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Abstract: In this paper, the concept of n-power quasi-normal operators on a
Hilbert space defined by Sid Ahmed in [14] is generalized when an additional
semi-inner product is considered. This new concept is described by means of
oblique projections. For a Hilbert space operator T' € B(H) is (A, n)-power
quasi-normal operators for some positive operator A and for some positive in-
teger n if |

(T4 —TOATM T =0, n=1,2,...
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1. Introduction and Terminologies

A bounded linear operator T on a complex Hilbert space is quasi-normal if T
and T*T commute. The class of quasi-normal operators was first introduced
and studied by A.Brown [5] in 1953. From the definition, it is easily seen
that this class contains normal operators and isometries. In [14], the author
introduced the class of n-power quasi-normal operators as a generalization of
the class of quasi-normal operators and study some properties of such class for
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different values of the parameter n, in particular for n = 2 and n = 3, (see [14]
and [15]).

The purpose of this paper is to study the class of (A, n)-power quasi-normal
operators in semi-hilbertian spaces.

Along this work, H denotes a complex Hilbert space with inner product
(1), B(H) is the algebra of all bounded linear operators on H, B(H)" is the
cone of positive (semi-definite) operators of B(H) i.e., B(H)* := {T € B :
(H) (Tl €) >0, V& € H } and B(H)cr is the subset of B(H) of all operators
with closed range. For every T' € B(H), we denote by N(T), R(T) and R(T')
respectively, the null space, the range and the closure of the range of 1. Also
the adjoint operator of T is denoted by T* and T stands for the Moore-Penrose
inverse of T'. In addition, if 77,7, € B(H) then 77 > T, means that T} — T, €
B(H)*t. For a closed subspace S of H, Ps denotes the orthogonal projection
onto S.

Note that for A € B(H)* , the functional

([Ja:HxH-—C, (£|n)a= (A5 n)

is a semi-inner product on H. By |.||4a, we denote the semi-norm induced by
1

(), ie,]l€]la = (€] € )3. Observe that [|€[|4 = 0 if and only if £ € N(A). Then
||l.]l4 is a norm if and only if A is an injective operator, and the semi-normed
space (H,||. ||a) is complete if and only if R(A) is closed. Moreover, ( | )a
induces a semi-norm on a certain subspace of B(#), namely, on the subspace

{ TeBMH)/ Fe>0 ¢ |Tela < clella, Ve H }

In such case, it holds

7l = sup A e
cer@ IEla gaz
€40

_ sup{uTsuA: HéHA—l}

= inf{c>0 T a < cllélla, §€H}<oo.

Moreover,

ITlla = sup {<Ts| nhai Em € M, < gl < 1, nll < 1}.
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For &, € H , we say that £ and n are A-orthogonal if ({| n)4 = 0.
Define

BA

[N

(H) = { TeBH): ||TEa <c||g]|a for every & € H }

It is easy to see that B (H) is a subspace of B(#). In general if T € B,y (H), T* ¢
B, (H).

From now on, A denotes a positive operator on #, that is A € B(H)™".

Definition 1.1. ([1]) For T' € B(#), an operator S € B(H) is called an
A-adjoint of T if for every {,n € H
(TE[ma=(S]5ma,

i.e., AS = T*A or equivalently S is a solution of the equation AX = T*A. We
say that T is A-selfadjoint if AT = T*A.

Remark 1.1. The existence of an A- adjoint operator is not guaranteed.
Observe that T' admits an A-adjoint if and only if the equation AX = T*A has
solution. This hind of equation can be studied applying the next theorem due
to Douglas (for its proof see [6], [7]).

Theorem 1.1. Let C, B € B(#). The following conditions are equivalents.
(1) R(B) C R(C).

(2) There exists a positive number \ such that BB* < \CC*.

(3) There exists S € B(#H) such that CS = B.

If one of these conditions holds, then there exists a unique operator D €
B(H) such that CD = B and R(D) C R(C*) and N'(D) = N (B). Moreover

|D|| = inf {)\ >0 /BB* < A\CC* }

This solution will be called a reduced solution of the equation

CX =B.

