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Abstract: Let o/(G) and /(G) be the matching and edge covering number
, respectively. The strong product Gy XG5 of graph of G; and G2 has vertex set
V(G1XG2) = V(G1)xV(Ge) and edge set E(G1XG2) = {(u1,v1)(ug, vo)|[uiug €
E(Gy) and v1v9 € E(G2)] or [u; = ug and vivy € E(G2)] or [ujug € E(G1) and
v1 = vo|}. In this paper, we determined generalization of matching number and
edge covering number on strong product of complete bipartite graphs and any
simple graph.
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1. Introduction

In this paper, graphs must be simple graphs. Let G; and Gy be graphs. The
strong product of graph G1 and G, denote by G X G, is the graph with
V(GlgGg) = V(Gl)XV(Gg) and E(Gﬂng) = {(ul,vl)(UQ,v2)|[u1u2 € E(Gl)
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and vivy € E(G2)] or [up = ug and vve € E(G2)] or [ujus € E(G;p) and
v] = va]}. There are some properties about strong product of graph. We recall
these here.

Proposition 1. Let H =G, X Gy = (V(H), E(H)) then:

(0) [V(H)| = [V(G[IV(G2)l;

(i) [E(H)| = 2|E(G)||E(G2)[ + [V(GI|E(G2)| + [V (G2) || E(G1)l;

(7i1) for every (u,v) € V(H),dg((u,v)) = dg, (u)dg, (v) + dg, (v) + dg, (v).

Theorem 2. Let G and G2 be connected g graphs, The graph H =
G1 W Gy is connected if and only if Gy or Go contains an odd cycle.

Next we get that general form of graph of strong product of K,,, and a
simple graph.

Proposition 3. Let G be a connected graph with order p, V/(G) = {v;/j =
1,2,...,p} and V(K ) = {u;/i =1,2,...,m + n}, the graph of

m m+n P m+n
Kmm&Gg UHiU U R; U USJ‘;HZ‘: U H;j,
i=1 i=1 j=1 j=m+1
where
V(HZ]) :WZ‘UW]‘, W, = {(ui,vl),(ui,vg),...,(ui,vp)}, 1<
and

E(H;j) = {(us,v)(uj,w)/vw € E(G)},
V(R;) = W; and E(R;) = {(ui,v)(u;,w)/vw € E(G)},

V(S]) = {(Ulgvj)a (u27vj)7 e (um-l-navj)}

and
E(S;) = {(u,vj)(w,vj)/uw € E(Kmn)}-

Moreover, if G' has no odd cycle then each H;; has exactly two connected
components isomorphic to G.

Example

Next, we give the definitions about some graph parameters. A subset of the
edge set E of (G is said to be matching or an independent edge set of G, if no
two distinct edges in M have a common vertex. A matching M is maximum
matching in G if there is no matching M’ of G with |[M’| > |M|. The cardinality
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Figure 1: The graph of K3 X G

of maximum matching of G is called the matching number of G, denoted by
o (Q).

An edge of graph G is said to cover the two vertices incident with it, and
an edge cover of a graph G is a set of edges covering all the vertices of G. The
minimum cardinality of an edge cover of a graph G is called the edge covering
number of G, denoted by f'(G).

By definitions of edge covering number and matching number , clearly that
o (K, ) = min{m,n} and f'(K, ) = max{m,n}.

2. Matching Number of the Graph of K, , X G

We begin this section by giving the lemma 4 show character of maximum match-
ing for each H;j;, R; and §j.

m m—+n p m+n
Lemma 4. Let K,,,XG = U H; U U R; U U Sy, H;= U H;.
i=1 i=1 j=1 j=m+1

Then o/ (H;j) = 2d/(R;) = 2¢/(G) and &/(S;) = min{m, n}.

Proof. Suppose G has no odd cycle, by proposition 3, we have thatH;;
contains 2 components isomorphic to G. Therefore H;j=2G. So o/(H;;) =
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2d/(G).

If G has odd cycle, then we have dp;; ((ui,v)) = dp;; (uj,v)) = da(v)) for
(ui,v) € W; and (uj,v) € W, i<j.

In the rest of the proof we will consider H;;. We first note that by definition
of tensor product of H;j, that for all v,z € G, (u;,v) and (u;, ) are not joined
by an edge, and that because the vertices u;,u; are always joined by an edge,
two vertices (u;,v), (uj,w) € H;; are joined by an edge if and only if the two
vertices are joined by an edge.

We now prove that o/ (H;;) = 20/(G).

(1) We first prove that if two vertices v,w are matched in G, then the
two vertices (u;,v), (uj,w) can also be matched in H;; and the two vertices
(ui,w), (uj,v) can also be matched in H;; . As stated above, for all vertices
v,w € G, edges (u;,v), (u;,w) and (uj,v), (uj,w) cannot exist. However, if v, w
are matched vertices in G, then the pair (u;,v), (uj,w) can be matched in H;;
and the pair (uj,v), (u;,w) can also be matched in H;; because edge vw exists
in G. Therefore, the result follows.

