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Abstract: This paper presents the Mellin transform method for the val-
uation of some vanilla power options with non-dividend yield. This method
is a powerful tool used in the valuation of options. We extend the Mellin
transform method proposed by Panini R. and Srivastav R.P. [15] to derive the
price of European and American power put options with non-dividend yield.
We also derive the fundamental valuation formula known as the Black-Scholes
model using the convolution property of the Mellin transform method. To pro-
vide a sufficient numerical analysis, we compare the results generated by the
Mellin transform method for the valuation of American power put option for
n = 1 which pays no dividend yield to two other numerical methods namely
Crank Nicolson finite difference method [2] and binomial model [3] for options
valuation against Black-Scholes analytical pricing formula [1]. The numerical
experiment shows that the Mellin transform method is efficient, easy to imple-
ment, agree with the values of Black-Scholes [1], Crank Nicolson finite difference
method [2] and binomial model [3]. Hence the Mellin transform method is a
better alternative method compared to the Crank Nicolsion finite difference and
binomial model for the valuation of some vanilla power options.
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1. Introduction

The derivative market has becomes extremely popular, this popularity even
exceeds that of the stock exchange. Many problems in mathematical finance
entail the computation of a particular integral. In many cases these integrals can
be valued analytically and in some cases they can be valued using numerical
integration, or computed using a partial differential equation. Option price
estimation as the most interesting of the derivatives has many approaches and
diverse qualities.

An option is an instrument whose value derives from that of another asset;
hence it is called a “derivative”. In other words an option on an underlying asset
is an asymmetric contract that is negotiated today with the following conditions
in the future. The holder has either the right, but not the obligation to buy, as
it is the case with the European call option, or the possibility to sell, as in the
case of the European put option, an asset for a certain price at a prescribed date
in the future. The American type of option can be exercised at any time up to
and including the date of expiry. The distinctive features of American option
is its early exercise privilege. The pricing of American options has been the
subject of extensive research in the last decades. There is no known closed form
solution and many numerical and analytic approximations have been proposed.
Black F. and Scholes M. [1] published their seminal work on option pricing in
which they described a mathematical frame work for finding the fair price of
a European option. They used a no-arbitrage argument to describe a partial
differential equation which governs the evolution of the option price with respect
to the maturity time and the price of the underlying asset. In the recent years
the complexity of numerical computational in financial theory and practice has
increased greatly, putting more demands on computation speed and efficiency.
The subject of numerical methods in the area of options valuation and hedging
is very broad. A wide range of different types of contracts are available and in
many cases there are several candidate models for the stochastic evolution of
the underlying state variables.

We present an overview of Mellin transform method for the valuation of
options in the context of Black F. and Scholes M. [1]. The Mellin transform is
an integral transform named after the Finnish mathematician Hjalmar Mellin
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(1854-1933). Mellin transforms in option theory were introduced by Panini R.
and Srivastav R.P. [14]. They derived the expression for the free boundary and
price of an American perpetual put as the limit of a finite-lived option. In
this contribution Frontczak F. and Schébel [7] extended the results obtained
in Panini R. and Srivastav R.P. [14] and showed how the Mellin transform ap-
proach can be used to derive the valuation formula for perpetual American put
options on dividend-paying stocks. Panini R. and Srivastav R.P. [15] derived
integral equation representations for the price of European and American bas-
ket put options using Mellin transform techniques. Samuelson P.E. [16] derived
a closed-form expression for the free boundary and price of a perpetual Amer-
ican put option using Mellin transform techniques, Frontczak F. and Schdobel
[8] extended a framework based on the Mellin transforms and showed how to
modify the approach to value American call options on dividend paying stocks,
Zieneb A.E and Rokiah R.A [21] derived a closed form solution for a continuous
arithmetic Asian option by means of partial differential equation. They also
provided a new method for solving arithmetic Asian options using Mellin trans-
forms in a stock price. Vasilieva O. [17] introduced a new method of pricing
Multi-options using Mellin transforms and integral equations.

For mathematical backgrounds, Mellin transform method in derivatives
pricing and some numerical methods for options valuation see [2], [3], [4], [5],
[6],[8] [9], [10], [11], [12], [13], [16], [17], [18], [19], [20] just to mention a few.
In this paper, we focus on Mellin transform method for the valuation of some
vanilla power options with non-dividend yield. This paper is structured as fol-
lows: Section 2 presents the power options and a review of classic integral trans-
forms. Section 3 presents some operational fundamental properties of Mellin
transform method, derivation of Black-Scholes Formula for the valuation of Eu-
ropean power put option using Mellin transform method and Mellin transform
method for the valuation of European and American power put options. Section
4 concludes the paper.