If we denote by Ba(H) the subalgebra of B(#H) of all bounded operators
which admit an A-adjoint operator, then

Ba(H) = { T eB(H): TR(A) C R(A) }
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Furthermore, applying Douglas theorem, we can see that

N

(H) = { TeB(H): T*R(Az) C R(A

)

- { T e B(H): R(AIT*A7) C R(A) }

The relationship between the above sets is proved in [13].
Proposition 1.1. The following inclusion B4(H) C B, (H) is satistying.

If an operator equation BX = C has a solution, then it is easy to see that
the distinguished solution of Douglas theorem is given by BfC. Therefore, given
T € Ba(H), if we denote by T4 the unique A-adjoint operator of T' whose
range is included in R(A), then

T = ATT*A.
In view of Theorem 1.1,

AT™ A = T A, R(T™4) € R(A) and N(T™4) = N(T*A).

Note that if S is an A-adjoint of T then S = T4 + Z, with Z € B(H) such
that R(Z) Cc N(A).

Remark 1.2. Observe that if T is A-selfadjoint, it does not mean in
general that T = T4 In fact T = T4 if and only if T is A-selfadjoint and
R(T) C R(A).

It is also clear that T has a unique A-adjoint (namely T*4) if and only if A is
injective. If this is the case, then we get the equality (7®*)4)a =T

In the following proposition we collect some properties of T4, For its proof,
see [1], [2] and [3].

Proposition 1.2. Let T € B4(H). Then the following statements hold

(1) Ta ¢ Ba(H), (T<*>A)<*>A :PR(A)T
((T<*>A)<*>A)<*>A —Ta

(2) If S € Bs(H), then TS € Bs(H) and (T'S)*4 = §taraa,

(3) TAT and TT4 are A-selfadjoint.

R(A) and

1
() [Tl = [T@4]|4 = |TDAT] =TT 5.
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(5) ||Slla = ||T*)4]| 4 for every S € B(H) which is an A-adjoint of T.
(6) IfS € Ba(H) then ||T'S||a = ||ST]|4.

Nevertheless, T4 is not in general the unique A-adjoint of T' that realizes the
minimal norm.

In the following definition we collect the notions of some classes of A-
operators ([1], [4], [16], [19]).

Definition 1.2. Any operator T € B(H) is

1. A-contraction if || T¢||a < [[£]|la for every & € H, or equivalently if
T*AT < A.

2. A-isometry if T*AT = A <= ||T¢||a = [|€||a, V€ € H.

3. A-normal if T*AT = TAT* <= ||T¢||a = ||T7€||a, V& € H.
4. A-partial isometry if | T€||4 = ||€]|a, ¥V € € N(AT)*4

5. A-unitary if for any £ € H, then

T°AT = TAT" = A<= T[4 = I T€][a = [I€]la-

6. A-hyponormal if
TAT* < T AT <= ||[T*¢||a < ||TE||a, VE € H.
7. A-quasi-isometry if and only if,

T*AT = T AT? <= ||T||a = ||T?| .

8. (A, m)-isometry if for every £ € H, then

k:0 k= 0

Remark 1.3. If T € Ba(H), then

T is an (A, m)—isometry <= Z(—l)k <ZL> (T<* >A)m_kTm—k:O.
k=0
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For m =2, we get

%2 2 * * 22 *
T2AT? =2T* AT+ A=0 = (T")4) " T* 2T AT+ P =0

Proposition 1.3. ([1]) If T € Ba(#H), then T is an A-isometry if and only
if
TUAT = Proy.
Proposition 1.4. ([4] Theorem 2.5) Let T € Ba(H) with closed range.
Then the following statements are equivalent
1. TT™)AT =T.

2. T™)AT is a projection (i.e., T is an A-partial isometry).

2. (A, n)-Power Quasi-Normal Operators

As an extension of the classes of A-quasi-normal operators and A-normal op-
erators ([16],[17]), the following definition describes the class of operators that
we will study in this paper.

Definition 2.1. An operator T' € B4(H) is said to be (A, n)-power quasi-
normal operator for a positive integer n, if

TT®AT — TEAapTn,

We denote the set of all (A4, n)-power Quasi-normal operators by [nQN] 4.
This class includes the class of A-quasi-normal operator and A-normal operator.

