?§

—~

3
A
a/—\

Aiﬁ/‘\/_\
— —
—_ | &8 o
A/_\\_/
& =

—

_|

8

~

—~

<

~—

LT 9 ii L <A
A ,:

[ VA

ZA = A

=9
= L
ZES

5

)(x)
K(T2))

Proof. (1) For A= A\, cx(A*(x) = T}%), we have

M(A)(y) = M(Apex(A%(x) = TI)(Y) = Vaex (A7(@) © M(T3)(y))
> Vapex (A%(2) © T3(y)) = A*(y).

Similarly, we have M~1(A) > A* for each A € L.
(2) For A=\ cx(A(x) ® T,), we have

KA (y) = K(Veex(Al) © Te))(y) = Apex(Alx) = K(T2)(y))
< /\ ex(A(@) = Ti(y)) = A" (y).

()
Similarly, we have K~1(A) > A* for each A € LX.

IN

<3
|

A

e
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(3 ) Since /ey K*(T2)(y) © K*(Ty)(2) < K*(T4)(2) for all z,z € X, then

Nyex K (T2)(y) = K(Ty)(2) = IC(\/yGX’C (Te)(y) © Ty) = KK (T D) =
K(Tz)(z) for all z,z € X.

Since V,cx K*(T2)(y) © K*(Ty)(2) < K*(Ty)(2) for all z,z € X, then
KH(Ta)(y) < K (Ty)(=) = K5 (T2) (2.

K (Ta)(y) < Ayex (K*(Ty)(2
K(Ty)(2) = Nyex (K(T2)(2)

K(K*(A))(=)

1
?gx_/
=
I
3
=
— =
8
S

I V2 | | (1

Since

K*(T2)(2) © KX (T2)(y) © (K*(T2)(y) = A*(2))
<K (T2)(y) © (K (Te)(y) = A*(x)) < A*(2)
iff K*(T2)(y) © (K*(T2)(y) = A*(2)) < £ (T2)(2) = A*(2)

y —
= Vyex (KT (Ty)(2) © NApex (K*(T) (y) — A%(2)))
< Vyex Vaex (KTH(Ty)(2) © (K*(T2) (y) = A*(2)))
< Veex (K5 (T2)(2) = A%(2)) = K(A)(2)

Other cases are similarly proved.

(4) Since \/ cx K*(T2)(y) © K*(T2)(2) < K*(T;)(2) for all 2,z € X, then
Pwex K (T)W) = K(T2)(2) = K(V,ex K~ (T,)(@) © Ta)() =
KK (Ty))(2) > K(Ty)(z) for all y, 2 € X.

Since V,ex K*(T2)(y) © K*(T2)(2) < K*(Ty)(2) for all 2,z € X, then
KA (T2)(y) < K5 (Te)(2) = K*(Ty)(2).

K (Ta) () < Aoex (K (T2)(2) = K5(Ty)(2)) = Ayex (K(Ty)(2)
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= K(T2)(2)) = Nyex (K(Ty)(2) = K7H(T2) (@) = KHK(Ty)) ().

KT (A)(2) =KV yex (KT (A)(y) © Ty)(2) = Ayex (K(A)(y)
— K(T2)(2)
Nyex ((Azex (Alz) — K=H(Te
Nyex (Vaex (Alx) © K(T4)(y)
Naex Nyex (K (Ty)(@) © K*(Ty)(2) = A*(2))
(Te)(z) = A*(z))

(VA
x>
™
=
%

Since

( )~

= Vyex (KT (Ty)(2) © NApex (K*(T2) (y) — A*(2)))
< Vyex Vaex (K™H(Ty)(2) © (K*(T
< Vaex (K*(T2)(z) = A*(z)) = K~}

Other cases are similarly proved.
(5) It is similarly proved as (4).
(6) For M(T7) = AyexM*(T3)(y) = T}), we have

Vyex M(TH)(y) © M(T))(2) < M(T3)(2)
it M(Ayex M(T2)(y) = T;)(2) < M(T7)(2)
iff M(M*(T5)(z) < M(T3)(2)

Vyex M(T2)(y) © M(T3)(2) < M(T3)(2)

i Vyex MTHT3) (@) © MTHTE)(y) < M(T7)(2)

iff M7 (Ayex (MTHTH(Y) = Ty)(x) < MTHTE)(2)
iff MTHMTH(TE)) () < MTH(TE) (@)
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M(M*(A))(2) (Ayex M(A)(y) —
x (M(A)(
(Vxe

x (A%

)
)(y) © M(T5)(2))
X)(A ) © M(T3)(y)) © M(T5)(2))

M
Ve
\/ () & M(

Vae O M(T3)(2)) = M(A)(2))

IA

(7) For M(T3) = Nyex(M*(T7)(y) = T;), we have

Vyex M(T3)(y) © M(T3)(2) < M(T3)(2)
M e (M7 (T)(2) > T2)(2) < M(T5)(2)
iff M(M™H(T)))(2) < M(T5)(2)

Vaex M(T2)(y) © M(T3)(2) <
iff Ve x M(T*)( ) © MTH(TE)(
#ff M(Agex (M HT)( Ungk:
iff MM~ (T2) () < MTH(TH(©)

MM (A)(2) = M(A\yex MTHA) () = T,
Vyex M1 (A)(y)
Vyex (Voex (A% () © M™ (T;’Z)(y)) ©M(Ty)(2))

Vaex (A%(2) © M(T3)(2)) = M(A)(2))

IA I
_|

(8) It is similarly proved.
9

(9) Since Ve x K*(T2) () OM(T5)(2) = M(Ayex (K*(Te)(y) = Ty))(z) =
M(K(T,))(z), we have

Vyex K (Ta)(y) © K*(Ty)(2) < K*(T4)(2)
iff Ve x K (Ta)(y) © M(T5)(2) < K*(Ta)(2)
HE M(K(T2))(2) < K (Ta)(2).