2. Power Options

Power option is defined as a contingent claim on the product of powers of
several assets. It can also be seen as a class of options in which the payoff at
expiry is related to the n'* power of the underlying price of the asset, where
n € {ZT —0}. American power option is an option that can be exercised before
or at the expiry date with non-linear payoff. European power option is an
option that can be exercised only at the expiry date with non-linear payoff.
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Furopean power option comes in two forms namely European power call and
put options. A European power call option is an option with non-linear payoff
given by the difference between price of the underlying asset at maturity raised
to a strictly positive power and the exercise price. A European power put
option is an option with non-linear payoff given by the difference between the
exercise price and price of the underlying asset at maturity raised to a strictly
positive power. For a European power option on the underlying price of the
asset S; with exercise price K and time to expiry 7T, we have the payoff for the
European power call option as

Ey(Sy,T) = max(Sp — K,0) = (S7 — K)* (1)
The payoff for the European power put option is given as

E,(S7,T) = max(K — S7,0) = (K — S7)" (2)
Remark 2.0.1:

e For n > 0, European power option allows parties to negotiate the under-
lying price of the asset, exercise price, expiration date and other features.
It also gives investors the opportunity to trade on a large scale with ex-
panded or eliminated position limit and is of practical interest since Over-
The-Counter (OTC) traded options exhibit such a payoff structure.

e The payoff curves for European power call and put options become con-
cave and thus have a negative time value for n < 1 and n > 1 respectively,
i.e. current price of the underlying asset (Si') < payoff (E}(S,T)).

e For n = 1, the payoffs for European power call and put options in (1) and
(2) become (3) and (4) respectively

ENS,T) = E.(S,T) = max(S% — K,0) = (S5 — K)* (3)
Ey(S,T) = Ey(S,T) = max(K — Sp,0) = (K — Sp)* (4)

Equations (3) and (4) give the payoffs for regular European call and put
options respectively and can also be expressed as

E.(S,T) = max(St — K,0) = (Sp — K)T, for the call option
and
Ey(S,T) = max(K — Sr,0) = (K — Sp)*, for the put option

respectively.
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e As n increases, the value of European power put option becomes very
large.

Theorem 2.0.1: Let S]* denote the price of the underlying asset, o the volatil-
ity, r the risk interest rate, n the power of the option and W; the Wiener process
or Brownian motion. If the underlying price of the asset S}* follows a random
process in

1
sy = (nr + in(n — 1)02) Spdt + noS{tdWy, (5)
then the explicit formula for the evolution of the underlying price of the asset
is given by
1
St =S exp [n ('r — 502) T+ naWT] (6)
Proof: Let
u=u(S{,t) =1InS} (7)

Differentiating (7) we have

ou 1 9%u -1 ou

asSy ~ SpT a(SmE T (Sp)2 ot

0 (8)

Recall from Ito’s lemma using (5) for any derivative u(S},t) we have

n o (Ou ou  g*> 0%*u ou

From (5), we can write for
1 2 n n
f={nr+ En(n —1)o” | ¢, g =noS; (10)

substituting (7), (8) and (10) into (9) and rearranging the terms, we have

d(In S") = ((nr - %n(n - 1)02) Sy (Si?» dt+

(%nQUQ(Sf)Q (@)) dt + oSy (Sitn) AW, (11)

Therefore,

1
d(In S}) = (nr - §n02> dt + nodW; (12)
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Thus, In S}* is a Brownian motion with drift parameter (n’r — %naQ) and vari-

ance parameter no?. To derive an explicit formula for the evolution of the stock
price, we integrate (12) from 0 to T" to obtain

In <&> =n <r - 102> T +noWrp (13)
Sy 2
n n 1 2
Sp=5Syexp |n|r— 3 T +noWrp (14)

(14) can also be written as
1
ST = Si exp [n <r - 502> T+noZv T} (15)

where Z ~ N(0,1). Therefore the stock dynamic follows a log-normal distribu-
tion. For n =1, (15) becomes

St = Sjexp [(r—%rﬁ)T—FoZﬁ} (16)

(16) shows that plain vanilla option follows a log-normal distribution. The
partial differential equation for any derivative f written on S}* is given by

of 1 nOf 1 w2 O2f
E—I—n(EUQ(n—l)—I-T) H a7 +§(0nSt )28(5',?)2 =rf (17)

