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Abstract: In this paper, We develop the Leapfrog method for solving hybrid
fuzzy differential equations (HFDE) based on the generalized concept of higher-
order fuzzy differentiability [19]. The obtain discrete solutions were compared
with another method taken from the literature [19]. The new method has a
lower computational cost which effects the time consumption. We assume that
the fuzzy function and its derivative are Hukuhara differentiable. The numerical
example was given to illustrate the efficiency of the method.
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1. Introduction

A hybrid system is a dynamic system that exhibits both continuous and dis-
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crete dynamic behavior - a system that can both flow (described by a differen-
tial equation) and jump (described by a difference equation or control graph).
Often, the term ”hybrid dynamic system” is used, to distinguish over hybrid
systems such as those that combine neural nets and fuzzy logic, or electrical
and mechanical drive lines. A hybrid system has the benefit of encompassing
a larger class of systems within its structure, allowing for more flexibility in
modeling dynamic phenomena.

In general, the state of a hybrid system is defined by the values of the
continuous variables and a discrete control mode. The state changes either
continuously, according to a flow condition, or discretely according to a control
graph. Continuous flow is permitted as long as so-called invariants hold, while
discrete transitions can occur as soon as given jump conditions are satisfied.
Discrete transition may be associated with events.

Fuzzy differential equations serve as mathematical models for many excit-
ing real-world problems, not only in science and technology but also in such
diverse fields as bio dynamics models [7], population models [8], and modelling
hydraulic [2]. Initially, the derivative of fuzzy-valued functions was first intro-
duced by Chang and Zadeh [3]. It was followed by Dubois and Prade [4], who
used the extension principle in their approach. Other methods have been dis-
cussed by Puri and Ralescu [15, 16]; they generalized and extended the concept
of Hukuhara differentiability (-derivative) from set-valued mappings to the class
of fuzzy mappings. Subsequently, using -derivative, Kaleva [9, 10] and Seikkala
[22] developed the theory of fuzzy differential equations. In the last few years,
many researchers have worked on theoretical and numerical solution of FDEs
[13, 14], specially some authors considered the second-order fuzzy differential
equations [1, 5, 20].

Recently Sekar and his team of researchers analyzed second order linear
system with singular-A, Second-order linear singular systems, first order lin-
ear fuzzy differential equations and first order linear singular systems using
Leapfrog method [11, 12, 18, 21]. The objective of this article is to use the
Leapfrog method to solve hybrid fuzzy differential equations (discussed by Sekar
et al. [19],). Also Leapfrog method is introduced for the hybrid fuzzy differ-
ential equations. As compared to [19], our method is simpler and consumes
less computer time. The paper is organized as follows: in Section 2 and 3 are
devoted to the preliminaries and basic concepts of hybrid fuzzy differential equa-
tions. Section 3 we describe the Leapfrog method required for our subsequent
development. In Section 4 general formation of the hybrid fuzzy differential
equations presented and in Section 5 we apply the proposed numerical method
to the hybrid fuzzy differential equations and report our numerical finding and
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demonstrate the accuracy of the proposed method.

2. Preliminaries

Denote by E1 the set of all functions u : R → [0, 1] such that (i) u is normal,
that is, there exist an x0 ∈ R such that u(x0) = 1, (ii) u is a fuzzy convex, that
is, for x, y ∈ R and 0 ≤ λ ≤ 1, u(λx+(1λ)y) ≥ min{u(x), u(y)}, (iii) u is upper
semicontinuous, and (iv) [u]0 ≡ the closure of {x ∈ R : u(x) > 0} is compact.
For 0 < α ≤ 1, we define [u]α = {x ∈ R : u(x) ≥ α}. An example of a u ∈ E1

is given by

u(x) =











4x− 3, if x ∈ (0.75, 1],

−2x+ 3, if x ∈ (1, 1.5),

0, if x /∈ (0.75, 1.5).

The α-level sets of u in (1) are given by [u]α = [0.75+0.25α, 1.50.5α]. For later
purpose, we define ô ∈ E1 as ô(x) = 1 if x = 0 and ô(x) = 0 if x 6= 0.

Next we review the Seikkala derivative [22] of x : I → E1 where I ⊂ R
is an interval. If [x(t)a] = [xa(t), x̄a(t)] for all t ∈ I and a ∈ [0, 1], then
[x′(t)a] = [x′(t)a, (x̄a)′(t)] if x′(t) ∈ E1. Next consider the initial value problem
(IVP)

u(x) =

{

x′(t) = f(t, x(t)),

x(0) = x0
(1)

where f : [0,∞)×R → R is continuous. We would like to interpret (1) using the
Seikkala derivative and x0 ∈ E1. Let [x0]

a = [xa0, x̄
a
0] and [x(t)]a = [xa(t), x̄a(t)].

