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Abstract: In this paper, we study the nonlinear heat equation
0
e AFu(z,t) — AEOFu(x, t) = fx,t,u(z,t)),

where AF is the Laplacian operator iterated k— times and is defined by (1.4)and
¢OF is the Diamond operator iterated k— times and is defined by (1.2). We
obtain an interesting kernel related to the nonlinear heat equation.
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1. Introduction

Consider the ultra-hyperbolic operator iterated k— times defined by

k
22 92 92 92 0? 0*

Dk: —62+—62++W_82 _82 __82 9 (11)
Ty 0T Tp  Ofppr Oy Tptq

p+q = n. S.E. Trione[8] has shown that the generalized function Roy(x) defined
by (2.4) is the unique elementary solution of the operator (¥ that is (0% Roy(z) =
d where x € R™ the n— dimensional Euclidean space. Also M. Aguirre Tellez][1,
pp.147-149] has proved that Rox(x) exists only if n is odd with p odd and ¢
even or only if n is even with p odd and ¢ odd.
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In 1996, A. Kananthai[4] [2] first introduced the Diamond operator defined

by
k

<>k: _ <Zp: 3_2> p+q 12)
i=1 &E? —p+1 / }

The operator {* can be written as the product of the operators in the form
OF = AFOF = OFAF, (1.3)
where AF is the Laplacian operator iterated k— times and is defined by

P 92 92 \*
k __
= <8:c2 T 8x%> ! (14)

and [0 is the Ultra-hyperbolic operator iterated k— times and defined by(1.1).
A. Kananthai [4, p.33] has shown that the convolution (—1)*RS, (z)* R (z)
is an elementary solution of the operator ¥, that is

OM((~1)" Ry (@) * Ryj(w)) = 6(x), (1.5)

where §(z) is Dirac-delta distribution and the function RS, (z) and R (v) are
defined by (2.7) and (2.4) respectively with @ = § = 2k, k is a nonnegative
integer.

It is well known that for the heat equation

—u(z,t) = A Au(z,t) (1.6)
ot
with the initial condition
u(:c,O) = f($),
where A is the Laplace operator and is defined by(1.3) with £ = 1, f(x) is a
continuous function and (z,t) = (21, z2,..., Ty, t) € R™ x (0,00), we obtain
1 |z —yf?
t) = ———> — d 1.7
e.t) = s [ o0 (~ g ) o (1.7)

as the solution of (1.6). The equation (1.7) can be written in the following form

u(z,t) = E(x,t) * f(x),

B(z,t) = —exp ( |x|2) (1.8)

(4c2mt)n/2 4c%t

where
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E(x,t) is called the heat kernel, where |z = 23 + 22 +--- + 22 and t > 0.
Moreover, we obtain E(x,t) — § ast — 0 where 0 is the Dirac delta distribution.
Next, K. Nonlaopon and A. Kananthai [4] have studied the heat equation

0
5 u(z,t) = 0u(x, t), (1.9)

where [J is the ultra-hyperbolic operator and is defined by (1.1) with k£ = 1.
They obtain the ultrahyperbolic heat kernel

,L'q p:l xQ — Zpi_qul gj2
E(z,t) = 73 CLP = 5 =T I (1.10)
(4c2mt) 4ct

where p + g = n is the dimension of the Euclidean space R" and ¢ = v/—1.
Now, the purpose of this article is to study the nonlinear equation

0
e AFu(z,t) — AOPu(z,t) = fx,t,u(z,t)), (1.11)
where (z,t) = (z1,...,2,,t) € R" x (0,00),t is a time, ¢ is a positive con-

stant, u(z,t) is an unknown function. We consider the equation (1.11) with the
following conditions on u and f as follows

(1) u(x, t) € COR)(R™) for any t > 0 where C'6%)(R") is the space of continuous
function with 6k-derivatives.

(2) f satisfies the Lipschitz condition, that is
[f (@, t,u) = f(z,t,w)] < AJu —wl
where A is constant with 0 < A < 1.
(3) /00/ |f(z,t,u(z,t))| dedt < oo for x = (z1,22,...,2,) € R", 0 < t <
go anﬂfinu(x,t) is continuous function on R"™ x (0,00) .
Under such conditions of f and w and for the spectrum of
u(,t) = (~1)* Ry (z) * (B(z,1) * f(z,t, u(z,1)))

as a solution of (1.11), where

i=1 j=p+1

1 , v ax B ‘
E(x,t) = (277)”/96)(1) ct <Z§Z> — Z §j// +2(§,x)J d¢. (1.12)
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and Q C R” is the spectrum of E(x,t) for any fixed ¢ > 0 and (—1)*R§(x) is
defined by (2.4) with a = 2k. The convolution (—1)¥RS(x) * E(z,t) is called
the Diamond Heat Kernel and all properties it will be studied in detail. Before
proceeding the following definitions and concepts of needed.

