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Abstract: In this paper, we define L-join meet and L-meet join approximation
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1. Introduction

Pawlak [7,8] introduced rough set theory as a formal tool to deal with impreci-
sion and uncertainty in data analysis. Héjek [2] introduced a complete residu-
ated lattice which is an algebraic structure for many valued logic. Radzikowska
[9] developed fuzzy rough sets induced by various L-fuzzy relations in complete
residuated lattice. Bélohlavek [1] investigated information systems and deci-
sion rules in complete residuated lattices. Zhang [5,6] introduced Alexandrov
L-topologies induced by fuzzy rough sets. Algebraic structures of fuzzy rough
sets are developed in many directions [3,4,10,11]

In this paper, we introduce L-join meet and L-meet join approximation
operators as a generalization of fuzzy rough set in complete residuated lattices.
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We show that L-join meet and L-meet join approximation operators are induced
by various L-fuzzy relations. We investigate relations between their operations
and Alexandrov L-topologies.

2. Preliminaries

Definition 1. [1,2] An algebra (L,A,V,®,—, L, T) is called a complete
residuated lattice if it satisfies the following conditions:

(Cl) L = (L,<,V,A, L, T) is a complete lattice with the greatest element
T and the least element _;

(C2) (L,®,T) is a commutative monoid;
(C3)zoy<ziff e <y— zfor z,y,z € L.

In this paper, we assume (L,A,V,®,—,* 1, T) is a complete residuated
lattice with the law of double negation;i.e. #** = 2. For o« € L, A, T, € LX,
(a = A)(z) =a = Az), (a@A)(z) =a6 A(r) and T,(z) = T,T.(y) =
1, otherwise.

Lemma 2. [1,2] For each z,y, z,z;,y; € L, we have the following proper-
ties.

8) (z—=y)o(y—z2) <z—=z

Definition 3. [1,5] Let X be a set. A function R : X x X — L is called:
(R1) reflexive if R(x,z) =T for all z € X,

(R2) symmetric if R(x,x) =T for all x € X,

(R3) transitive if R(z,y) ® R(y, z) < R(x,z), for all z,y,z € X.

(R4) Euclidean if R(x,z) ® R(y,z) < R(z,y), for all z,y,z € X.

If R satisfies (R1) and (R3), R is called an L-fuzzy preorder.

If R satisfies (R1), (R2) and (R3), R is called an L-fuzzy equivalence relation.
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3. L-Join Meet Approximation Operators

Definition 4. A map K : LX — L% is called an L-join meet approzimation
operator iff it satisfies the following conditions

(K1) K(A) < A7,

(K2) K(a® A) =a — K(A),

(K3) ’C(\/z’el Aj) = /\iEI K(A;).

A map M : LX — LX is called an L-meet join approximation operator iff
it satisfies the following conditions

(M1) A* < M(A),

(M2) M(aw — A) = a© M(A),

(M3) M(/\ie[ Ai) - \/iGI M(AZ)

Lemma 5. (1) If K is an L-join meet approximation operator, then o ®
K(A) < K(a— A).

(2) If M is an L-meet join approximation operator, then M(a® A) < a —
M(A).

Proof. (1) If A < B, by (K3), K(B) = K(AV B) = K(A) A K(B), that is,
K(B) < K(A). Since a ® (o - A) < A from Lemma 2(7),

K(A) <K(a®(a—A) =a— Kla—A).

Hence a ® K(A) < K(a — A).
(2) Since M(A) < M(B) for B < A from (M3), for A< a = a® A, we
have
Ma—=a0A)=a0MaoA) < M(A).

Hence M(a® A) < a — M(A).
U

Theorem 6. (1) A map K : LX — L¥ is an L-join meet approximation
operator iff there exists a reflexive L-fuzzy relation R* € LX*X such that

K(A)y) = N\ (A@) = R(z,y)).

zeX

(2) A map K : LY — L¥ is an L-join meet approximation operator with
K(K*(A)) = K(A) iff there exists an L-fuzzy preorder R* € LX*X such that

K(A)(y) = N (Alx) = R(z,y)).

reX
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(3) A map K : L — LX is an L-join meet approximation operator with
K(IC(A)) = K*(A) iff there exists a reflexive and FEuclidean L-fuzzy relation
R* € LX*X such that

K(A)(y) = N (A@) = R(z,y)).