Remark 2.1. Clearly if n = 1, then (A4, 1)- power quasi-normal operator
is precisely A- quasi-normal operator.

In the following theorem, we collect some properties of the class [nQN]4.

Theorem 2.1. Let T' € By(H). If T € [nQN] 4, then
1. T is in the class [2nQN] 4.
2. If T has a dense range in H , then T"T%* 14 = Tt )am,

3. If S is in the class [nQN] 4 such that [T, S] = [T, S 4] = [T¢ )4 8] =0,
then T'S is in the class [nQN] 4.
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4. If S is in the class [nQN]4 such that ST = TS = T#*148 = St la =
ST )a =T8% )4 =0, then S+ T is in the class [nQN] 4.

Proof.
1. Since T € [nQN] 4, then
T AT = AT, (2.1)
Multiplying (2.1) from left by 7", we obtain
T2rar = AT,
Thus T is in the class 2nQN] 4.
2. Let T be in the class [nQN]a, and n € R(T) : n =T¢, £ € H. Then

(TrTHAa — ATy = (TrTMa — armyTe
— (TnT<>k>AT _ T<*>ATn+1)§
= 0.
Thus,
(TnT4 — TWAT™) = 0 onR(T).

Hence,
T *a — A ony.

3.
— prrlapgngxiag
— Ttlapntlgl)agntl
= (TS)(* )A (TS)"+.
Hence, T'S is in the class [nQN].
4.

(T+8)(T+S)DA(T+S) = (T"+S")(THAT+5%43)
= T"TWAT L gngHag
— T<*>ATn+1+S<*>ASn+1
= (T+8)54(T+5)"*.

Which implies that 7"+ S is in the class [RQN] 4.
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Remark 2.2. It is clear that a (A,2)-power quasi-normal operator is a
(A, 2k)-power quasi-normal operator and a (A, 3)-power quasi-normal operator
is a (4, 3k)-power quasi-normal operator.

Lemma 2.1. Let T € B(H) such that AT = TA. Then T is an (A,n)-
power quasi-normal operator if and only if T is a n-power quasi-normal.

Proof. Note first that the conditions imposed on A and on T imply that
R(A) = H and that T*R(A) C R(A). So T™)4 exists. Moreover

THA — ATT*A = ATAT* = PypT =T

Thus, the assertion follows.

Proposition 2.1. Let T € Ba(H), B=T"+ T" AT and
C =T" —TWAT. Then, we have

1. T € [nQN]4 if and only if B commutes with C'.
2. if T € [nQN]4, then M = T"T* AT commutes with B and C.

3. Assume that N'(A) is an invariant subspace for T. Then we have

T\:=T—-X € [nQN]a, V A€ C < T is A— normal.

Proof.

1. We have
BC=CB

)
(T™ + THAT) (T —THAT)
= (T —TMAT) (T +TAT)
)
T2 AT AT — (T AT)?
=T AT A (THAT)?
)

TrTRa — pRapn,
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2. Assume that 7 is in the class [nQN]. Then

MB = T"TWAaT(T™ +T™AT)
= TrrarTr 4 T (THAT)?
— TrrrTRar L paprnpar
= (TP +TWar)yTrTHAT
= BM.

The same steps can prove that M and C' commute.

3. Assume that (7' — AI) is in the class [nQN]4 for every A € C. Then for
every A € C, we have

(T — X)"(T = XI)™A(T = XI) = (T — XI)4(T — X\)(T — XI)™

Hence, if we put a = (—1)¥(%), we obtain

Z ap AP R (T A T )a)

= (TaT T4 Zak)\kT” k.

So,

n—1
> apAt (@A ATy
k=1
n—1
_ Z ak)\k—i—l(Tn—kT(*)A _T<*)A Tn—k:) —0.
k=1
Thus

n—1
> apA (@A arnh
k=1
n—2
o Z ak}\kJrl(TnfkT(*)A _T(*>ATnfk)
k=1
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—(=1)"A (T AT —TTM4) =0,

Put A =re?, 0 <0 <2m, r>0, we get

n—1
Z Clk; (,reze)k(TTLfkTGk)AT o T<*>A TTTL*]C)
k=1

n—2
o Z a (,’aei@)k-f—l (Tn—kT<*>A _T<*>A Tn—k)
k=1

—(=1)"n(re?)yN(THAT —TT™4) =0.