By the Zadeh extension principle we get f : [0,∞)×E1 → E1 where [f(t, x)]a =
minf(t, u) : u ∈ [xa(t), x̄a(t)],maxf(t, u) : u ∈ [xa(t), x̄a(t)]. Then x : [0,∞) →
E1 is a solution of (1) using the Seikkala derivative and x0 ∈ E1 if

(xa)′(t) = minf(t, u) : u ∈ [xa(t), x̄a(t)], xa(0) = xa0,

(x̄a)′(t) = maxf(t, u) : u ∈ [xa(t), x̄a(t)], x̄a(0) = x̄a0,

for all t ∈ [0,∞) and a ∈ [0, 1]. Lastly consider an f : [0,∞) × R × R → R
which is continuous and the IVP

{

x′(t) = f(t, x(t), k),

x(0) = x0
(2)
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As in (1), to interpret (2) using the Seikkala derivative and x0, k ∈ E1, by
the Zadeh extension principle we use f : [0,∞) × E1 × E1 → E1 where

[f(t, x, k)]a = [minf(t, u, uk) : u ∈ [xa(t), x̄a(t)], uk ∈ [ka, k̄a],

maxf(t, u, uk) : u ∈ [xa(t), x̄a(t)], uk ∈ [ka, k̄a]],

where ka = [ka, k̄a]]. Then x : [0,∞) → E1 is a solution of (2) using the
Seikkala derivative and x0, k ∈ E1 if

(xa)′(t) = minf(t, u, uk) : u ∈ [xa(t), x̄a(t)], uk ∈ [ka, k̄a], xa(0) = xa0,

(x̄a)′(t) = maxf(t, u, uk) : u ∈ [xa(t), x̄a(t)], uk ∈ [ka, k̄a], xa(0) = xa0,

for all t ∈ [0,∞) and a ∈ [0, 1].

3. Leapfrog Method

The most familiar and elementary method for approximating solutions of an
initial value problem is Eulers Method. Eulers Method approximates the deriva-
tive in the form of y′ = f(t, y), y(t0) = y0, y ∈ Rd by a finite difference quotient
y′ ≈ (y(t + h) − y(t))/h. We shall usually discretize the independent variable
in equal increments:

tn+1 = tn + h, n = 0, 1, ..., t0.

Henceforth we focus on the scalar case, N = 1. Rearranging the differ-
ence quotient gives us the corresponding approximate values of the dependent
variable:

yn+1 = yn + hf(tn, yn), n = 0, 1, ..., t0.

To obtain the leapfrog method, we discretize tn as in tn+1 = tn + h, n =
0, 1, ..., t0, but we double the time interval, h, and write the midpoint approxi-
mation

y(t+ h)− y(t) ≈ hy′(t+
h

2
)

in the form

y′(t+ h) ≈ (y(t+ 2h)− y(t))/h

and then discretize it as follows:

yn+1 = yn−1 + 2hf(tn, yn), n = 0, 1, ..., t0.
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The leapfrog method is a linear m = 2-step method, with a0 = 0, a1 =
1, b−1 = −1, b0 = 2 and b1 = 0. It uses slopes evaluated at odd values of n to
advance the values at points at even values of n, and vice versa, reminiscent of
the childrens game of the same name. For the same reason, there are multiple
solutions of the leapfrog method with the same initial value y = y0. This
situation suggests a potential instability present in multistep methods, which
must be addressed when we analyze themtwo values, y0 and y1, are required
to initialize solutions of yn+1 = yn−1 + 2hf(tn, yn), n = 0, 1, ..., t0 uniquely, but
the analytical problem y′ = f(t, y), y(t0) = y0, y ∈ Rd only provides one. Also
for this reason, one-step methods are used to initialize multistep methods.

4. The Hybrid Fuzzy Differential Systems

In this section, we study the fuzzy initial value problem for a hybrid fuzzy
differential systems.

x′(t) = f(t, x(t), λkx(tk)), t ∈ [tk, tk+1], x(tk) = xtk , (3)

where x′ denotes Seikkala differentiation, 0 ≤ t0 < t1 < ... < tk < ..., tk → ∞,
f ∈ C[R+ × E1 × E1, E1], λk ∈ C[E1, E1]. To be specific the system look like

x′(t) =































x′
0(t) = f(t, x0(t), λ0x(t0)), x0(t0) = x0, t0 ≤ t ≤ t1,

x′
1(t) = f(t, x1(t), λ1x(t1)), x1(t1) = x1, t1 ≤ t ≤ t2,

...

x′
k(t) = f(t, xk(t), λkx(tk)), xk(tk) = xk, tk ≤ t ≤ tk+1,

...

(4)

Assuming that the existence and uniqueness of solution of (3) hold for each
[tk, tk+1], by the solution of (4) we mean the following function:

x(t) = x(t, t0, x0)































x0(t), t0 ≤ t ≤ t1,

x1(t), t1 ≤ t ≤ t2,

...

xk(t), tk ≤ t ≤ tk+1,

...