zeX

Proof. (1) (=) Define R(z,y) = K(T,)(y). By (K1), R(z,z) = K(T,)(z) <
Ti(x). So, R(z,z) = L. Since A =\/,cx(A(z) ® T;), we have
K(A)(y) = K(Veex(Alx) © Ta))(y)
= Naex (Alx) = K(T2)(y))
= Naex(A(@) = R(z,y)).
(<) (K1) K(A)(y) = Apex (Alz) = R(z,y)) < Aly) = R(y,y) = A*(y)
(K2) Kla © A)(y) = Apex(a © A(x) = R(z,y)) = @ = Nex(Alr) —
R(z,y)) = a = K(A)(y).
(2) (=) By (1), we define R(z,y) = K(T.)(y). Since K(K*(T,))(z) >
K(T2)(2) and K*(T2) =V, ex (K*(T2)(y) © Ty, we have
K(Tz)(2) < KK*(T2))(2)
= K(Vyex (K" (T2)(y) © Ty))(2)
= Nyex (K5 (T2)(y) = K(Ty)(2)
= (Vyex (K" (T2)(y) © K*(Ty)(2))*
Hence (K*(T2)(y) © K*(Ty)(2)))" < K*(T2)(2), that is, Ve x (R*(z,y) ©

R*(y,2)) < R*(x, 2).

(<) Since R* is an L-fuzzy preorder, R*(z,y) ® R*(y,z) < R*(zx,z) iff
R*(z,y) < R*(y,z) — R*(z,2) = R(x,z) — R(y,2) iff R(z,2) < R*(z,y) —
R(y, z), we have

KK (A)(z) = Nyex(K*(A)(y) = R(y,2))
= Nyex(Viex(A(z) © R*(z,y)) = R(y, 2))
= Nyex Noex(A(z) = (R*(z,y) = R(y,2)))
= Naex(A(@) = Ayex (R (2,y) = R(y, 2)))
2 Naex(A(z) = R(z,2)) = K(A)(2).
(3) (=) By (1), we define R(z,y) = K(T,)(y). Since K(K(T,))(z) >

K*(T2)(2) and K(T2) = Ve x (K(T2)(y) © Ty, we have
K (T2)(2) < K(K(T2))(2)
= K(Vyex (K(T2)(y) © Ty))(2)
= Nyex(K(T2)(y) = K(Ty)(2)
= Nyex (K5 (Ty)(2) = K*(T2)(y)
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Hence \/,c.x K*(T2)(2) © K*(Ty)(2) < K*(To)(y), that is, \/ cx(R*(z,2) ©®
R*(y,z)) < R*(x,y). So, R* is Euclidean.

(<) Since R* is Euclidean, A(z) ® R*(x,z) ® R*(y,2)) < A(x) ® R*(z,vy)
iff A(z)® R*(z,2) < R*(y,z) - A(z) ® R*(z,y), we have

KE(A))(2) = Ayex (K(A)(y) = Rly, 2))
= Nyex (Naex(A(x) = R(z,y)) — Ry, 2))
= Nyex (B (y:2) = (Asex (Al2) = R(z,y)))")
Nyex (B (y;2) = Voex (Alz) © B (2,9)))
Vaex (Alx) © B (x, 2)) = K(A)(2).
O

Theorem 7. (1) A map M : LX — LX is an L-meet join approximation
operator iff there exists a reflexive L-fuzzy relation R € L*X*X such that

MA)(y) =\ (A" () © R(z,y)).

zeX

(2) A map K : L — LX is an L-join meet approximation operator with
M(M*(A)) = M(A) iff there exists an L-fuzzy preorder R € LX*X such that

M(A)(y) = \/ (4%(x) © R(z,y)).
reX
(3) A map M : LX — LX is an L-meet join approximation operator with
M(M(A)) = M*(A) iff there exists reflexive and Euclidean L-fuzzy relation
R € L**X such that

MA)(y) =\ (A"(2) © R(z,y)).

zeX
Proof. = Define R(z,y) = M(T;)(y). Since A = A\, cx(A*(z) = T}), we

have
M(A)(y) = M(N\ex(Al@)" = T7)(Y)
= Vzex(A(z)" © M(T3)(y))
= Viex(4()" © R(z,y)).
(2) (=) By (1), we define R(z,y) = M(T%)(y). Since M(M*(T%))(z) <
M(TH)(2) and MH(T3) = Nyex (M(T3)(y) = T}), we have

(
MM (T3))(2)

= M(Ayex M(T3)(y) = Ty))(2)

Vyex M(T2)(y) © M(Ty)(2)) < M(T3)(2)
\/zex(( y) © R(y,2)) < R(z,y)

¢
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Vyex M*(A)(y) © R(y, 2))
Vyex(Neex (R(z,y) = A(z)) © R(y, 2))
Npex(R(z,2) = A(z)) = M*(A)(2).