Remark 2.0.2:

e This result shows that the price of the underlying asset follows a random
process. Also an explicit formula for the evolution of the underlying price
of the asset can be obtained.

e For n =1, (17) is known as the regular Black-Scholes partial differential
equation which is given by

of g0 1 500f
ot T "tes T2 Yiage

_= ’r’f
The European power put option with non-dividend yield can be obtained by
setting f = E (S, T) = Ey in (17) as

1 2 naEI? 1 mn\2 aQEI?;L n
+n 5 (n—1)4+r|S; 257 +§(0n5t) (Sp )2 —rE;y =0 (18)

oL
ot
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with boundary conditions
lim EJ(Sy,t) = 0 on [0,T] (19)
S{r—o0
Ey(S;.T) = ¢(S¢') = (K —S')" on [0, 7] (20)
EN0,t) = Ke "™ on [0,7] (21)
Also we have for the European power call option with non-dividend yield:
OE? 1, OE?
“ = -1
5 +n<20 (n—1)+ )St 287
+1( Si)? OB E"=0 (22)
2\7""t) Hrgmez e
with boundary conditions
lim EY(Sy,T) = oo on [0,T] (23)
S{t—ro0
E¢(S51,T) ¢(S") = (S;' — K)* on [0,T] (24)
E*(0,t) = 0 on [0,7] (25)

The solutions to (18) and

(22) can be obtained using the same procedures for

solving Black-Scholes partial differential equation.

2.1. A Review of Classic Integral Transforms

We present here some integral transforms namely Fourier, Laplace and Mellin
transforms and their inversion formulas. Under a suitable constant ¢ € R and
appropriate condition for the function f we have the following:

e The Fourier transform and its inversion formula are given respectively by

F(fz)y) =f

FHfy)sz) =

(26)

= / Z f(z)e™da

fmyd
=5 / fly y

fx (27)

e The Laplace transform and its inversion formulas are given respectively

by

L(f(x)

= f(0) (28)

/ F@)e " da
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and "
_ - 1 CT100 - .
LN FO)0) = f@) = 5 [ FO)a (29)
e The Mellin transform and its inversion formula are given respectively by
M(f@)se) = flw) = [ fl)aaa (30)
and 4
1,3 1 ct+ioo o
M F@ha) = f@) = g [ Fpde @)

The Fourier transform is popular in pure mathematics and finance. The Laplace
transform is a widely used integral transform in mathematics with many ap-
plications in physics and engineering. The Mellin transform is used often in
statistics, in analytic number theory and in the analysis of algorithms. All
the three transforms and their inversion formulas are equivalent by elementary
substitution. With the change of variable x = €®, it is observed that the Mellin
transform is closely related to the Laplace transform and the Fourier trans-
form. In particular, if F(f(z),w) and L(f(x),w) denote the two-sided Fourier
and Laplace transform respectively, then we have

M(f(z),w) = L(f(e™*),w) = F(f(e™™), —iw)

However, there are numerous applications where it has been established that it
is more convenient to operate directly with the Mellin transform rather than the
Laplace-Fourier version. Next we discuss the Mellin transform for the valuation
of some vanilla options.

3. The Mellin Transform Method for the Valuation of Some Vanilla
Power Options with Non-Dividend Yield

This section presents some operational fundamental properties and Mellin trans-
form method for the valuation of some vanilla power options namely European
and American power options with non-dividend yield.

3.1. The Mellin Transform Method

The Mellin transform is a complex valued function defined on a vertical strip
in the w-plane whose boundaries are determined by the asymptotic behaviour
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of f(z) as x — 07 and * — oo. Mellin transform is denoted by M(f(z),w)
and defined as

M(f(2).0) = f(w) = /0 " fe)e e (32)

where f(x) is a locally Lebesgue integrable function. The largest strip (a,b) in
which the integral converges is called fundamental strip. The conditions are

f(x) =0(x"*), for z — 0" (33)

flz)=0(z"), for z — o0 (34)

when v > v, guarantee the existence of M(f(x),w) in strip (—u, —v). Thus, the
existence is granted for locally integrable functions, whose exponent in the order
at 0 is strongly larger than the exponent of the order at infinity. Conversely, if
f(x) is an integrable function with fundamental strip (a, b), then if ¢ is such
that @ < ¢ < b and f(c + it) is integrable, the equality in (32) holds almost
everywhere on (0, 00), where f(z) and f(w) are known as Mellin transform pair.
The inversion formula for the Mellin transform is given as