So,
(THAT — 7Ta)

_ D" nil(—l)k(Z)(reie)k(T"*kT@)AT — T appmk)
- i0\n

n(re'?) p

(-1 = ‘

" n(rei®)n (=D (re®)ET (rrhr A — ploan=ky,

n(re

k=1

Letting r — oo, we get T™AT — TT™*4 = (0. Hence, T is A-normal.
Conversely it is known that an A- normal operators have translation in-

variant property i.e., if T is A- normal operator , then (T'—AI) is A-normal
for all A € C and hence (T"— AI) is in the class [nQN] 4.

Proposition 2.2. Let T € B4(H) with closed range.
If T € [nQN]4 such that T is A-partial isometry, then

T €[(n+1)QN]a.
Proof. Since T is A- partial isometry with closed range, then
TTYAT =T (as in Proposition 1.4 ). (2.2)

Multiplying (2.2) from left by 7™ 47"+ and using the fact that T is in the
class [nNQ] 4, we get

—  papnt2plap
— WA AT
ntlp(e)a T,

T<*>A Tn+2

which implies that 7" is in the class [(n + 1)QN]4.
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Theorem 2.2. Let T € Ba(H).

1.
2.

IfT € 2QN]a N [3QN]a, then T € [nQN]a, ¥V n > 4.

If T is in the class [nQN]4 and in the class [(n + 1)QN]4, then it is in
the class [(n + 2)QN]a, that is

[NQN]A 1 [(n+ QN4 C [(n+2)QN]a-

IfT € nQN]anN[(n+1)QN]a such that T is injective, then T' is A-quasi-
normal.

Proof.

1.

We shall prove the assertion by induction.
The case n = 4 is a consequence of Theorem 2.1.

Let us prove the assertion for n = 5.
Since T' € [2QN] 4, then

T2rMar = TaTs, (2.3)
So by multiplying (2.3) from left by T3, we get
ToTHAT = T37HaTs,
Thus, since T' € [3QN]4, we have

T°TWAT = T3THars
T Aapip2
THaTS,
Now, assume that the result is true for an integer n > 5, that is
TTHAT = AT,
Then,
Tn+1T<*>AT _ TT(*>ATTL+1
TT<*>AT3TTL—2
T3T<*>ATTTL—2

T(*>A T4T(n72)
THIan+2,

Thus, T is in the class [(n + 1)QN]a.
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2. Let T € nQN]aN[(n+1)QN]a. Since T is in the class [nQN]4, then
T TWAT = AT,
So,
AT = ™A,
Since T is in the class [(n + 1)QN] 4, then

THAaTT 2 = pr2ptlar,
Hence, T is in the class [(n + 2)QN] 4.

3. We have T"(TTAT —T™*AT?) = 0. Since T is injective, then TT AT —
T®AaT? = (. Hence, T is A- quasi-normal.

Proposition 2.3. Let T € Bs(H) such that N'(A) is an invariant subspace
under the action of T'. Then, we have the following properties:

1. If T is in the class [2QN]4 and T is an (A, 2)-isometry, then T? is in the
class [nQN] 4 for all positive integer n > 2.

2. If T € [2QN] 4 such that T is an (A, 2)-isometry, then T is an A-isometry.

3. If T is in the class [2QN]a N [3QN]4 and T is an (A, n)-isometry, then T
is an A- isometry.

Proof.