2. Preliminaries

Definition 2.1. Let f(z) € L;(R")-the space of integrable function in R™.
The Fourier transform of f(z) is defined by

-~ 1
f(f) = (27T)"/2

/ e UE) £ () da (2.1)
]Rn
where & = (§1,&2,...,&,) and © = (21, 22,...,2,) € R", ({,2) = &121 + Loxo +
s 4 &y and dx = dxy dxs .. dzy,.

Also, the inverse of Fourier transform is defined by

1 o
= ——— [ & f(e)ae, 2.2

1@) = Gz |, T 22

If f is a distribution with compact supports by the Equation(2.1) can be written

as )
7 = —Z(§,$)>
J©) = G (F@), 7).

Definition 2.2. The spectrum of the kernel E(z,t) of (1.9) is the bounded

support of the Fourier transform F(¢,t) for any fixed ¢ > 0.
Definition 2.3. Let £ = (£1,&2,...,&,) be a point in R™ and be denoted
by

Iy ={(eR":§+8+..+&-& —&&p— .. — &, >0 and & >0}

The set of an interior of the forward cone, and 'y denotes the closure of I';.
Let Q be a spectrum of E(x,t) defined by definition 2.2 for any fixed ¢ > 0

and Q C T'y. Let E(£,t) be the Fourier transform of E(z,t) and be defined as

P ptq
1 2 2 2
) oz &XP | ¢t & — & for§ el'y,
B =@ Zi:l j:ZpH ) ) (2.3)

0 for £ ¢ T
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Definition 2.4. Let z = (z1,2,...,2,) be a point of the n-dimensional
Euclidean space R™ and written as

) 2 2 2 2 9
V=21 + T+ o+ T, — T — Ty s T Ty
where p + ¢ = n is the dimension of the space R".

Let 'y = {x € R" : 1 > 0 and v > 0} be the interior of the forward cone
and 'y denote its closure. For any complex number «, define the function

vz
RY () = { Ka@)’ forx € I'y, (2.4)
0, forz ¢ 'y,
where the constant K, («) is given by the formula
n-1 _ _
I e (e NG IN .
Tl(a) - F 24a—p F p—a ‘ ( : )
( 2 ) (T)

The function R (v) is called the ultra-hyperbolic kernel of Marcel Riesz and
was introduced by Y. Nozaki [7].

It is well known that RX(v) is an ordinary function if Re(a) > n and it is
a distribution of « if Re(a) < n. Let supp R (v) denote the support of R (v)
and suppose supp RY (v) c T, that is supp R (v) is compact.

Definition 2.5 Let © = (x1,79,...,7,) be a point of R” and |z| = (22 +
x3 + -+ 22)/2. The elliptic kernel of Marcel Riesz is defined as

R(o) = (2.6)
where .
~ m22°T(a/2)
Wn(a) - F(%) ’ (27)

with a a complex parameter and n the dimension of R™. It can be shown
that R¢,, (z) = (—1)*A*§(x) where AF is defined by (1.4). It follows that
Ri(x) = 6(x). The function RS, () is called the elliptic kernel of Marcel Riesz.

Lemma 2.1. Let L be the operator and defined by

L= % — 2ok (2.8)
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where OJ is the ultra-hyperbolic defined by (1.1) fort € (0,00) and c is a positive
constant. Then we obtain

k

B(ot) = o [ exp | S-S e tiea|d (29
- _(QW)HQXPC i:1i j=p+1 }J Z’J. .

as an elementary solution of (2.8)in the spectrum 2 C R™ for t > 0.
Proof. Let
LE(x,t) = §(x,t),

where E(xz,t) is an elementary solution of operator L and ¢ is the Dirac-delta
distribution. Thus

EE(CC t) — Z 02 Zﬁ—ﬂc?} E(z,t) = 6(x)d(1).

