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PROJECT SCHEDULING PROBLEMS UNDER FUZZY
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Abstract: In this paper we propose a new method for the solution of project
scheduling problems under fuzzy environment. The duration of all fuzzy activ-
ities are represented as trapezoidal fuzzy numbers. We compute several project
characters such as earliest times, latest times, slack times and various floats for
each fuzzy activity in the project scheduling problems. Numerical examples are
provided to illustrate the efficiency of the proposed method.
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1. Introduction

Scheduling of activities and the control of their flows through a production pro-
cess play most significant role in any modern manufacturing systems. Project
scheduling is a complex decision making problem because of conflicting goals,
limited resources and the difficulty in accurately modeling real world problems.
Critical Path Method (CPM) and Project Evaluation and Review Technique
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(PERT) are widely recognized valuable tools for the planning and scheduling
of large projects. In CPM a deterministic data for activity time is used where
as in PERT random time data’s are employed. However in reality, due to the
uncertainty of information as well the variation of management scenario, it is
often difficult to obtain the exact activity time estimates of all activities. Thus,
the conventional approaches, both deterministic and random process, tend to
be less effective in conveying the imprecision or vagueness nature of the lin-
guistic values. One alternative to handle the uncertainty associated with the
processing time is to use fuzzy techniques.

Several authors such as Chanas et.al [2, 3], Chang et.al[4], Chen et.al
[6, 7],Kuchta [13], Lin et.al[15, 16], Macahon [19], and Shahsavari et.al [24, 25]
etc proposed different methods for the solution of fuzzy critical path prob-
lems.The first method called Fuzzy Project Evaluation and Review Technique
was proposed by Chanas and Kamburowski [2]which deals with the project
completion time in the form of a Fuzzy set in the time space. Chanas and
Zielinski [3] proposed a method to make critical path analysis in the network
with fuzzy activity times (interval activity times, fuzzy numbers of L-R type).
Dubois et al [8] assigns a different level of importance to each activity on a crit-
ical path for a randomly chosen set of activities. Gazdiak [9] developed a Fuzzy
network of a priori unknown project to estimate the activity duration and used
Fuzzy algebraic operators to calculate the duration of the project and its critical
path. Nasution [21] proposed a fuzzy critical path method by considering the
interactive fuzzy subtraction and by observing that only the nonnegative part
of the fuzzy numbers can have physical interpretation. Shakeela and Ganesan
[26] proposed a new algorithm to tackle fuzzy project network problems with
out defuzzifying the fuzzy activity durations. Slyeptsov and Tyshchuk [29] pre-
sented an efficient method of computation of fuzzy time windows for late start
and finish times of operations in the problem of fuzzy network.

By using a new ranking method and a new arithmetic operations for trape-
zoidal Fuzzy numbers, we propose a new method to solve fuzzy project schedul-
ing problems without converting in to classical project networking problems.
The rest of this paper is organized as follows:

In Section 2, we recall the basic concepts and the results of trapezoidal
fuzzy numbers and their arithmetic operations. In Section 3, we introduce the
fuzzy project network problems with trapezoidal fuzzy numbers and related
results. We propose a new algorithm to find various fuzzy floats and fuzzy
critical path and hence the fuzzy optimum duration of the project network. In
Section 4, numerical examples are provided to illustrate the theory developed
in this paper.
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2. Preliminaries

The aim of this section is to present some notations, notions and results which
are of useful in our further considerations.

2.1. Fuzzy Numbers

Definition 2.1. A fuzzy set Ã defined on the set of real numbers R is
said to be a fuzzy number if its membership function Ã : R → [0, 1] has the
following characteristics:

(i). Ã is convex,that is Ã(λx1 + (1− λ)x2) ≥ min{Ã(x1), Ã(x2)}, for all
x1, x2 ∈ R and λ ∈ [0, 1]

(ii). Ã is normal i.e. there exists an x ∈ R such that Ã(x) = 1 .