O

Definition 8. [4,5] A subset 7 C L¥ is called an Alezandrov L-topology if
it satisfies:

(T1) Lx, Tx € 7 where Tx(z) =T and Lx(x) =L for x € X.

(T2) If Ay et forie D, \/;cp Ai, Njer Ai €7 .

(T3) a®@Aecrforallae Land A€ 7.

(T4) a > Aerforalla € L and A € 7.

Theorem 9. (1) 7 is an Alexandrov L-topology on X iff 1, = {A* € LX |
A € 1} is an Alexandrov L-topology on X.

(2) If K is an L-join meet approximation operator, then T = {A € L |
K(A) = A*} is an Alexandrov L-topology on X.

(3) If K is an L-join meet approximation operator with KK(K*(A)) = K(A),
then 7« = {A € LX | K(A) = A*} = {K*(A) | A € L*} is an Alexandrov
L-topology on X.

(4) If K is an L-join meet approximation operator with K(IC(A)) = K*(A),
then Tic = {K(A) | A € L} = (i)« is an Alexandrov L-topology on X.

(5) If M is an L-meet join operator, then Toq = {A € L* | M(A) = A*} is
an Alexandrov L-topology on X.
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(6) If M is an L-meet join approximation operator with M(M*(A)) =
M(A), then Tpy = {A € LY | M(A) = A*} = {M*(A) | A € L*} is an
Alexandrov L-topology on X.

(7) If M is an L-meet join approximation operator with M(M(A)) =
M*(A), then oy = {M(A) | A € LX} = (Trm)+ is an Alexandrov L-topology
on X.

Proof. (1) Let A* € 7, for A€ 7. Since a ® A* = (o - A)* and a — A* =
(a ® A)*, 7, is an Alexandrov L-topology on X.

(2) (T1) Since K(Tx) < Ty =Llxand K(Lx) =K(LOA) =1L = K(A) =
Tx, Lx = ’C(Tx) and Tx = ’C(Lx). Then Lx, Tx € 7.

(T2) For A; € 1¢ for each i € T, by (K3),

’C(\/ A;) = /\’C(Az') = /\ A = (\/ Ai)*

el el el el

Thus \/;cr Ai € 7. Since K is a deceasing map for (K3), we have

\ 45 =\/ Kd) <K\ 4) < (N A,
iel il iel il
Thus, A;cr Ai € Txc.
(T3) For A € 7, by (K2), a® A € 7.
(T4) For A € 7x, by Lemma 5(1), K(a« - A) > a0OK(A) =a0 A" = (a —
A)*. Then a — A € 7x.
(3) Put P = {K*(A) | A € LX}. Let K*(A) € P. Since K(K*(A)) = K(A),
then £*(A) € 7x. Let A € 7. Then A =K*(A) € P.
(4) Let A € 17c. Then A* = K(A). Since K(K(A)) = K*(A), then IC(A*) =
A. So A* € (1)« Let A € (7x)«. Then A = K(A*). Since K(K(A*)) =
K*(A*), then K(A) = A*. So A € 1. Hence 7 = (7). Put Q = {(A) | A €
LX}. Let K(A) € Q. Since K(K(A)) = K*(A), then K(A) € 7. Let A € 7x.
Then A* = K(A) € (k) = 7. Hence Q = 7.
(5) (T1) Since L% < M(Lx) and M(Tx) = M(Lx = A) = Lx ®
M(A) =1lx, Tx= M(Lx) and 1L x = M(Tx). Then Lx, Tx € .
(T2) For A; € Tpq for each i € ', by (M3),

M\ A) =\ M) =\ A7 = () 4)".
i€l i€l i€l i€l
Thus, A;cr Ai € Taq. Since M is deceasing map for (M3), we have

(V4 <M\ 4) < A\ M(A) = (\] A,

el el el el
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Thus, \/;cp Ai € (.

(T3) For A € 7pq, by Lemma 5 (2), (a®@ A)* < M(a©A) <a— M(A) =
a— A*. Then a® A € Tpg.

(T4) For A € 7o, by (M2), M(ax = A) = aOM(A) = a0 A* = (a — A)*.
Then o« — A € Tpg.

