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Abstract: The model of a non-dissipative qubit (taken as a single 2-level
atom) coupled to a short resonant laser pulse of sin2-shape is investigated
through the transient fluorescent spectrum. Exact analytical operator solu-
tions for the model Heisenberg equations are utilised to calculate the spectrum
in terms of Bessel functions. Asymmetry and ringing in the 3-peak spectrum
with strong Rabi frequency are pronounced with initial atomic coherent state
as compared with the ground state case. This is due to interference of the
sequential-pulse structure of the sin2-pulse with the initial dispersive coher-
ence. For moderate Rabi frequency, ringing disappears with ’ hole burning’ dip
shown in the dominant central Lorentzian peak.
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1. Introduction

The subject of investigating the nature of the emitted radiation due to the in-
teraction of an atomic system with laser field is known as resonance fluorescence
(RF). The simplest model is the dissipative single 2-level atom interacting with
an idealised mono-chromatic laser field [1]. In the case of strong laser field,
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the emitted (fluorescent) spectrum shows a triplet Lorentzian structure (Stark
triplet) cantered at frequencies: ωl, ωl±Ω with ωl is the laser circular frequency,
Ω is the Rabi frequency associated with the laser field strength, which has been
confirmed experimentally by many researchers [2]-[4]. On the other hand and
of equal interest is the investigation of non-dissipative atomic systems driven
by short laser pulses of various shapes [5, 6]. In addition to its fundamental
interest, pulsed lasers are used to manipulate radiation processes in matter-
radiation interaction, to achieve atomic coherent state, which is essential in
quantum computation and quantum information processing [7, 8]. Also, im-
portant application of short laser pulses exciting non-dissipative atomic system
are: the generation of small-sized materials [9] , producing of ultra fast spec-
troscopic devices [10] and atomic coherent population transfer [11]-[13]

Different shapes of pulsed lasers (rectangular, hyperbolic-secant, Gaussian,
triangular, exponential, etc.) have been theoretically examined in the litera-
ture, e.g. [5,14-22]. The aim of the present paper is to calculate analytically
the transient fluorescent spectrum of a qubit (taken as a non-dissipative 2-level
atom) and driven by a resonant sin2-laser pulse and computationally present
the results and its physical interpretation for various system preparations. The
sin2-laser pulse is composed of n-sequential pulses over the period [0, nπ];n ≥ 1
and each pulse of duration π.
The paper is presented as follows. In Sec.2, we present the model Hamiltonian
and the explicit exact operator solutions for the atomic variables in the case of
exciting resonant laser pulse of sin2-shape. The dynamics of the mean atomic
inversion and polarisation are investigated for initial ground and atomic coher-
ent states. In Sec.3, we calculate the transient spectrum for both initial ground
and atomic coherent states with computational investigations. A summary is
given in Sec.4.

2. Heisenberg Equations and Solutions

The total Hamiltonian operator modelling the interaction of a single two-level
atom of excited and ground states |e〉 and |g〉, respectively, with a transition
frequency ωo and laser pulse of circular (envelope) frequency ωl within electric
dipole and rotating wave approximations (in units of ~ = 1, where ~ is Planck’s
constant) has the form (cf. [19])

Ĥ = ωoŜz(t) +
Ω(t)

2
(e−iωltŜ+(t) + h.c.). (1)
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Here the real parameter Ω(t) = Ωf(t), Ω is the associated laser Rabi frequency,
the dimensionless parameter f(t) represents the pulse shape and h.c. stands
for hermitian conjugate. In the case of sin2- laser pulse we have,

f(t) = sin2(nωot); n = 1, 2, .. (2)

where (nωo) is the beating frequency, clearly, the pulse-shape in (2) represents
n-sequential pulses, each of time duration (π) over the interval [0, nπ]-(see Fig.1,
for the case of n = 5).