If we apply the Fourier transform defined by (2.1) to both sides of the equation,
we obtain

k
5 — P ptq 1
d&- > &) Bt = ) = Gyt )
=1 Jj=p+1 }
Thus i
+q
e 1 Hi(t) 2 - 2 X 2
E(fut):WeXp AP fj} ),
i=1 J=p+1
where H (t) is the Heaviside function. Since H(t) =1 for ¢ > 0. Therefore,
- 1 P pt+q g
— 2 2 2
E(fat)—WeXP > &> &
i=1 Jj=p+1
which has been already defined by (2.4). Thus
1
Ex,t) = —— ' t)d
(@0) = Gy [, P EED) de
1
= / i(§:x) (57 t) de
Q

(27)n/2



ON THE GENERALIZED NONLINEAR... 37

where Q is the spectrum of E(x,t). Thus from (2.4)

1 p p+q ¥
E(z,t) = —n/ exp | ¢*t ng — Z sz +i(&,x) | dE.
2m)™ Jq P el /
Definition 2.6 We can extend E(x,t) to R™ x R by setting
k
—— [ exp | ct & — & , for t>0
E(z,t) =4 2m)" Jo P R ]} )
0, for ¢t <0.

3. Main Results

Theorem 3.1. (The properties of the Heat Kernel (—1)F RS, (z) * E(x,t))
(1) (—1)*RS, () * E(x,t) exists and is a tempered distribution.

(2) (—1)*RS,. ()  E(x,t) € C* is the space of continuous function and in-
finitely differentiable.

(3) lim ((~1)°Rsy(a) « (1)) = (~1)* R (x).

227" M(t)

a2 (50 (2)

0, where M(t) is a function of t in the spectrum 2 and I' denotes the

Gamma function. Thus E(z,t) is bounded for any fixed t > 0.

(4) (=1)*R§(x)*E(x,t)is bounded and |E(z,t)| < for t>

(5) A (“1)F Ry (@) * B, 1)) — 2O (=) Ry (w)  B(w, 1)) =0

Proof. (1) Since E(z,t) and (—1)*RS, () are tempered distribution with
compact support. Thus (—1)*RS, (z) x E(z,t) exists and is a tempered distri-
bution.

(2) We have

O (-1 Ryp(a) « E(e.1)) = () Ry (x) + o Bt
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Since E(z,t) is infinitely differentiable and (—1)F RS, (z) * E(x,t) € C™.
(3) By (2.4), we have

Jj=p+1

1 p p+q k
= exp | ¢ 2 _ 2 (&, x .
B(z.1)= 5o /Q p |t (2}5 2.6 ) +i(¢,2) } dg

Since E(x,t) exists, then

1 — Z(f,l’)
P B ) = Gy /Rn6 e
1
_ (&) g

<27r>n/2/ﬂe :
= d(z)

By the continuity of the convolution,

(=R, (x) * E(x,t) = (—=1)* RS, (z) 6 as t — 0.

Thus
lim (=1)F Rgy (@) * B(z.1)) = (~1)" Rg, ().
(4) We have
1 P p+q F
B = o [ew|et[Xg- 3 &) +ica | a
Q i=1 j=p+1 /
P p+q
B0 < 5 )n/e ple (Y-} 53} } ¢
i=1 j=p+1
By changing to bipolar coordinates
§1=r1w1, {oa =rwe,..., {& =rw, and

Ept1 = SWpt1, Ept2 = SWpi2, ..., Eprq = SWpig
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p+q
where Zw =1 and Z w = 1. Thus
i=1 j=p+1

1
|E(x,t)| < W/ exp [¢*t (r* — %)) P74 dr ds dS2, S,
™ Q

where d¢ = P15 L dr ds dQd, dQg, d), and ), are the elements of the surface
area of the unit sphere in R? and R? respectively. Since 2 C R" is the spectrum
of E(x,t) and we suppose 0 < r < R and 0 < s < T where R and T are
constants, we obtain

|E(x, ( / / exp | ct r -5 )]rp Lsa=Lds dr

92,0
(2 W LM (t) for any fixed t > 0 in the spectrum
™
22 M(t)
PR TEIN)
where
/ / exp 2t r —s)]rp L= ds dr
27P/2 2mP/2
is a function of ¢, ), = ———~ and Q; = Thus, for any fixed t > 0, E(x,t)
I (%) ()

is bounded. Since RI(z) is a tempered distribution with compact support,
RY () is bounded. Thus RY (z) * E(z,t) is bounded.

(5) Since
AR ((~1)F Rgy(@) + Bz, 1)) = A(=1)"Rgy(@) « B, 1)

=0 % E(x,t)
= E(z,t)

and
OF (-1 Bsp(@) * Bla,t)) = VAR ((—1)* Royle) » Bl )

— (A’“(—l)kng(:c) ¥ E(:c,t))
=0 (6% E(x,1))
= O*E(x, 1)
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Thus
%A’f (-1 Rsu(@) « Bz, 1)) = 0% ((~1)* Rsy (@)  B(a, 1))
0
:aE(x,t) — AO0FE(x,t)
0
= <§ - C2Dk> E(x,t)
=0

where E(x,t) is defined by (2.9).