1. From Theorem 2.2, it suffices to prove that 72 is in the class [2QN]4 and
T? is in the class [3QN]a.
Since T is in the class [2QN]4 and T is an (A, 2)-isometry, we have

THT™A272) = THrMaT — P)
= oriTar _Tip
= 273(T™aTdy TP
= ortar® _ prt
= (@r™ar — P)T*
= TR0,

Hence, T2 is in the class 2QN]4.
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On the other hand,

TO(T4272) = TS(r™ar — P)
21T — P
o (T™AaT3) — pT
ortar™ — pt
(rtaT — P)T"

= (T™A27)7S,

Thus, T2 is in the class [3QN] 4.
. By the definition of (A, 2)-isometry,

(TWA272)(TOaT) — 2(T™AT)?  pTaT = 0,
Since T is in the class [2QN] 4, then

THAZ(THATYT? — o(T™AT)2 4 pT™IAT =,

that is
T<*>A3T3 o 2(T<*>AT)2 + T<*>APT =0. (24)

Also, we have

T0a[T"Aa272 _oT™AT 4 P]T =0
i.e.
T3S _ 9pa272 L papT =, (2.5)
From (2.4) and (2.5) T™4272 = (T™*)AT)? and so,
(THAT)?2 —(TWAaT)y 4+ P = TWA212 _orpWar 4 p

— (T¥aT - P)?
= 0,

or
THAT = P,

Hence, T is an A-isometry by Proposition 1.3.
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3. By the definition of (4, n)-isometry,
rangrptar — (Np&an-tpnsiptary
+ ()" ny)THar A
+ ()" ) TATTAT
+ (-1)"PT™AT =0.
Since T is in [2QN]4 N [3QN]4, we have by Theorem 2.2
plantlpntl o (Myptangny
4+ (_1)n—2( 2_2)T<*>A3T3
b1 () (@A)
+ (~1)"T™apT=0
Also, we have
T<*>A [T<*>AnTn - (T)T(*>AnflTnfl+m

S.H. Jah

(2.6)

n (_1)n—1( n 1)TT<*>A +(—1)”P]T =0,

that is
T(*>An+1Tn+l o (?)T<*>AnTn—|—
+ ()T
+ (=1)"THAPT =0.
From (2.6) and (2.7), we get 7?0472 = (T)aT)2,
Consequently
(THakTk—(THAaTVE Y ke N.
Then,

(T(*>AT)n _

m + +

|
¥
=
=
3
3

This completes the proof.
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Theorem 2.3. Let T € Ba(H) such that N(T*A) C N(T) and R(AT) C
R(T). Then the following properties hold:

1. If T € [nQN]a, then T®AT™ = T"T™4 and T™ is
A — normal.

2. If T € 2QN]aN[3QN]a4, then T is A-normal.
Proof.

1. Since T € [nQN], we have T"TAT = THAaTT™,
We deduce that
(T"T™a — AT = 0.

It follows that
T A — XA — 0 on R(T).

By hypothesis, we obtain
A — THAT™ = 0 on R(AT).

On the other hand, since N (T*A) C N(T), we have

T4 — TWAT™ = 0 on N(T*A) = N'((AT)*).
Then, the result follows from the identity

H =N ((AT)") ® N ((AT)*) "
2. Since T' € [2QN]4 N [3QN] 4, then
T2 = TWATT? and T3TWAT = THATTS,

SO
(1T — 70T T3 = 0.

It follows that (774 — T™AT)T? = 0 on R(T) and hence (TT%)4 —
THAT)T? = 0 on R(AT). Since N(T*A) C N(T), we get (TT¢4 —
THAT)T? = 0 on N(T*A). Hence,

(TT™4 —TWAT)T? =0 on H.
By repeating this process, we obtain

TT®A _7Hap —
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Proposition 2.4. Let T € Bs(H) such that N'(A) is an invariant subspace
under the action of T,

R(AT) = R(T) and N(A(T — kI)) = N(T — kI) fork =0, 1.

So,
if T and T — I are in the class class [2QN]a, then T is A-normal.

Proof. It is easy to see that the condition on 7" — I implies that
TA(THAT) — T>T™ A4 — o7(TMAT) 4 27T A
= (TAT)T? — TWAT2 _ (THAT)T 4 27T,
Since T is in the class [2QN]4, we have

—T2T%a o (TWAT) 4 20T™a = —pHar? _o(Tar)T 4 oaraT,

As TT™A, THAT are A-self-adjoint operators, R(T'T4) ¢ R(A) and
R(THAT) € R(A), we have

(TT®4)4 = p7¢a and (TEAT) ™4 = par,
It follows that

— TTWAZ _o(Tar)pHa L optia
= WAy _ora(ptlary o ortiar (2.9)

Let us now show that (2.9) implies
N(TH4) € N(T). (2.10)
We suppose that 7)4¢ = 0. Then from (2.9), we get
—37A2 ¢ 4 27MAaTE = 0, (2.11)

So,
—37a3 ¢ 4 o7 AT — .