(2) We next prove that if v,w € G cannot be matched in G, then the pair
(ui,v), (uj, w) cannot be matched in H;; and the pair (u;,v), (u;,w) cannot be
matched in H;;. The reason is that v,w € G cannot be matched only if the
edge vw does not exist and therefore an edge does not exist between vertices
(ui,v), (uj, w) € H;; and between vertices (u;,v), (u;, w) € H;j. Therefore two
vertices matched in G correspond to two possible matchings in and if two ver-
tices cannot be matched in G then no vertices in the tensor product containing
these two vertices can be matched.

Hence a matched set in G will correspond to two matched sets in H;; and
therefore o/ (H;;) = 2d/(R;) = 2¢/(G) [since R; = G |. From S; = K, ,,, we get
(S;) = o/ (Km,n) = min{m,n}. O

Definition 5. Given a matching M, an M-alternating path is a path that
alternates between edges in M and edges not in M. An M-alternating path
whose endpoints are unsaturated by M is an M-augmenting path.

Theorem 6. A matching M in a graph G is a maximum matching in G
if and only if G has no M-augmenting path.

Next, we establish theorem 5 for a matching number of K, , X G.
Theorem 7. Let G be a connected graph with order p, then
pm, m=nmn
al(Kmm XG) =< pn+ (m—n)d(G)

, m>n
pm+ (n—m)d' (G), m<n
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Proof. Let V(Kpn) = {wi/i = 1,2,...,m + n} and V(G) = {v;/j =
1,2,..,p}. Since o/(K,,,,) = min{m,n}. Let o/(G) = k, assume that the
maximum matching of K, ,,G be

M — {u1Um 41, U2Um 42, ooy U U, } Where m < n
- ’
{u1 U1, U2Um 42, ooy UnUmyn }  Where m >n

My = {vjvj41/5 = 1,3, ..., 2k — 1} respectively.

Case 1. m = n. We haveM; is a maximum matching in K,,,. Let
St = {(u,vj)(w,vj)|luw € My };5 =1,2,...,p. Therefore a maximum matching

P
in Kp,n XG is U S5
j=1

P
Hence o (K K G) = | U S| = pm where m = n.

j=1
P n—I1
Case 2. m > n. We have the matching U S;. But U R4 is not
j=1 i=1
matched yet. Let Ry ;= {(Um+i,v)(Umyi, w)|vw € Ma};i=1,2,..,n —1. So
P n—1
we get U STu U Ry, . ; is matching in K, , X G).
j=1 i=1
p n—1
So o (K ®G) > | USJ*|+| U Ry il =pn+ (m —n)a (G).
j=1 i=1
Suppose that o (K, 8 G) > pn 4+ (m — n)a’ (G), then there exist an
p n—1
augmenting path for U S;U U Ry, ;. That is not true because each edges in
j=1 i=1
P n—1
Kyn WG incident with edge in U STu U Ry ..
j=1 i=1

Hence o (K., ¥ G) = pn + (m —n)a’ (G) where m > n.

P
Case 3. m < n. In the same as case 2, we have o' (K, , XG) = | U S5+
j=1

n—m
‘ U RS il = pm+ (n — ’m)O/(G) where m < n. 0
i=1
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(u.v1) (u1.v2) (:Ve@)  (u,vp1) (11.v)
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Figure 2: The case of m =n

3. Edge Covering Number of the Graph ofK,, , X G

We begin this section by by giving the lemma 8 that shows a relation of matching
number and edge covering number.

Lemma 8. Let G be a simple graph with order n. Then /(G)+d/(G) =n
Next we establish theorem 9 for a edge covering number of K, , X G.
Theorem 9. Let G be a connected graph with order p, then
pm, m=mn
B (Ema®G) = pn+ (m—n)f'(G), m>n
pm+ (n—m)B (G), m<n

Proof. By theorem 7 and lemma 8, we can also show that o/ (K,,, K G) +
/Bl(Km,n X G) = (m + n)p'
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Figure 3: The case of m >n

Case 1. m = n.

ﬁ/(Kmm X G) =2mp —pm

Hence 8 (K, ¥ G) = mp, where m = n.

Case 2. m > n.

’

B (K BG) = (m+n)p—pn+ (n —m)a (G)

=mp+ (n—m)(p—5(Q))

365
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=n(p - B(G)) +mp (G)
= np+ (m —n)B(G)
Hence ' (K 8 G) = np + (m —n)B (G), where m > n.
Case 3. m < n.
B (KmnRG) = (m+n)p—pm+ (m—n)a (G)

=np+ (m—n)(p - (G))
=m(p—§'(G)) +nb (G)

=mp + (n —m)B (G)

Hence ' (K., M G) = mp + (n —m)B (G), where m < n. O
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