Fig.1: Plot of f(τ) = sin2(nτ) against normalised time τ = ωot for
n = 5

The spin-12 atomic operators in (1), Ŝ+, Ŝ− = (Ŝ+)
† and Ŝz obey the com-

mutation relations

[

Ŝ±, Ŝz

]

= ∓Ŝ±,
[

Ŝ+, Ŝ−

]

= 2Ŝz, (3a)

with further algebraic properties,

Ŝ2
± = 0, Ŝ2

z =
1

4
. (3b)

In the resonance case (ωl = ωo) and upon introducing the rotating operators,
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σ̂±(t) = Ŝ±(t)e
±iωot (4a)

and denote,
σ̂z(t) ≡ Ŝz(t) (4b)

with σ̂±,z(t) obey the same form of commutation and algebraic relations in
(3) and according to the Hamiltonian, Eq.(1), Heisenberg equations for the
operators σ̂±,z(t) are of the form,

σ̂·
+ = −iΩ(t)σ̂z

= (σ̂·
−)

†

σ̂·
z = −i

Ω(t)

2
(σ̂+ − σ̂−) (5)

The exact operator solutions of (5) for arbitrary pulse shape are given by [19],

σ̂+(t) = C+(t)σ̂+(0) + C−(t)σ̂−(0) + Cz(t)σ̂z(0) = (σ̂−(t))
†

σ̂z(t) = σ̂z(0) cos ω(t)−
i

2
(σ̂+(0) − σ̂−(0)) sinω(t) (6)

where, the c-number functions C±,z(t) are given by,

C±(t) =
1

2
(1± cos ω(t)),

Cz(t) = −isin ω(t) (7)

with,

ω(t) = Ω

t
∫

0

f(t′)dt′.

In the case of sin2-laser pulse, (2), the time dependent normalised parameter
ω(t) → ωn(t) and its is given by,

ωn(t) =
Ω

2

(

t−
1

2nωo

sin(2nωot)

)

(8a)

or,

ωn(τ) =
Ω′

2

(

τ −
1

2n
sin(2nτ)

)

(8b)

where the last form (8b) is written in terms of normalised parameters (τ =
ωot andΩ

′ = Ω
ωo
).

We now consider the following cases of initial atomic states:
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(i) Initial ground state |g〉
In this case the mean atomic variables at t = 0 are given by,

〈σ̂±(0)〉g = 0, 〈σ̂z(0)〉g = −
1

2
(9)

and hence the time-dependent atomic average of (6) simply gives,

〈σ̂+(τ)〉g =
1

2
i sin(ωn(τ)),

〈σ̂z(τ)〉g = −
1

2
cos(ωn(τ)). (10)

As expected with initial ground state, the dispersive component of the
atomic polarisation, Re(〈σ̂+(τ)〉g) = 0 at exact resonance, while the ab-
sorptive component Im(〈σ̂+(τ)〉g) 6= 0. For Ω′ = 10−3, n = 1 the transient
behaviour of the mean absorptive polarisation component Im〈σ̂+(τ)〉g
and atomic inversion 〈σ̂z(τ)〉g are shown in Fig.(2a,b), respectively.
It is clear that since the argument ωn(t), (8b), of the sinsoidal functions

in (10) is not linear in (t) due to the beating frequency term, sin(2nτ)
2n , the

periodic sine and cosine patterns are shown for large interval of τ . The ef-
fect of the beating frequency is shown in the zooming insets in Fig.(2a,b)
as very weak oscillations in the main envelopes of the sine and cosine
functions. For n ≫ 1, the beating frequency term tends to vanish, and
hence the main periodic patterns occur over much shorter time interval τ
and have no (beating) oscillations as in the zooming insets.

(ii) Initial atomic coherent state |θ, φ〉
In this case the atom initially in the state,

|θ, φ〉 = cos(
θ

2
)|g〉 + sin(

θ

2
)e−iφ|e〉 (11)

with θ ∈ [0, π] and φ ∈ [0, 2π] are the excitation and phase parameters
(cf.[23, 24]). In this case [19],

〈σ̂±(0)〉θ,φ =
1

2
sin(θ)ei±φ

〈σ̂z(0)〉θ,φ = −
1

2
cos(θ) (12)

and hence the time-dependent atomic averages of (6) have the forms,

〈σ̂+(τ)〉θ,φ =
1

2
sin θ cosφ+

i

2
(cos θ sin(ωn(τ)) + sin θ sinφ cos(ωn(τ)))
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〈σ̂z(τ)〉θ,φ = −
1

2
cos θ cos(ωn(τ)) +

1

2
sin θ sinφ sin(ωn(τ)). (13)

Note, in this case the time-independent dispersive atomic polarisation
component is non-zero, Re〈σ+(τ)〉θ,φ = 1

2 sin θ cosφ, due to the non-zero
initial dispersion,
0 < θ < π. The effect of the initial coherent state parameters (θ, φ), as
compared with the initial ground state (θ = 0) is shown in Fig.(2a,b)
where we notice that same periodic behaviour but with lesser (larger)
maximum (minimum) values.