(5)

We note that the solution of (5) are piecewise differentiable in each interval
for t ∈ [tk, tk+1] for a fixed xk ∈ E1 and k = 0, 1, 2, ...
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Using a representation of fuzzy numbers studied by Goestschel and Woxman
[6] and Wu and Ma [23], we may represent x ∈ E1 by a pair of functions
(x(r), x̄(r)), 0 ≤ r ≤ 1, such that:

(i) (x(r), is bounded, left continuous, and non decreasing,

(ii) x̄(r) is bounded, left continuous, and non increasing, and

(iii) (x(r) ≤ x̄(r)), 0 ≤ r ≤ 1.

For example, u ∈ E1 given in (1) is represented by (u(r), ūr) = (0.75 +
0.25r, 1.5 − 0.5r), 0 ≤ r ≤ 1, which is similar to [u]a given by (2).

Therefore we may replace (5) by an equivalent system

{

x′(t) = f(t, x, λkx(tk)) ≡ Fk(t, x, x̄), (x(tk) = x̄k),

x′(t) = f̄(t, x, λkx(tk)) ≡ Gk(t, x, x̄), (x(tk) = x̄k),

which possesses a unique solution (x, x̄) which is a fuzzy function. That is
for each t, the pair [x(t; r), x̄(t; r)] is a fuzzy number, where x(t; r), x̄(t; r) are
respectively the solutions of the parametric form given by

{

x′(t) = Fk(t, x(t; r), x̄(t, r)), x(tk; r) = xk(r),

x′(t) = Gk(t, x(t; r), x̄(t, r)), x(tk; r) = xk(r),

for r ∈ [0, 1].

5. Numerical Examples

In this section, we solved the hybrid fuzzy initial value problems to show the
efficiency and accuracy of the proposed methods.

Consider the following hybrid fuzzy IVP, [19]

x′(t) = x(t) +m(t)λkx(tk), t ∈ [tk, tk+1], tk = k, k = 0, 1, 2, 3, ...
x(t, r) = [(0.75 + 0.25r)et, (1.125 − 0.125r)et], 0 ≤ r ≤ 1,

}

(6)

Where

m(t) =

{

2(t(mod1)) if t(mod1) ≤ 0.5

2(1− t(mod1)) if t(mod1) > 0.5

λk(µ) =

{

0̂ if k = 0

µ if k = 1, 2, ...
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The hybrid fuzzy IVP (6) is equivalent to the following systems of fuzzy
IVPs:

x′
0(t) = x0(t), t ∈ [0, 1],

x(0; r) = [(0.75 + 0.25r)et, (1.125 − 0.125r)et], 0 ≤ r ≤ 1,

x′
i(t) = xi(t) +m(t)xi−1(t), t ∈ [ti, ti+1], xi(t) = xi−1(ti), i = 1, 2, ...

In (6) x(t)+m(t)λkx(tk) is continuous function of t, x and λkx(tk). There-
fore by Example 6.1 of Kaleva [8], for each k = 0, 1, 2, ... the fuzzy IVP

x′(t) = x(t) +m(t)λkx(tk), t ∈ [tk, tk+1], tk = k,
x(tk) = xtK

}

(7)

has a unique solution [tk, tk+1]. To numerically solve the hybrid fuzzy IVP (7)
we applied the Leapfrog method for hybrid fuzzy differential equation with N
= 2 to obtain y1,2(r) approximating x(2.0; r). The Exact and Approximate
solutions by STHWS and Leapfrog method are compared and the absolute
error were shown in Table 1. From the Table 1, shows that Leapfrog method
approximate solutions have less error compare to STHWS method solutions [19]
in the all the stages.

Table 1: Error calculations

STHWS Error Leapfrog Error
t Y1(ti; r) Y2(ti; r) Y1(ti; r) Y2(ti; r)

0.1 1E-07 1E-07 1.01E-09 1.11E-09
0.2 2E-07 2E-07 2.01E-09 2.11E-09
0.3 3E-07 3E-07 3.01E-09 3.11E-09
0.4 4E-07 4E-07 4.01E-09 4.11E-09
0.5 5E-07 5E-07 5.01E-09 5.11E-09
0.6 6E-07 6E-07 6.01E-09 6.11E-09
0.7 7E-07 7E-07 7.01E-09 7.11E-09
0.8 8E-07 8E-07 8.01E-09 8.11E-09
0.9 9E-07 9E-07 9.01E-09 9.11E-09
1.0 1E-06 1E-06 1.01E-08 1.11E-08
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6. Conclusions

The obtained results (Error calculations) of the hybrid fuzzy differential equa-
tions show that the Leapfrog method works well for finding the solutions. From
the table 1, it can be observed that for most of the time intervals, the absolute
error is less in the Leapfrog method when compared to the STHWS method
discussed by Sekar et al. [19], which yields a small error, along with the exact
solutions. The method can be implemented using a digital computer. It oc-
cupies less memory space and consumes less computer time than the method
in [19]. Illustrative example was included to demonstrate the validity and ap-
plicability of the technique. Hence the Leapfrog method is more suitable for
studying the hybrid fuzzy differential equations.
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