Since Ve x K~H(T2) (n)OM™H(T))(x) = MTH(Ayex (KT (T2)(y) = Ty)(@) =
MY KY(T,))(z), we have

Vyex K5(T2)(y) © K5 (Ty)(2) < K*(T4)(2)
HE Vyex KTH(T2) () © K7H(Ty) (@) < K*(Ta)(2)
iff V/ yex K (Ta)(y) © M(T)(2) < KH(T2)(2)

A HEH(T2)) (@) < K7H(T2) ().
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M(K(A)(2) = M(Ayex (K" (A)(y) = T7))(2)
=V, x(’C*(A)( ) © M(T5)(2)
:vyeX(vxeX(A( 2) © K*(T2)(y)) © K*(Ty)(2))
< Veex (A@) © K*(T2)(2)) = £*(A)(2))-
(10)

Vyex £5(T2)(y) © K*(T2)(2) < K*(Ty)(2)

i Vyex K77 (Ty) (@) GM(T*)( ) < K*(Ty)(2)
iff M(K™H(Ty))(2) < K*(T,

Vyex K5 (T2)(y) © £ (T2)(2) < K (Ty)(2)

if Vyex K77 (T2) (@) © M(T3)(y) < K*(Ty)(2)
iff MK™HT))(y) < K7 (T2)().

Other cases and (11) are similarly proved.
U

Example 13. Let (L = [0,1],®,—,") be a complete residuated lattice
with the law of double negation defined by

rOy=(@@+y—-1)V0, r—=y=1—-az+y) Al 2" =1—-uz.
Let X = {z,y,2} and A, B € LX as follows:
A(x) =0.9,A(y) = 0.8, A(z) = 0.3, B(z)=0.3,A(y) =0.7,A(z) = 0.8
Define K*(1;)(y) = M(1%)(y) as follows

(L)) =1 K (L)
1)
(£

(1) We have Vo x (K* (1) (y) © £*(1y)(2) =
for all z,y € X. Smce K(A)(y) = Npex(A(z) = K

Veex(M(15)(y) © A*(x)), we have
K(A) = (0.1,0.2,0.5), K(B) = (0.6,0.3,0.2),

K(A*) = (0.8,0.7,0.3), K(B*) = (0.3,0.5,0.7),
M(A) = (0.2,0.3,0.7), M(B) = (0.7,0.5,0.3),
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M(A*) = (0.9,0.8,0.5), M(B*) = (0.4,0.7,0.8).

Furthermore, by Theorem 12(3,6,9), K(K*(A)) = K(A), M(M*(A)) = M(A)
and M(K(A)) = K*(A), for all A € X. For £*(1;) = (1,0.8,0.6), by Theo-
rem 12(2,6), £L(K*(1,) = K(1) = (0,0.2,0.4). For M(1%) = (1,0.8,0.6), by
Theorem 12(2,6), M(M*(1}) = M(1}).

(2) We obtain K~1*(1,)(y) = M~Y(1})(z) = K*(1,) () as follows

K1) (z) =1 K ™(1.)(y) =07 K ¥(1,)(2) =0.5
( Kﬁl*(ly)(l’) =038 ’Cil*(ly)(y) =1 ’Cil*(ly)(z =06
K= (1) (x) =06 K7 (1)(y) =03 K M™(L)(2) =1 /
We have \/ ey (K™ (15)(y) © K77 (1,)(2) = K~(1,)(2) and 1, < K71(1,)

K~1(A) = (0.1,0.2,0.6), K '(B) = (0.5,0.3,0.2).
K=1(A*) =(0.7,0.8,0.3), K1 (B*) = (0.3,0.6,0.8),
M7HA) = (0.3,0.2,0.7), M~(B) =(0.7,0.4,0.2),

M1(A*) =(0.9,0.8,0.4), M~1(B*) = (0.5,0.7,0.8).

Furthermore, by Theorem 12(3 6 9), K=HK(A)) = K*(A), ML (M~ *(A)) =
M7L(A) andM—l(/c—l(A)) *(A), forall A € X. ForIC*( 2) = (1,0.8,0 6),
by Theorem 12(2,6), K~1(K(1 ) K*(1;). For M~Y(1%) = (1,0.7,0.5), b
Theorem 12(2,6), M~ Y(M~*(1%) = M

(3) Since 0.6 = \/, o x (K*(1)(y) ® /c*(i) 2) £ K*(1,)(z) = 0.3, then
(0.3,0,0.7) = K(1,) £ K(K(1,)) = (0.2,0,0.4)
(0.8,1,0.6) = K~1*(1,) £ £~1(K(1,)) = (0.7,1,0.3)
(0.7,1,0.3) = K*(1,) # M(K*(1,)) = (0.8,1,0.6)
(0.7,1,0.3) = M(1}) ¥ M(M™'(1})) = (0.8,1,0.6).
(4) Since 0.6 = \/ oy (K(1,) () @ H(1.)(z) £ K(1,)(2) = 0.3, then
(0.3,0,0.7) = K(1,) £ K~ (K*(1,)) = (0.2,0,0.4)

(0.7,1,0.3) = K*(1,) £ K(K(1,)) = (0.7,0.7,0.3)
(0.7,1,0.3) = K*(1,) 2 M~ (K(L,)) = (0.8,1,0.6)
(0.7,1,0.3) = M(13) # M1 (M*(13)) = (0.8,1,0.6).
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