1 c+ico

MY (f(w),2) = f(z) = / Flw)adw (35)

21 — 00

Using (33) and (34) above we have the following conditions for European power
put options:

E}(Sf,t) = O(1), for S — 0% (36)
E(Si,t) = O(S), for Si* — oo (37)

The Mellin transform of E}(Sf',t) is given by
By(sy.) = [ Bp(sy(stasy (33)

where w is a complex variable with 0 < Re(w) < co. Using (35), the inversion
formula of the Mellin transform is defined by

n/Qn 1 ctioo [ Qn n\—w
St 0 =5 [ BSOS de (39)
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3.1.1. Some Operational Fundamental Properties of the Mellin
Transform

If M(f(z),w) = f(w), then we have the following properties of the Mellin
transform.

e Scaling Property

M(f (az),w) = /0 " flaz)aNde = a~ f(w) (40)

e.g if a = 2, using (40) we have
M(f(20)) = [ o) e = 27 w)
0

e Shifting Property }
M f(z),w) = f(w+a) (41)

e.g if a = 4, using (41) we have
M@ f(z),w) = flw+4)
e Mellin Transform of Derivatives
M ﬁf(x),w =(-1)%(w = k)pf(w—k) (42)

where

W=k = (w—k)w—k+1fw—1) = (W@_) ZP;)! _ F(E@i)k)

e Derivative Multiplied by Independent Variable
M (@) = (DFf = R )
dxk ) W I'w) b
e.g if f(x) = 22, using (43) we have

M <w2d—2x2 w> = (W +w)fw)
dz?"
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e Mellin Transform of Integrals

M ( / xf(t)dt> = w1

Raising the independent variable to a Real Power

Inverse of Independent Variable
Mz (™Y, w) = f(1 —w)
Multiplication by Inz

M((Inz)f(z),w) = — f(w)

Multiplication by the Power of Inx

M((Inz)* f(z),w) = A

Convolution Property

Parseval’s Formulas

c+o00

/0 T @@= [ M(fo)M(gi1 - w)de

C—0O0

c+o00

/ f@)g @ dr = [ M)(B)M(9)(B)dp

0 c—00

where

M(F)(B) = /0 )

just to mention a few.

89

(44)

(45)

(46)

(47)
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3.1.2. Some Integral Representations for European Power Call and
Put Options Payoffs

Consider the power call payoff with strike price K > 0 given by (1) as
E?(S?UT) - max(S% - K, 0) - (S% - K)Jr

where S7 is used as transform variable. An elementary calculations shows

(Rw > 1)
(54)

B 00 w+1
MEZ(S3.T).) = B2w.T) = [ (83K} (50 = o

and the inversion formula gives

M YEMw,T),S%) = EM(SM,T) = Hmﬂsn—w S >0) (55
(c(wa )7 T) c(tv ) . w(w+1)(t) 7(T> ) ( )

with ¢ > 0 an arbitrary fixed number. Similarly the power put payoff given by
(2) as
B (Sp.T) = max(K — §7,0) = (K — S3)*

has the same Mellin transform but the formula is valid in a different domain

~ (0] Kw—‘,—l
MBS (S5 7)) = B T) = [ (K= STYF(sp)* = -
0

ORI (Rw > 1)

(56)
and the inversion formula gives
d+ioco Kw—i—l

—1/0m ) = EMNS} = wlw+1)
M (Ep(waT)vsT)_EC (St’T)_/dzoo w(w—'_l)

(5¢)7%, (57> 0) (57)

with d > 0 an arbitrary fixed number. For the case 0 < Rw < 1, the Mellin
transform and its inversion formula for power call payoff are obtained as

o) Kw—i—l
n(qQn _qQn — n +_qn n\yw—1 _
MEL (53 T)=p.) = | (Sp=K)"=Sp(SP*! = Sy 0 <Rw <)
(58)
c+100 Kw+1 -
E}(S;,T) = St + /Cioo m(st )", (57 >0) (59)

with 0 < ¢ < 1 an arbitrary fixed number.
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3.2. Mellin Transform Method for the Valuation of European Power
Put Option with Non-Dividend Yield