(iii). Ã is piecewise continuous.

Definition 2.2. A fuzzy number Ã on R is said to be a trapezoidal
fuzzy number if its membership function Ã : R → [0, 1] has the following
characteristics:

Ã(x) =































x− a1
a2 − a1

, for a1 ≤ x ≤ a2

1, for a2 ≤ x ≤ a3
a4 − x

a4 − a3
, for a3 ≤ x ≤ a4

0, otherwise

(2.1)

We denote this trapezoidal fuzzy number by Ã = (a1, a2, a3, a4) . We use
F (R) to denote the set of all trapezoidal fuzzy numbers. Also if [a2, a3] rep-
resents the core, α = (a2 − a1) represents the left spread and β = (a4 − a3)
represents the right spread of the trapezoidal fuzzy number Ã, then the trape-
zoidal fuzzy number Ã can be represented by the triplet Ã = (a1, a2, a3, a4) =
([a2, a3], α, β).

2.2. Ranking of Trapezoidal Numbers

An efficient approach for comparing the fuzzy numbers is by the use of a ranking
function R : F (R) → R which maps each trapezoidal fuzzy number into a real
number, where a natural order exists
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For every trapezoidal fuzzy number Ã = (a1, a2, a3, a4) = ([a2, a3], α, β) ∈
F (R), ranking function R : F (R) → R is defined by graded mean as

R(Ã) =

(

a2 + a3
2

)

+

(

β − α

4

)

.

Now for any two trapezoidal fuzzy numbers Ã = (a1, a2, a3, a4) = ([a2, a3],
α1, β1), B̃ = (b1, b2, b3, b4) = ([b2, b3], α2, β2) ∈ F (R), we have the following
comparison

(i). Ã � b̃ if and only if R(Ã) ≥ R(B̃)

(ii). Ã � B̃ if and only if R(Ã) ≤ R(B̃)

(iii). Ã ≈ B̃ if and only if R(Ã) = R(B̃)

(iv). Ã− B̃ ≈ 0̃ if and only if R(Ã)−R(B̃) = 0

A trapezoidal Fuzzy number Ã = (a1, a2, a3, a4) = ([a2, a3], α, β) ∈ F (R) is said
to be positive if R(Ã) > 0 and is denoted by Ã ≻ 0̃. Also Ã ≺ 0̃ if R(Ã) < 0
and Ã ≈ 0̃ if R(Ã) = 0. If R(Ã) = R(B̃) then the trapezoidal fuzzy numbers
are said to be equivalent and is denoted by Ã ≈ B̃.

2.3. Arithmetic Operations on Trapezoidal Fuzzy Numbers

Ming Ma et al. [20] have proposed a new fuzzy arithmetic based upon both
location index and fuzziness index functions. The location index number is
taken in the ordinary arithmetic, whereas the fuzziness index functions are
considered to follow the lattice rule which is least upper bound in the lattice L.
That is for a, b ∈ L we define a ∨ b = max{a, b} and a ∧ b = min{a, b}.

Now for any two arbitrary trapezoidal fuzzy numbers Ã = (a1, a2, a3, a4) =
([a2, a3], α1, β1),
B̃ = (b1, b2, b3, b4) = ([b2, b3], α2, β2) ∈ F (R) and for ∗ = {+,−,×,÷}, the
arithmetic operations on Ã and B̃ are defined as

Ã ∗ B̃ = (a1, a2, a3, a4) ∗ (b1, b2, b3, b4) = ([a2, a3], α1, β1) ∗ ([b2, b3], α2, β2)

= ([a2, a3] ∗ [b2, b3],max{α1, α2},max{β1, β2}).

In particular for any two Ã and B̃ ∈ F (R), we define

(i). Addition:

Ã+ B̃ = ([a2, a3] + [b2, b3],max{α1, α2},max{β1, β2})

= ([a2 + b2, a3 + b3],max{α1, α2},max{β1, β2}).
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(ii). Subtraction:

Ã− B̃ = ([a2, a3]− [b2, b3],max{α1, α2},max{β1, β2})

= ([a2 − b3, a3 − b2],max{α1, α2},max{β1, β2}).