Therefore, as T is in the class [2QN]4, then
—3TarTa2e L opa2e —

and hence,
2742 ¢ = 0.
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Consequently, (2.11) gives 2T*)AT¢ = 0 or ATE = 0 , ie., N(T™4) C
N(AT) C N(T). This proves (2.10). Theorem 2.3 implies that T2 is A- normal.
This together with (2.9) gives

—T(TWAT) + TT®A = —(TWAT)T 4 THAT

or

T(*>A(T<*>AT _ TT<*>A) — pap _ pra (2.12)
If N(T%™4 — I) = {0}, then (2.12) implies that T is A-normal.
Now, assume that A (T4 — I) is non trivial. Let
T a2e — pHaTe = TMape — T¢.
Since T™A2T = TT™42 we get
THATE = T¢.
Therefore,
ITElR =< TOMTE | € >u= < TE| € >a= < €] T > 4= I¢]1%

Hence,

NTE =€l = |ITEG + €% —2Re < TE | € >4
= ||IT¢E - 1€l
= 0.

But AT¢ = AE. Then N(Ta — 1) ¢ N(AT — A) ¢ N(T —1).
This together with (2.11), yields to
T(TWAT — TT®A) = T® A 7 — 774

and so,

T(TWAT — TTHAT = (TWAT — TTH AT
or

TTSAaT? — 727 — a2 _ prtlar,
Since 7274 = THMAT2 and T3T™4a = THAT, we deduce that THAT? =
TTHAT.
Thus 7' is A- quasi-normal i.e., T' € [QN] 4. From Theorem 2.3, the A-normality
of T follows.

In attempt to extend the above result for operators in the class [nQN]4, we
state the following result.
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Theorem 2.4. Let T € B4(H) such that N'(A) is an invariant subspace
under the action of T,

R(A(T)) = R(T) and N(A(T — kI)) = N(T — kI) fork =0, 1.

If T is in the class [2QN]a N [3QN]4 such that T' — I is in the class [nQN]a4,
then T is A- normal.

Proof. Since T'— I is in the class [nQN] 4, we have

> apTrTAT — Z apTFT)A
k=1

= T<*>ATZaka Zaka = (=1)"F).

k=1

Under the condition on 7', we have by Theorem 2.3

a\T(T (Z aka) )4 = gy (THAT)T - T4 (Z aka)

or

ar (THAT)THAa — TZakT

a T4 Z ap TR T (2.13)

which imphes that N(T®4) ¢ N(T).
In fact, let T"4¢ = 0. From (2.13), we have

a TMA27¢ — (i akT*k)Tf —0.
k=1

Since T' is in [2QN]4 N [3QN]a, we deduce that
arTHA2TE — ay THATE — apTHA2TE = 0. (2.14)

Then
a THA3TE — ayTHA2T — a7 A3Te = 0.

Hence,
a  TH42T7¢ = 0.
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Consequently (2.14) gives T$94T¢ = 0, which implies that
ATE = 0.
It follows by Theorem 2.3 that T* is a A-normal for k = 2,3, ...,n and hence,
T(T<*>A T) _TT*aA — (T<*>AT)T_T<*>AT

or,

TEAa(TT®A —Tary = prtla _ AT,

Hence,
(T™a — 1) (1T —THAaT) = 0.

A similar argument as in the proof of Proposition 2.4 gives the desired result.

Theorem 2.5. Let T € Ba(H) such that T € ([2QN]a N [3QN]4),
T? € [2QN]a and N(T?) C N(T*42). If A is injective, then T? is A-quasi-
normal.