Theorem 3.2. Given the equation

d
5 AFu(z,t) — EOPu(x,t) = f(ao,t, u(z,t)) (3.1)

for (z,t) € R"x (0, 00), k is a positive number and with the following conditions
on u and f as follows

(1) u(z,t) is the space of continuous function on R™ x (0, 00).
(2) f satisfies the Lipschitz condition,
[f(z,t,u) = flz,t,w)] < Alu - w]
where A is constant with 0 < A < 1.
(3) /OO/ |f(z,t,u(z, b)) dedt < oo for x = (x1,22,...,2,) €E R", 0 < t <
go aann u(z,t) is continuous function on R™ x (0, c0).
Then we obtain the convolution
w(z,t) = ((=1) Ry () * E(x,)) * f (2., u(,1)) (3.2)

as a solution of (3.3) for x € y where € is a compact subset of R" for
0 <t < T with T is constant and (—1)RS, (x) is given by (2.4) and E(x,t) is
given by (7).

Proof. By (3.1), we have

%Aku(x,t) — AORu(x,t) = f(x,t,ulz,t)) (3.3)
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The above can be written in the form

%Aku(x,t) — O ARz, t) = fx,t,u(z, t)). (3.4)

Setting v(xz,t) = AFu(x,t), the equation (3.4) reduce to

0

Ev(w,t) — A0R0(x,t) = f(x,t,u(z,t)). (3.5)
Convolving both sides of (3.5) with E(z,t), we obtain

E(z,t) * {%v(aﬁ,t) - CQDkv(x,t)] = E(x,t) * f(z,t,u(z,t))

or

E(z,t) * [% - CQDk:| v(x,t) = E(z,t) * f(x,t,u(x,t)).

By properties of convolution

v(x,t) * (% — C2Dk> E(z,t) = E(x,t) * f(z,t,u(z,t)).

v(x,t) * d(x) = E(z,t) * f(z,t,u(z,t)).

v(z,t) = E(z,t) * f(z,t,u(x,t)).

AFu(z,t) = E(z,t) * f(z,t,u(z,t)).

Convolving both sides of the above equation with (—1)*RS, (), we obtain
(—1)" R ()  Afu(z, t) = (-1)" R () * (E(w, ) * f(z,t,ula,1))).
AF(=1)* Ry (x) x ulw,t) = (1) Rg(2) * (B(x,1)  f(x,t,ulx,1))).

By definition 2.5, we obtain the solution of (3.1).

u(z,t) = (=1 R (2) * (B(x, 1) * f(z,t,u(z,1))) . (3.6)

or

u(z,t) = (—l)k 51 () * /OO E(r,s)f(x —r,t —s,u(x —r,t — s))drds,
— 00 JRN
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where E(r,s) is given by (2.9). We next show that u(x,t) is bounded on R™ x
(0,00). We have

lu(z,t)| < (—1)* RS, (z / / E(r,s)||f(x —rt —s,u(z —r,t —s))|drds
< (~1)* Ry ()| B(r, s)| N

where N = / / |f(x — 7t —s,u(x —r,t — s))|drds. By condition (3) in

Theorem 3.1 and (—1)* 1)* RS, (x) is a tempered distribution with compact support,
we conclude u(x, t) is bounded on R™ x (0, 00).

Lastly, we will to show that wu(z,?) is unique. Suppose there is another
solution w(z,t) of (3.1). We next to show that u(x,t) is unique. Let w(x,t) be
another solution of (2.1). Let the operator

0

:—Ak 2 k
ot <

then (3.1) can be written in the form

Lu(x,t) = f(x,t,u(x,t))

Thus
Lu(z,t) — Lw(x,t) = f(x,t,u(z,t) — f(z,t,w(x,t)).

By the condition (2) of the theorem 3.1,
|Lu(z,t) — Lw(z,t)| < Alu(x,t) — w(z,t)|. (3.7)

Let Qg x (0, T] the compact subset of R” x [0, 00) and L : C*¥)(Qq) — C¥F)(Qq)
for0 <t <T.

Now (C’(%)(QO), ||..]]) is a Banach space where u(z,t) € CUR) () for 0 <
t <Tand ||..|| is given by

u(z, t)|| = sup |u(z,t)].

zeo

0<t<T
Then, from (3.7)with 0 < A < 1, the operator L is a contraction mapping
on C**) (). Since (C(%)(Qo), |..]|) i a Banach space and L : CCR(Qg) —
CPk) () is a contraction mapping on C'?*)(€), by Contraction Theorem [5,
p.300], we obtain the operator L has a fixe point and has uniqueness property.
Thus u(z,t) = w(x,t). It follows that u(x,t) is unique.
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