Consider the European power put option given by (18) as

P -2 o n P - n\2 P n __
5 +n (20 (n—1) —H”) Sy 257 + 2(0nSt) 78(5,?)2 rE, =0

Taking the Mellin transform of (18) we have

DE(SP,t OE™ (St
M(ip( ‘ )+n<%02(n—1)+r>5f7p( i )>

ot aS;y!
1, . ,OEr(Sp,t) o
+M <§(0nSt )QW —rE(S; ,t)> = M(0) (60)
where
M(0) =0, (61)
M(ENSP,t) = EN(w, ), (62)
OEN(SPt)\  OED(w,t)
M( ot )‘ ot (63)
M (Sf%) = —wE (w,1), (64)
and
PEBLO) _ 4wyt (65
8(8?)2 = (W w p w,

Substituting the values of (61), (62), (63), (64) and (65) into (60) we have

OB (w, t) 1, OET (w, t)
T—n(§a (n—l)—l—r)wT

1 O?E" (w,t N
+§(Jn)2(w2 + w)% —rEy(w,t) =0 (66)

Therefore,

8En(w t)  n?0? n—1 2r 2r ~
p ’ 2 o o Em t) =
5 +— <w +w <1 —+ n02> n202> p(w,t) =0 (67)
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Setting ay = (1 — 24 + %) and ag = % Then (67) yields
8E~g (w, t) n20'2

5 + 5 (w? +way — a2)Ep(w,t) =0 (68)

Solving (68) integrating from 0 to ¢ using separation of variables, we have

t@Eg(w,T) B /t —1 45 5
0

—n‘o (w2 + way — az)0T

0o Ep(w,T) 2
En w,t —1
. M = —n202(w2 +way — ag)t
E;}(w,O) 2
Ep(w t) = E”(w 0)6_71”202(w2+wa1—a2)t
p \Ws » (W,

Let Eg(w, 0) = ¢(w), where ¢(w) is a constant that depends on the boundary

conditions, then
1,2

El(w,t) = c(w)e™ 2" 0 (WHHawaa)t (69)
Now let us consider the terminal condition of European power put option given
by (24) which is of the form

E}(S;,T) = ¢(S") = (K — 57)" = max(K — S}',0) on [0, oc]
Then the Mellin transform of (24) is obtained as

N [e%} Kerl
E}(SH,T),w) = ¢(w,t) = | (K-S () ' = ——= (70
MER(S3.T).0) = dent) = [ (K = ST (59! = 5 (0
where (70) is independent of n. Therefore the constant ¢(w) becomes
e(w) = glw, tyerm' T WHrarema)l (71)
Substituting (71) into (69) yields:
By (w, ) = §lw, t)e™ 2 (Hrensmoa)(T= (72)

Using the inversion formula of Mellin transform, the price of European power
put option is obtained as

EM(SP.t) = 2—m/ EP(w, t)(S1) “dw (73)
Substituting (72) into (73), we have

ctiw —1n202(w2+arw—an)(T—t)
By(sp = o [T e
c—iw (St )

211

where ¢(w,t) is given by (70), (SP*t) € {(0,00) x [0,T]},¢ € (0,00) and {w €
C|0 < Re(w) < oo}

c—iw

dw (74)
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3.3. Derivation of Black-Scholes Formula for the Valuation of
European Power Put Option using Mellin Transform Method

Theorem 3.3.1: Let S} be the price of the underlying asset, K be the strike
price, r be the risk interest rate and 1" be the time to maturity. Using the
convolution property of the Mellin transform

EP(SP. 1) /¢ ( ) do. (75)

we have the Black-Scholes formula for the valuation of European power put
option as
EP(S],t) = Ke r(T —t)N(dan(S;', K, T))

_e(r(n_1)+%n(n—1)02 (T_t))S?N(_dl,n(Sfﬂ K, T)) (76)

Proof: Using the convolution property of Mellin Transform method, the price
of European power put option is given by

= o () 1

EP (ST 1) /¢ £(SpoY)o N (77)

where ¢(v) is to be determined. Let us consider

Therefore,

2 2 2 2
o (T—t)(w2—|—oz1w—a2):n 7

: oo for %) (3) ] 9

Setting p; = ﬁ(T — t) on the right side of (78), therefore (78) becomes

n2g? 9 aq\ 2 aq )\ 2
(T — 1)(w? + 01w — a2) = py [(w+7) = (?) —04 (79)
Let po = 5. Then (79) yields
n’s* 2 2 2
5 (I = )"+ aw —az) = pr[(w + p2)” = (p2)” — a2 (80)
Thus (77) becomes
1 ctiw 5
BRSP) = e O [ B e R (57 (81)
™ c—iw
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where G = —p1(p3 + a2). Now ¢ is the Mellin transform of

et = [T e(spyspytasy (52)
Using the transformation given by
Puw? 1 % n Stn)Q n\w—1 n
et m g [T sy w20 (83)
we get
n\p2 _ InsP \?2
£(SI) = £(ST, 1) = G () (84)

noy/2m(T —t)