(iii). Scalar Multiplication:

kÃ = k([a2, a3], α1, β1)

=

{

([ka2, ka3], α1, β1), k ≥ 0

([−ka3,−ka2], α1, β1), k < 0

3. Main Results

Fuzzy Critical Path Method (FCPM) provides a graphical view of the project,
to predict the time required to complete the project, to identify the critical
activities in the project.

3.1. Notations and Meaning

FẼS1 = (0, 0, 0, 0) : The earliest fuzzy starting time of the initial eventṽ1

FẼSj : The earliest start Fuzzy time of eventṽj

= max
{

FẼSi + FẼTij/i ∈ NP (j), j 6= 1, j ∈ N
}

FL̃Fi = The latest finish Fuzzy time of event ṽi

= min
{

FL̃Fk − FẼTjk/k ∈ NS (j) , j 6= n, j ∈ N
}

FT̃ij = The total float of Fuzzy activityãij

= FL̃Fj −
(

FẼSi + FẼTij

)

, 1 ≤ i ≤ j ≤ n; i, j ∈ N

FCPM (pk) = The Fuzzy completion time of the pathpk

in a Fuzzy project network.

=
∑

1≤i≤j≤n

FT̃ij , pk ∈ P ; i, j ∈ pk
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Theorem 3.1. Assume that the Fuzzy activity times of all activities in a

project network are trapezoidal Fuzzy number, then there exists fuzzy Critical

Path in the project network.

Proof. Let FẼS1 = (0, 0, 0, 0)be the starting time of the project network.
Then FẼSj of the node can be calculated by the sum of FẼSi and FẼTij ,
where,i ∈ NP (j), j = 2, 3, .......n. Then there must uniquely exist a maximal

FẼSj such that FẼSj = max
{

FẼSi + F ˜ETij , i ∈ NP (j), j 6= 1, j ∈ N
}

. Fur-

ther more let FL̃Fn = FẼSn to indicate the latest and earliest start of the last
node of the project are same. Then FL̃Fj of the jth node can be calculated by
subtracting FẼTjk from FL̃Fk, where k ∈ NS(j) and j = n−1, n−2, ...., 3, 2, 1.
Similarly there uniquely exists a minimal FL̃Fj such that,

FL̃Fj = min
{

FL̃Fk − FẼTjk, k ∈ NS(j), j 6= n, j ∈ N
}

and so is FT̃ij also true for any pk ∈ P such that FCPM (pk) is unique and
atleast there exists a path pc such that FCPM (pc) = max {FCPM(pi)/pi ∈ P}.
Hence the proof.

3.2. Proposed Algorithm

Let FẼSi and FL̃Si be the earliest Fuzzy event time and the latest Fuzzy
event time for event i respectively.Functions that define the earliest starting
times, latest starting times and floats in terms of Fuzzy activity durations are
convex, normal whose membership functions are piecewise continuous, hence
the quantities such as earliest Fuzzy event time FẼSi the latest Fuzzy event
time FL̃Si and floats FT̃ij are also trapezoidal Fuzzy numbers for an event i
respectively.

Step 1. Identify each activity along with fuzzy duration in a Fuzzy project.

Step 2. Applying a Fuzzy ranking function, determine the precedence rela-
tionships of all fuzzy activities.

Step 3. Construct the fuzzy project network.