Fig.2a: Plot of Im〈σ̂+(τ)〉 for both cases of initial ground state (full
lines) and initial coherent state (θ = π

3 , φ = 0) (dotted lines) with,
n = 1,Ω′ = 0.01. Inset shows the zooming of the beating frequency in
the interval [0, 5π]

3. The Transient Spectrum

The formula for the transient spectrum is given by [25],
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Fig.2b: As Fig.2a but for the atomic inversion 〈σ̂z(τ)〉.
,

S(t,D,Γ) = 2Γ

t
∫

0

dt1

t
∫

0

dt2e
(−Γ+iωf )(t−t1)

× e(−Γ−iωf )(t−t2)〈Ŝ+(t1)Ŝ−(t2)〉 (14)

where, 〈Ŝ+(t1)Ŝ−(t2)〉 is the auto-correlation function for the atomic dipole
operators, ωf and Γ are the frequency and width of the detector’s filter, respec-
tively. The auto-correlation function for arbitrary initial atomic state is given
by [19]

〈Ŝ+(t1)Ŝ−(t2)〉 = eiωl(t1−t2)〈σ̂+(t1)σ̂−(t2)〉

= eiωl(t1−t2)〈[C+(t1)σ̂+(0) + C−(t1)σ̂−(0) + Cz(t1)σ̂z(0)]

×
[

C∗
+(t2)σ̂−(0) + C∗

−(t2)σ̂+(0) + C∗
z (t2)σ̂z(0)

]

〉 (15)

We consider the following two cases of initial atomic state.
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3.1. Initial Ground State

If the atom is initially in the ground state |g〉 then the use of (9) into (15) gives,

〈Ŝ+(t1)Ŝ−(t2)〉g = eiωl(t1−t2)

(

A−(t1)A
∗
−(t2) +

1

4
Az(t1)A

∗
z(t2)

)

(16)

Using (16) into (14), we get,

Sg(t,D,Γ) = 2Γe−2Γt

t
∫

0

dt1

t
∫

0

dt2e
(−Γ+iD)t2+(−Γ−iD)t1

×

(

C−(t1)C
∗
−(t2) +

1

4
Cz(t1)C

∗
z (t2)

)

= 2Γe−2Γt
(

| I1(t)|
2+ | I2(t)|

2
)

(17)

whereD = ωf−ωo is the detector’s detuning parameters and the expressions
I1,2(t) are given as follows,

I1(t) =

∫ t

0
e(Γ+iD)t1C−(t1)dt1

=
1

2

∫ t

0
e(Γ+iD)t1(1− cos ω(t1))dt1

=
e(Γ+iD)t − 1

2(Γ + iD)
−

1

4
(Ak(Ω) +Ak(Ω → −Ω)), (18a)

I2(t) =
1

2

∫ t

0
e(Γ+iD)t1Cz(t1)dt1

= −
i

2

∫ t

0
e(Γ+iD)t1sin ω(t1)dt1

= −
1

4
(Fk(Ω) + Fk(Ω → −Ω)) (18b)

with,

Ak(Ω) =

∞
∑

k=0

Jk(
Ω

4nωo

)

(

e(Γ+i(D+Ω

2
−2knωo))t − 1

(Γ + i(D + Ω
2 − 2knωo))

+
e(Γ+i(D−Ω

2
+2knωo))t − 1

(Γ + i(D − Ω
2 + 2knωo))

)

(19a)

Fk(Ω) =

∞
∑

k=0

Jk(
Ω

4nωo

)

(

e(Γ+i(D+Ω

2
−2knωo))t − 1

(Γ + i(D + Ω
2 − 2knωo))

−
e(Γ+i(D−Ω

2
+2knωo))t − 1

(Γ + i(D − Ω
2 + 2knωo))

)

(19b)
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and Jk(
Ω

4nωo
) is the Bessel function of order (k).