The European power put option can therefore be expressed as

n 2
-G K SP P2 -1 In (%) 1
EP(S],t) = enov2r(T-1) K—v)| — ex — | ———Z= —dv
7’1( t ) 0 ( )('U > p 9 no_\/j—,—_t} } v

(85)

" 2
e K g P2 1 In (Tt) 1
EP(S],t) = enover(T=t K (—t> exp —_— —dv
0 v

2
-G K SZ’L P2 -1 In (T) 1
__pnoy/2x(T—1t) v e JE _ —d 86
‘ 0 U(”) R nm/T—t}}vv (86)
A =G ____ A~ . S
Let Q = enoV2r(T=(Qq) and Qy = —enov2(T-9 () denote the first and
second terms of (86), then we write (86) as

-G
Eg(SF,t) = Ql + QQ = enoV/2n(T—1) (Ql — Qg) (87)
where )
K qn P2 1 In (i_?) 1
0 = / K <—t> exp | — [ ——2L | | =dv (88)
0 v 2 \no T—t} } v
and
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denote the first and second integrals in (86) respectively. We use the following
transformations to evaluate the first and second integrals in (86) respectively:

1 Sp
A= ———(In{ L) —(pn®0?)(T — ¢ 90
= (%) - ety - ) (90
~ 1 Sy
AN = ———(In| =) - —1)n2e}(T —t 91
nam(n(v) (PQ )na( )) ( )
Solving further, the first term of (86) is obtained as
O = Ke r(T — t)N(don (S, K, T)) (92)
where . ,
(%) +n(r-2)@-1
d n SanvT = 93
2, ( t ) nam ( )
Similarly, the second term is evaluated as
QQ _ _e(r(nfl)Jr%n(nfl)a2 (Tft))SZlN(_dl’n(S;z’ K, T)) (94)
where . ,
111(%) +n<r+ (n—%)) (T —1t)
dy (S, K, T) = (95)
' noVT —t
We denote the distribution function for a normal variable by N (z)
N 1 ' _u_gd 96
) = — e” 2 du
Substituting (92) and (94) into (87), we have
EP(SP,t) = Ke r(T — t)N(d2,n(S7, K, T))
_e(T(nfl)+%TL(TL71)U2 (Tft))S;zN(_dLn(Szl’ K, T)) (97)

(97) is called the analytical pricing formula for European power put option with
non-dividend yield is given by with

dl,n(SZlv Ka T) = dlﬂ’b (98)

and
dg,n(S{L, K, T) == dg’n == dl,n — nov T—1t (99)

as given above.
Remark 3.3.1:
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e This result shows the Black-Scholes formula for the European power put
option is obtained using the convolution property of the Mellin transform.

e For n =1, (97) becomes analytical pricing formula “the so called Black-
Scholes model” for European put option given by

Ef(stl7t) = Ke—T(T_t)N(dQ,l(Stlu Ku T))_S?N(_dl,l(stla Ku T)) (100)

with )
1n(57t) + <r+"—22) (T —t)
di1(SH K, T) = N (101)
o/T —
and

#) (%)@

In
do1 (S} K, T) = ( (102)

3.4. The Mellin Transform Method for the Valuation of American
Power Put Option with Non-Dividend Yield

The key to determining the value of the American power option is to find the
critical underlying price of the asset, which specifies the conditions under which
the option should be exercised prior to maturity. The difference between Fu-
ropean and American power options is that an American power option can be
exercised by its holder at any time on or before the expiry date. This early
exercise feature makes the pricing of American power option mathematically
challenging and created great field of research throughout the last three decades.
The valuation of American power option can be seen under several mathemat-
ical aspects, leading to different but equivalent mathematical formulations of
the problem. In this paper we will make use of free boundary formulation for
the valuation of American power put option with non-dividend yield.

We extend the domain of the Black-Scholes partial differential equation by
setting the final time condition A" (S, ¢) = A" = (K —Sp)* for Sp < S}, where
the free boundary 5’? depends on the expiry time 7. The non-homogeneous
Black-Scholes equation for the price of American power put option with non-
dividend yield is given by

OAL(S],T) 1 OAT(S;,T)
P\~ 20 n_ TP\~
— 0 +n< o*(n 1)+T>St785?