(6) and (7) are similarly proved as (3) and (4), respectively.
O

Theorem 10. Let R € LX*X be an L-fuzzy relation. Define operators as
follows

Kr-(A)) = Npex(Alz) = B¥(2,y)),
Kp-1(A)Y) = Agex(Alx) = R (z,y))
MrA)Y) = Viex(A(z) © Bz, y)),
Mp-1(A)y) = V,ex(A*() © R™H(2,y))

Then the following properties hold.
(1) If R is reflexive, then Tg. = Tk, 1.). = TMg-1 = T(Mg)a-

(2) If R is an L-fuzzy preorder, then
TKre = {Vaex(A(x) ©R(z,-)) | A€ Li}
TKg-1o = {Vaex(A(x) © R(—,z)) [ Ae L7}
™r = {Asex(B(z, —) Az)) [ Ae Li}
M1 = {Asex (B(=, A(z)) | Ae L™}

(3) If R is reflexive and Euclidean, then R is symmetric, R is an L-fuzzy
preorder and Tkg. = Ky 1. = T(Kq_1.). = TMp_1 = TMr = T(Mg). Such that

Tkre = {Aeex(A(@) = R*(z,—)) | A€ L}
g1 = {N\oex(A@) = R*(—,2)) | A€ L7}
™Mr = {Vaeex(B(@,—) © A*(2)) | A € L¥}
Mg = {Voex(B(— ) © A%(x)) | A€ L}

Proof. (1) We only show that

Kre(A) = A* iff K1 (A*) = A
i Mp(A*) = Aiff Mp-1(A) = A*.

First, Kpr+(A) = A* iff -1+ (A*) =
Since Kr+(A)(y) = Npex (A(z) — R*(:L’ y)) > A*(y), then

/\ y) = R*(x,y),
eX
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iff A(z) < Kr-1+(A*)(x). Hence Kp-1:(A*) = A. Conversely, it is similarly
proved.

Second, Kp«(A) = A* iff Mp(A*) = A.

Since K- (A)(y) = Apex (Alr) - R(0,y) > A°
R (2,))* = Vpex (A(2)® R(z, ) = Ma(A)(y) <
Conversely, it is similarly proved.

Finally, by a second method, we have Kp-1.(A*) = A iff Mp-1(A) = A*.

(2) Since R and R~! are L-fuzzy preorders, by Theorems 6(2) and 7(2),
then

); then (A,ex (A(z)

(y —
A(y). Thus Mp(A*) = A.

K (K (A)) = K- (A), Kpore (Ko (A)) = Kppo1s (A)
Ma(M(4)) = M(A), Mpt (Mioi (4)) = My (A),

ke = {Kpe(4) = Vyex (A(x) © R(z, ) | A€ LY}
Tgore = {Kp-1.(4) = Voex(Al2) © R(—, 7)) | A € L*}

Me = {AMR(A) = Npex (R(z, —) — A(2)) | A € L¥}
Mg = IMp 1 (4) = /\xeX(R( z) = Az)) | A€ LY}

(2) Since R and R~! are reflexive and Euclidean L-fuzzy preorder, by The-
orems 6(3) and 7(3),

ICR* (ICR* (A)) - ’CE* (A), ICR—l* (’CR—I* (A)) - }%—1* (A)

Mr(Mg(A4)) = MR(A), Mp-1(Mp-1(4)) = My (A),

Tkre = KR (A) = N\pex(A(z) > R*(z,-)) | A€ LY}
TKpo1o = (Kp-1+(4) = xex(A( r) = R*(—x)) | A€ LY}
M ={MR(A) = Vyex(R(z,—) © A*(2)) | A€ L¥}
TMg1 = {Mr1(A) = Voex (R(—,2) © A*(2)) | A € L}

O

Example 11. Let (L = [0,1],®,—,") be a complete residuated lattice
with the law of double negation defined by

rOy=(x+y—1)V0, z—=y=1-z4+y) Al 2" =1—u.
Let X = {a,b,c} and we define R € LX*¥X as follows

1 07 03
R=| 08 1 04

0.9 06 1 /
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(1) Since R is a reflexive L-fuzzy relation, by Theorem 6(1), g~ is an L-join
meet approximation operator. Moreover, by Theorem 7(1), Mp is an L-join
meet approximation operator.

(2) Since R is an L-fuzzy preorder on X, by Theorem 10(1), we have

T}CR* = T(}CRfl*)* = TMR71 = T(MRfl)*'

(3) For A(a) = 0.7, A(b) = 0.5, A(c) = 0.5, since R is an L-fuzzy preorder
on X, by Theorem 7(2),

Kgr«(A) =(0.3,0.5,0.5) = Kp«(Kx«(A)).