Proof. The condition 72 is in the class [2QN]4 gives
T<*>A4(T<*>A2T2) — (T(*>A2T2)T<*>A4’
which implies that
THAS(TEATT = (T2t
But T is in the class [3QN]4, so
T A2(TOAT)TOAST = (T2 (x) 4 2)T )44,
Hence,
T A2(TaT)2Tt0a2 — (T a272) () ad (T € [2QN]4).
Then the facts that 7' € [2QN]4 and (T™4)*4 =T give
(T<*>AT)2T<*>A4 _ (T<*>A2T2)T<*>A4

and
TH(TAT)? — THA272) — 0

Since N'(T?) € N(T*)42), then

T<*>A2T2((T<*>AT)2 . T(*>A2T2) —0
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or
T?(T™AT)? — T™a272)]) = 0, (2.15)
Hence,
TWA[(THAT)2 — 7022 = 0, (N(T?) € N(TH42)).
Or

[(TAT)? — THA2p2))72 — 0, (2.16)
Since T is in the class [2QN]4, T2 commutes with (79472, then the desired
conclusion follows from (2.15) and (2.16). Hence,
[(TAT)? — THA272)72 — ), (2.17)
Proposition 2.5. Take an arbitrary nonnegative integer n. Let T €
L 4(H) such that T is in the class (A, 1)- power quasi-normal. Then
(1) (THAT)y"T = T(THAT)",
(2) (THAT)" = Tann,
(3) (THanT™)T = T(T*AmTm).
Proof. (1) Since TTAT = THAT? then T(T™AT)™ = (T™AT)"T™,
(2) (TaT)r = paprar THap — (THaynpn,

k—times

(3)
(THaTynr = (TSt parym
_ (T<*)A)n—1Tn(T(*>AT) _ (T(*>A)n—2Tn—1(T<*)A)2T2
(T<*)A )n—3Tn—2(T(*>A )3T3

3. Tensor Product of (A, n)-Power Quasi-Normal Operators

Let H®H denote the completion, endowed with a reasonable uniform crose-
norm, of the algebraic tensor product H®H of H with itself. Given non-zero
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operators T, S € B(H), let T® S € B(H®H) denote the tensor product defined
on the Hilbert space HQ®H as follows

(T ®@S(& @m)| (L2 @n2)) = (T&1| E2)(Sm| n2)-

The operation of taking tensor products T' ® S preserves many properties of
T,S € B(H), but by no means all of them. Whereas T'® S is normal if and only
if T and S are normal, there exist paranormal operators 7" and S such that
T ® S is not paranormal. It is proved that for non-zero T', S € B(H),T ® S is p-
hyponormal if and only if 7" and S are p-hyponormal. These results are extended
to p-quasihyponormal operators for more details see [9], [10], [11], [12], [18] and
the references therein.

In the following proposition we will prove the stability of the class of (A, n)-
power quasinormal operators under the direct sum and tensor product.

Recall that (T'® S)*(T'® S) = T*T ® S*S and by the uniqueness of positive
square roots, |7 ® S|" = |T|" ® |S|" for any positive rational number r. From
the density of the rational set in the real set, we obtain |T'® S|P = |T'|P @ | S|P
for every positive real number p. Observe also that

AoB=(AD)(I®B)=I®B)(A®]I).

Proposition 3.1. Let A; € L. (H) and T; € L 4,(H) such that T; is in the
class [nQN]a, for i = 1,2,...,p, then we have the following properties

1. i ®To & ... ®T), is in the class [nQN] (M. 54,)"
- DAp

2T ®Th®..®T, is in the class [nQN](A1®A2® ©4p)"
~®Ap

Proof.

1.

(*)
(Tl bD...DH Tp)n(Tl b...P Tp) (A1GB...@AP) (Tl bD...D Tp)

= M e T 0 Lo T T,
) )

= e T e e T T, T

()
= M®..0T) (nre-ea) (T1®.0T,)(Th&...0Ty)"

Hence, T1 @ ... ® T}, is in the class [nQN](A ©A428..04,)
10A420...04)p
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. Let z1,29,...,2p, € H. Then

*

(M®.oTh)"(Th®..0T),) (nre-eap) (T ®...0T) (1 ® ... ® zp)
— 117 1$1®....®Tpr

_ Tf*“lTlTl”xl ® .. ® Tp<*>

A
"y

v Ty
pPrp~p

(%)
=T ®..0T,) (ne-0) (T ®..0T)" (11 ® ... ® ).
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