L onsppZ B ST) i on 1y s (103)
2 T (s T e T e
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with
f(SH) =—rK, if 0< S <SP (104)

f(SM =0, if S >8P (105)
on (0,00) x [0,T"). The boundary conditions are given by

Jim AR(S ) = 0 on [0,7] (106)
Ap(SPE,T) = ¢(S]") = (K = Sp)" on [0, 7] (107)
A(0,1) = K on [0,T] (108)

According to Wilmott et al [18], arbitrage arguments show that the option’s
price must satisfy smooth pasting conditions at the free boundary Sj'. We have
the payoff for the American power put option as

An(SP ) = K — S (109)
Differentiating (109) with respect to S = SJ, we have

OA(SP,t)

~ =-1 110
5 (110)

The Mellin transform of the American power put option in (103) is obtained as

6/1” t 2 2 — It r

ot 2 n no?) n2q2
(111)
Setting ay = (1 — ”T_l + %) and ag = % Then (110) yields
DA (w, t 252 - _
p(@t) + ra (w2 +war — ag) Aj(w,t) = f(w,t) (112)

ot 2

From the definition of Mellin transform, the hand side of (111) is given by
3 & _ . —rK(Sn)w
flw,t) = /O F(S (S tdsy = —rE(S9)Y

Solving further, we have the particular solution of (112) as

T an\w
Py = / _TK(St ) e%ngag(wngalwfag)(yft)dy (113)
t

w
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The solution to the right hand side of (112) is called the complementary solution
which is obtained as

AZ(Wa t)comp.sol - C(W)eiénQUQ(MQJralwiaQ)t (114)
where
c(w) = d(w, t)ez™ 7’ WHarw—az)T
and

~ 0 vl
d(w, ) :/0 (K —Sp)t (s = %

The equation (114) above is the same as the Mellin transform of European
power put price given by (69). Hence the general solution to (112) is given by

B ~ Kwtl _1,.2.2(,,2 _ —
Ag(w,t) — AZ(W,t)comp.SOl —+ Psol = me sn-o (w*tarw—a2)(T—t)
T N
[T i snsmvatoeng, (115)
t w

Using Mellin inversion formula, (115) becomes

i 1
Aj(w,t) = 2i /Cﬂw ﬂe*%"QUg(W%alw*az)(T*t)(Stn)wdw
T Je—iw W(W + 1)
Lt CW(S”)_w / @ LW gno 2 aromc )00 gy s (116)
27Ti c—iw t t w

where (57',t) € {(0,00) x [0,T]},c € (0,00) and {w € C|0 < Re(w) < oo}. Let
Sp = S{"in (116) and using (109) and (110), we have the integral equation for
free boundary formulation

~ . ctiw T n w
K-8y = apspoep [ gy [ B et eni-tigya,
t

2mi
(117)
Remark 3.4.1: For n =1, (115) and (116) become the Mellin transform and
its inversion formula for the price of regular American put option with non-
dividend yield respectively. The following theorem presents a simple analytical
approximation for the critical underlying price of the asset S't" of American
power option.

c—iw
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Theorem 3.4.1 [7]: If the underlying price of the asset S;* pays no divi-
dends, the critical underlying price of the asset S} of an American power put
option can be determined approximately by solving the implicit equation below

Sn = (N (Vo) — 1)S7 0 (118)
N(d1 (5P, K, T))(az + 1)

where § = (30(1 + a2))?, as = -3 and d1.n(SP, K, T) is given by (95).

n2o2

4. Numerical Experiment

This section presents numerical experiment and discussion of results for the
valuation of American power put option for n = 1 with non-dividend yield
using Mellin transform method. For the European power put option the Mellin
transform approach is simple and straight forward.

4.1. Example

We consider the valuation of American power put option for n = 1 which pays
no dividend yield with the following parameters:

S =40, K = {35,40,45},T = {0.0833,0.3333,0.5833},r = 0.0488,0 = {0.2,0.4}

The values of the Mellin transform columns in the Tables below are obtained
from [15]. The results generated are shown in the Tables 1, 2, 3, 4, 5 and 6.