In general the expressions for the spectrum, (17)-(19) is composed of the Mollow
triplet [1] with terms for k = 0, while the terms for (k, n) 6= 0 contain the whole
harmonics of the spectrum due to the n-sequential laser pulses, with oscillatory
weights associated with Bessel functions Jk(

Ω
4nωo

) of order k and argument
dependent on the pulse strength (Ω) and pulse number (n).

The scaled spectrum Sg(D
′) =

Sg(t,D
′,Γ)

max(Sg(t,D′,Γ))
is plotted in Fig.3 against

D′ = D
Γ for fixed width Γ′ = Γ

ωo
= 0.05 and n = 1. For fixed τ = 10π (so,

10 exciting pulses each of π-duration over the period [0, 10π]) and increasing
pulse strength Ω′′, (Ω′′ = Ω

Γ ) (Fig.3a) the spectrum has a single Lorentzian
peak surrounded by weak oscillations for weak Ω′′ = 0.5 which develops with
stronger Ω′′ = 50 to three-Lorentzian peak structure with inter-ringing (chain
of oscillations) due to the multi-pulse excitation.
For fixed pulse strength Ω′′ = 10 and increasing time detection τ (Fig.3b),
the spectrum develops from a broad central Lorentzian with surrounded weak
oscillations to a splitting in the central Lorentzian (hole burning) with relatively
pronounced oscillations and eventually to a narrowed Lorentzian with larger
τ = 5π with vanishing oscillations. This shows that the 3-peak structure with
oscillations occur with much larger values of Ω′′ = 50, τ = 10π (i.e. larger
number of pulses), while the hole burning structure with pronounced oscillations
occur with strong Ω′′ = 10 but washes away with increasing time τ = 5π. For
lesser Ω′′ = 5 the same occurs, but with hole burning dip structure washes away
with larger τ > 5π.

3.2. Initial Coherent State

If the atom starts in the coherent state |θ, φ〉, (11), then the use of the initial
mean values in (12) into (15) then gives [19],

〈Ŝ+(t1)Ŝ−(t2)〉 = eiωl(t1−t2)

[cos2
θ

2
C−(t1)C

∗
−(t2) + sin2

θ

2
C+(t1)C

∗
+(t2)

+
1

4
Cz(t1)C

∗
z (t2) +

1

4
C−(t1)C

∗
z (t2)−

1

4
Cz(t1)C

∗
+(t2)

× sin θeiφ −
1

4
C+(t1)C

∗
z (t2)−

1

4
Cz(t1)C

∗
−(t2)

× sin θeiφ]. (20)
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Fig.3(a): The spectrum Sg(D
′) against the normalised detector’s de-

tuning parameter D′ for τ = 10π, n = 1,Γ′ = 0.05 and increas-
ing pulse strength Ω′′. The curves A[S](Ω′′ = 0.5), B[S + 1](Ω′′ =
20), C[S + 2](Ω′′ = 30), D[S + 3](Ω′′ = 40) and E[S + 4](Ω′′ = 50)

Using (20) into (14) we finally get,

S(t,D,Γ)θ,φ = 2Γe−2Γt[| I1(t)|
2cos2(

θ

2
)+ | I2(t)|

2+ | I3(t)|
2sin2(

θ

2
)

−
1

2
Re(I3(t)I4(t) sin θe

iφ) +
1

2
Re(I1(t)I4(t) sin θe

−iφ)] (21)

where,

I3(t) =

∫ t

0
e(Γ+iD)t1C+(t1)dt1

=
1

2

∫ t

0
e(Γ+iD)t1(1 + cos ω(t1))dt1

=
e(Γ+iD)t − 1

2(Γ + iD)
+

1

4
(Ak(Ω) +Ak(Ω → −Ω)), (22a)

I4(t) =

∫ t

0
e(Γ+iD)t1C∗

z (t1)dt1



TRANSIENT SPECTRUM OF... 203

Fig.3(b): As Fig.3a but for Ω′′ = 10 and increasing detection time τ .
The curves A[S](τ = π), B[S + 1](τ = 2π), C[S + 2](τ = 3π), D[S +
3](τ = 4π) and E[S + 4](τ = 5π).