Step 4. Let FẼS1 be the earliest Fuzzy event time and FL̃S1 be the latest
Fuzzy event time for the initial event ṽ1 of the project network and assume
that FẼS1 = 0̃. Compute the earliest Fuzzy event time FẼSj of the event
ṽj by using formula,

FẼSj = max
{

FẼSi + FẼTij

}

, i ∈ N (3.1)



PROJECT SCHEDULING PROBLEMS UNDER FUZZY... 393

Step 5. Let be the earliest Fuzzy event time and be the latest Fuzzy event
time for the terminal event of the Fuzzy project network and assume that
. Compute the latest Fuzzy event time of the event using the formula,

FL̃Si = min
{

FL̃Sj − FẼTij

}

, j ∈ N (3.2)

Step 6. Compute the total float of each Fuzzy activity using the following
formula,

FT̃ij =
{

FL̃Sj − FẼSi − FẼTij

}

(3.3)

Step 7. If then activity is said to be a fuzzy critical activity. A path of longest
fuzzy duration consists of critical activities is called a fuzzy critical path.

Step 8. The length of the fuzzy critical path is the maximum time required
to complete the fuzzy project and is the optimal project duration of the
fuzzy project network.

4. Numerical Examples

Example 4.1. Let us consider an example discussed by Ravi Shankar
et.al [22]. Suppose that there is a project network, as Figure 2, with the set of
events Ṽ = {1, 2, 3, 4, 5},the fuzzy activity time for each activity is shown in
Table 1.All the durations are in hours expressed as trapezoidal Fuzzy numbers.

Table 1: Duration of each fuzzy activity in a fuzzy network problem

Activity 1-2 1-3 2-3 1-4

Duration (10,15,15,20) (30,40,40,50) (30,40,40,50) (15,20,25,30)

Activity 2-5 3-5 4-5

Duration (60,100,150,180) (60,100,150,180) (60,100,150,180)

For all activities in this fuzzy project, convert the given fuzzy activity time
Ã = (a1, a2, a3, a4) in the form of Ã = ([a2, a3], α1, β1) as follows

Fuzzy critical path is 1 → 2 → 3 → 5. The fuzzy project duration is the
length of the fuzzy critical path. Hence the optimum fuzzy project duration is
(115,155,205,235) fuzzy hours, where as Ravi Shankar et.al [22] have obtained
the same critical path without specifying the project duration.
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Table 2: Duration of each fuzzy activity in a fuzzy network problem

Activity 1-2 1-3 2-3 1-4

Duration ([15,15],5,5) ([40,40],10,10) ([40,40],10,10) ([20,25],5,5)

Activity 2-5 3-5 4-5

Duration ([100,150],40,30) ([100,150],40,30) ([100,150],40,30)

Example 4.2. Now let us consider another example discussed by Usha
Madhuri et.al [30]. Suppose that there is a project network, as Figure 2, with
the set of events Ṽ = {1, 2, 3, 4, 5, 6} The fuzzy activity time for each activity
time for each activity as shown in Table 4 .All the durations are in hours
expressed as trapezoidal Fuzzy numbers.

For all activities in this fuzzy project, convert the given fuzzy activity time
Ã = (a1, a2, a3, a4) in the form of Ã = ([a2, a3], α1, β1) as follows

Fuzzy critical path is 1 → 3 → 6. The fuzzy project duration is the
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Table 3: calculation of total float for each activity in a fuzzy project
network and critical path.

Activity 1-2 1-3 1-4 2-3

Duration ([15,15],5,5) ([40,40],10,10) ([20,25],5,5) ([40,40],10,10)

Earliest start ([0,0],0,0) ([0,0],0,0) ([0,0],0,0) ([15,15],5,5)

Earliest finish ([15,15],5,5) ([40,40],10,10) ([20,25],5,5) ([55,55],10,10)

Latest start ([-50,50],40,30) ([-35,65],40,30) ([-20,85],40,30) ([-35,65],40,30)

Latest finish ([-35,65],40,30) ([5,1top05],40,30) ([5,105],40,30) ([5,105],40,30)

Total float ([-50,50],40,30) ([-35,65],40,30) ([-20,85],40,30) ([-50,50],40,30)

Activity 2-5 3-5 4-5

Duration ([100,150],40,30) ([100,150],40,30) ([100,150],40,30)