4.2. Discussion of Results

We compare the performance of the Mellin transform method for the valuation
of American put option which pays no dividend yield with other numerical
methods namely binomial model [3] with 500 time steps and Crank Nicolson
finite difference method [2] with S),4, = 100, 500 spatial and time grids against
Black-Scholes model. Tables 1, 2, 3, 4, 5 and 6 show the variation of the price of
the American put option via Mellin transform method, binomial model, Crank
Nicolson finite difference method and Black-Scholes analytical pricing formula
with the volatility o = {0.2,0.4}, maturity time 7' = {0.0833,0.3333,0.5833}
and exercise price K = {35,40,45} and the fixed parameters S = 40, = 0.0488
and ¢ = 2. The results generated in the Tables below demonstrate that the
Mellin transform method is mutually consistent, perform very well, accurate
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and agree with the values of Black-Scholes model (BSM) [1], Crank Nicolson
finite difference method [2] and binomial model. It can be seen from the Tables
below that the higher the volatility, the higher the price of American put option.
Also the longer the time to expiration, the longer the time the asset price has
to move until it is in the money. Hence the Mellin transform method [15]
is accurate, easy to implement and is a better alternative technique to other
approaches like the Crank Nicolson finite difference method [2] and binomial
model [3] for the valuation of American put option on a non-dividend yield.

5. Conclusion

In this paper, we have considered the Mellin transform method for the valu-
ation of some vanilla power options. We have established a formula for the
valuation of European power put option using the Mellin transform method on
a non-dividend yield consisting of single integral. We also generalize the results
of Panini R. and Srivastav R.P. [14] to derive the valuation formula for the price
and free boundary of American power put option with non-dividend yield. We
also show how to derive the Black-Scholes valuation formula for European power
put option. To provide a sufficient numerical analysis, we have compared the
results generated by the Mellin transform method for the valuation of Amer-
ican power put option for n = 1 to two other numerical methods the Crank
Nicolson finite difference method [2] and binomial model [3] in the context of
Black-Scholes model [1]. The numerical experiment has shown that the Mellin
transform method is accurate, flexible, efficient and produces accurate prices
for the critical stock price for a wide range of parameter combinations. The
Mellin transform method is also a powerful technique for the valuation of more
complex vanilla options and some path dependent options and can be extended
to jump diffusion processes, stochastic volatility and other stochastic processes
but modification is required on the Mellin transform method for the valuation
of call options [8].
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Appendix: Table of Results

The comparative results analysis are shown in the Tables below:

Table 1: The Price of American Put Option using ¢ = 0.2,r =
0.0488,5 =40
K T BSM Mellin T. Binomial M. Crank N. Method
35 0.0833 0.0062 0.0065 0.0062 0.0062
40 0.0833 0.8403 0.8516 0.8526 0.8394
45 0.0833 4.8399 5.0305 5.0000 4.8400
Table 2: The Price of American Put Option using ¢ = 0.2,r =
0.0488,5 = 40
K T BSM Mellin T. Binomial M. Crank N. Method
35 0.3333 0.1960 0.2014 0.2002 0.1958
40 0.3333  1.5221 1.5792 1.5799 1.5216
45 0.3333 4.7804 5.0846 5.0886 4.7802
Table 3: The Price of American Put Option using ¢ = 0.2,r =
0.0488,5 =40
K T BSM Mellin T. Binomial M. Crank N. Method
35 0.5833 0.4170 0.4346 0.4330 0.4168
40 0.5833 1.8812 1.9904 1.9908 1.8809
45 0.5833 4.8400 5.2638 5.2670 4.8399
Table 4: The Price of American Put Option using ¢ = 0.4,r =
0.0488,5 =40
K T BSM. Mellin T. Binomial M. Crank N. Method
35 0.0833 0.2456 0.2468 0.2467 0.2455
40 0.0833 1.7575 1.7681 1.7689 1.7571
45 0.0833 5.2360 5.2860 5.2871 5.2358
Table 5: The Price of American Put Option using ¢ = 0.4,r =

0.0488, S = 40
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K T BSM Mellin T. Binomial M. Crank N. Method
35 0.3333 1.3287 1.3470 1.3458 1.3295
40 0.3333 3.3336 3.3879 3.3889 3.3334
45 0.3333 6.3767 6.5095 6.5112 6.3765
Table 6: The Price of American Put Option using ¢ = 0.4,r =
0.0488,5 =40
K T BSM Mellin T. Binomial M. Crank N. Method
35 0.5833 2.1127 2.1568 2.1555 2.1126
40 0.5833 4.2473 4.3543 4.3545 4.2472
45 0.5833 7.1654 7.3840 7.3830 7.1653