= i

∫ t

0
e(Γ+iD)t1sin ω(t1)dt1

= −2I2(t). (22b)

The form Sθ,φ(t,D,Γ) in (21) compared the initial ground state case, Sg(t,D,Γ)
in (17), has essentially two additional terms: the 3rd term in |I3(t)|

2 is propor-
tional to the spectrum of the excited state and the last term represents an inter-
ference between amplitude spectra of atomic inversion and atomic polarisation
in the presence of the initial dipole component 〈σ̂±(0)〉 =

1
2 sin θe

i±φ, 0 < θ < π

[19].

The plot of the scaled spectrum Sθ,φ(D
′) =

Sθ,φ(t,D
′,Γ)

maxSθ,φ(t,D′,Γ)
is presented in

Fig.4a for fixed strong Ω′′ = 40 and (θ = π
3 , φ = 0). The spectrum has a pro-

nounced asymmetry: It has a single broad peak at small τ = π (single pulse)
with tendency of splittings and then develops to a clear 3-peak structure with
(weak) ringing phenomena due to the interference of the multiple pulse with
strong Rabi oscillations for larger τ = 5π(five pulses). So the ringing is en-
hanced with the non-zero initial atomic dipoles 〈σ±(0)〉 =

1
2 sin θe

±iφ, 0 < θ <
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π. This is qualitatively similar to the rectangular pulse case [19].
The increase of the detection time τ = 10π → 50π has different effects on

the spectrum Sθ,φ(D
′), depending on the coherent parameters and the pulse

strength Ω′′. In Fig.(4b), for Ω′′ = 5 and (θ = π
4 , φ = π) the broad Lorentzian

at τ = 10π has tendency to split to 3-peaks at its peak, but eventually shows
a hole burning dip structure with larger τ = 50π with no oscillations. For
different Ω′′ = 10 and (θ = φ = π

4 ), Fig.4c, the splitted Lorentzian at its peak
develops to 3-peak structure with no oscillations.

Fig.4(a): The spectrum Sθ,φ(D
′) for n = 1,Γ′ = 0.05,Ω′′ = 40 and

(θ = π
3 , φ = 0) and inceasing τ . The curves A[S](τ = π), B[S + 1](τ =

2π), C[S + 2](τ = 3π), D[S + 3](τ = 4π) and E[S + 4](τ = 5π).

4. Summary

The model of a pulsed-driven 2-level atom is investigated in case of a resonant
sin2-pulse shape and in the absence of any dissipative processes. The explicit
exact solution for the atomic variables are used to calculate the transient scat-
tered spectrum for arbitrary system parameters. The main results are:

(i) The mean atomic polarisation and inversion have their sinusoidal periodic



TRANSIENT SPECTRUM OF... 205

Fig.4(b): As Fig.4a but with Ω′′ = 5, θ = π
4 , φ = π and increasing

detection time τ . The curves A[S](τ = 10π), B[S+1](τ = 20π), C[S+
2](τ = 30π), D[S + 3](τ = 40π) and E[S + 4](τ = 50π).

envelope with beating frequency due to the multiple-sequntial pulses at
the sin2-pulse.

(ii) For strong pulse strength (Rabi frequency) the main 3-Lorentzian struc-
ture of the transient spectrum exhibits pronounced asymmetry with ring-
ing (chain of oscillations) due to initial atomic coherence.

The ringing is essentially due to the interference of the many sequential-pulse
with the non-zero initial dispersive atomic coherent dipole component. For
relatively smaller pulse strength, the main Lorentzian peak shows ’hole burning’
effect (i.e. reduction of emitted resonant radiation) with no ringing effect.
Finally, we may add that detection of such weak ’ringing’ radiation, which is
desirable in signal information processing [26, 27], is possible in the light of
experimental detection of ultra weak signals [28] and fields [29].
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Fig.4(c): As Fig.4a but with Ω′′ = 5, θ = φ = π
4 and increasing

detection time τ . The curves A[S](τ = 10π), B[S+1](τ = 20π), C[S+
2](τ = 30π), D[S + 3](τ = 40π) and E[S + 4](τ = 50π).
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