Kx«(A) = (0.7,0.5,0.5) € Tkg.-
Since 0.9 = \/,cx R(a,z) © R(c,z) £ R(a,c) = 0.3, R is not Euclidean. By
Theorem 6(3), we have
K (A) = (0.7,0.5,0.5) # Kpr+(Kpg-(A)) = (0.6,0.5,0.5).

Kr+(A) =(0.3,0.5,0.5) & Tkg. -
For B(a) = 0.4, B(b) = 0.5, B(c) = 0.6, since R is an L-fuzzy preorder on
X, by Theorem 7(2),
Mpr(B) =(0.6,0.5,0.4) = Mr(M%(B)).

M(B) = (0.4,0.5,0.6) € Tass.
Since 0.9 = \/,cx R(a,z) © R(c,z) £ R(a,c) = 0.3, R is not Euclidean. By
Theorem 6(3),
Misy(B) = (0.4,0.5,0.6) £ Mgr(Mg(B)) = (0.5,0.5,0.6).

Mg(B) = (0.6,0.5,0.4) & Trts..

(4) Put R®) (y, 2) = Vaex(R(y, ) ® R(z,)), we obtain an L-fuzzy relation
R® as
1 08 09
RP»=108 1 07 ,.

09 07 1

Since R is Euclidean and R® (z,y) = R®(y, z) for all 2,y € X, then R® is
an L-fuzzy preorder. By Theorems 6 and 7, for C € LX, we obtain

Kre+(C) = Kge) (Kipe)«(C)),
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7y (O) = K (Ko« (),
r» (C) = Mpe (Mg (C)),
Mpe (C) = Mpe (Mpe (O))-
By Theorem 10(3), we have
TRe@x = TKg@)-1:)x = T(Kg@y)x = TMg@) = TMg@e)-1 = T(Mg)s

(5) Since 0.9 = \/,c x R(z,a)OR(z,c) £ R(a,c) = 0.3, for A(a) = 0.5, A(b) =
0.6, A(c) = 0.7, we have

-1:(A) = (0.5,0.6,0.7) # Kr-1+ (Kgr-1(A)) = (0.5,0.6,0.6).
Moreover, since R™! is an L-fuzzy preorder, by Theorem 9,
r-1+(A) = (0.5,0.6,0.7) € 7y, Kp-1-(A) = (0.5,0.4,0.3) & iy, -
(6) For A(a) =0.5,A(b) = 0.1, A(c) = 0.2, we have
Mp-1(A) =(0.4,0.1,0.2) # Mp-1(Mp-1(A)) = (0.4,0.2,0.3).
Moreover, since R~! is an L-fuzzy preorder, by Theorem 9, we have
r-1(4) =1(0.4,0.1,0.2) € T7m, ,, Mp-1(A4) = (0.6,0.9,0.8) & Tt -

(7) Put RP(y,z) = V,cx R(z,y) ® R(x, 2), we obtain an L-fuzzy relation

RIZ RBI ag
1 08 09 1 08 09
RA=108 1 06 , R¥M=[08 1 07
09 06 1 09 07 1

Since M piz)-1 (M g2y -1(T2))(2) < Mgy -1 (T3)(2) and M gey-1(T3) =
Nyex Mgy (T2)(y )_> T3), we have M(R[Q])‘ 1(T2) gTM(R[Q])_l from:

)
(x)) ﬁ M (RI21)=1 1(T2)(0)
b) 2 Mgiziy-1(T2)(x)

0.7 = V,ex B (2,0) © RP)(z,¢) £ R (b,
€ Vaex M gey-1 (T5)(x) © Mgy (T7

< Nyex Mgy (Tp)(@) = M (ri2n-1(T2)(

<:>\/b€X(M(R[2]) 1(T5) (@) © M{ ey -1 (T2)(0) ﬁM* -1 (T2)(2)
& Mpin-1(Apex Mg _1(T*)( )—>T*)(%') L (T()
& Mgy (Mg ))( ) £ M{ga 1(Ti)($)

)
)

RI2
(T
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Since

Mg+ (M (12)(B) = Vex RP (e, 0) © R?(a,0)
% B2 (¢,0) = 0.6 = Mgz 1 (1) (),

M?R[2])—1 (1e) & TM(R[2])71
(8) Since R is Euclidean and RP)(z,y) = REl(y,z) for all ,y € X, then

RB is an L-fuzzy preorder. By Theorems 6 and 7, for C' € LX, we obtain

By Theorem 10(3), we have

1]

[7]

TRgislx = T(Kga—1:)x — T(Kgape)e = TMgg) = TMgra-1 = T(Mgpa))«-
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