Earliest start ([15,15],5,5) ([55,55],10,10) ([20,25],5,5)

Earliest finish ([115,165],40,30) ([155,205],40,30) ([120,175],40,30)

Latest start ([5,105],40,30) ([5,105],40,30) ([5,105],40,30)

Latest finish ([155,205],40,30) ([155,205],40,30) ([155,205],40,30)

Total float ([-10,90],40,30) ([-50,50],40,30) ([-20,80],40,30)

Table 4: Duration of each fuzzy activity in a fuzzy network problem

Activity 1-2 1-3 1-5 2-4 2-5

Duration (2,2,3,4) (2,3,3,6) (2,3,4,5) (2,2,4,5) (2,4,5,8)

Activity 3-4 3-6 4-5 4-6 5-6

Duration (1,1,2,2) (7,8,11,15) (2,3,3,5) (3,3,4,6) (1,1,1,2)

length of the fuzzy critical path. Hence the optimum fuzzy project duration is
(10,11,14,18) fuzzy hours. For this same problem, Usha Madhuri et.al [30] have
obtained the same fuzzy critical path 1-3-6 but with the wide fuzzy project
duration as (9,11,14,21) fuzzy hours.

5. Conclusion

In this paper, the duration hours are considered as imprecise numbers described
by trapezoidal fuzzy numbers which are more realistic and general in nature.We
proposed a fuzzy version of Critical path method to find the critical path dura-
tion for the given problem without converting them to classical one.To illustrate
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Table 5: Duration of each fuzzy activity in a fuzzy network problem

Fuzzy activity 1-2 1-3 1-5 2-4 2-5

Duration ([2,3],0.1) ([3,3],1,3) ([3,4],1,1) ([2,4],0,1) ([4,5],2,3)

Fuzzy activity 3-4 3-6 4-5 4-6 5-6

Duration ([1,2],0,0) ([8,11],1,4) ([3,3],1,2) ([3,4],0,2) ([1,1],0,1)

Table 6: calculation of total float for each activity in a fuzzy project
network and critical path.

Activity 1-2 1-3 1-5 2-4 2-5

Duration (2,2,3,4) (2,3,3,6) (2,3,4,5) (2,2,4,5) (2,4,5,8)

Earliest start (0,0,0,0) (0,0,0,0) (0,0,0,0) (2,2,3,4) (2,2,3,4)

Earliest finish (2,2,3,4) (2,3,3,6) (2,3,4,5) (4,4,7,8) (4,6,8,11)

Latest start (3,4,3,7) (-1,0,0,4) (6,7,9,13) ((5,6,6,10) (4,6,8,12)

Latest finish (5,6,6,10) (2,3,3,7) (9,10,13,17) (7,8,10,14) (9,10,13,17)

Total float (3,4,3,7) (-1,0,0,4) (6,7,9,13) (3,4,3,7) (2,4,5,9)

Activity 3-4 3-6 4-5 4-6 5-6

Duration (1,1,2,2) (7,8,11,15) (2,3,3,5) (3,3,4,6) (1,1,1,2)

Earl. start (2,3,3,6) (2,3,3,6) (4,4,7,8) (4,4,7,8) (6,7,10,12)

Earl.finish (3,4,5,8) (10,11,14,18) (6,7,10,12) (7,7,11,13) (7,8,11,13)

Lat.start (6,7,8,12) (2,3,3,7) (6,7,10,14) (7,8,10,14) (9,10,13,17)

Lat.finish (7,8,10,14) (10,11,14,18) (9,10,13,17) (10,11,14,18) (10,11,14,18)

Tot.float (3,4,5,9) (-1,0,0,4) (2,3,3,7) (3,4,3,7) (2,3,3,7)

the proposed method, numerical examples are solved and obtained results are
explained. It is to be noted that the result obtained by the proposed method
is sharper than the results obtained by the existing methods.
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