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Abstract: The effect of internal micro environmental fluctuations on tumor
growth dynamics modeled by additive white Gaussian noise is investigated. The
logistic growth law is considered as the deterministic evolution equation for tumor growth and the steady-state probability distribution is derived within the
context of Fokker-Planck equation. We study the influence of micro environmental fluctuations on the steady state dynamics of tumor growth and found out
that, the micro environmental fluctuations modeled by additive white Gaussian
noise enhances tumor growth at an uncertain threshold.
AMS Subject Classification: 60
Key Words: Langevin equation, Fokker-Planck equation, tumor growth dynamics
1. Introduction
Nonlinear stochastic systems have been studied and applied to many fields
of knowledge such as in biology, chemistry, engineering and physics. Theoretical description of these systems provide a link between the deterministic
equations and stochastic process, hence stochastic differential equations. The
phenomenological model equation is the Langevin dynamical equation and the
corresponding Fokker-Planck equation for the time evolution of probability denReceived:
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sity of the stochastic system under study. Such theoretical descriptions have
been used in different context to study the behavior of noise driven systems
[1, 2, 3, 4, 5], where the noise are either white or colored and in the form of
additive, multiplicative or both as in the case with correlated effects.
In the study of tumor cell growth, mathematical model equations that
closely captures the general characteristics of tumor growth and which give
an insight into the process are considered in literature. Such equations includes among others the logistic and Gompertz sigmoidal equations which are
popularly used in the study of cell growth particularly tumor growth [6, 7],
in addition an experimental data were shown to fit the logistic model in [8].
Stochastic differential equations are used as a tool for the study of complex
systems affected by noise including the cross correlated noises, and mostly the
quantities of interest are the stationary and non-stationary solutions of the
Fokker-Planck equation depending on the process under study. Noise effect on
tumor growth especially the cross-correlated noises have been widely studied
[6, 7, 8, 9], and many complex properties of tumor growth process such as tumor
extinction, response to therapy among others were reported at the influence of
noise. The effect of noise especially correlated effects are the subject of many
communications such as in bistable systems [10, 11, 12], in laser systems [1, 14],
in genetic networks [15, 13], and in all these, many properties and system behaviors were studied and discovered. In a related communication, the direct
effect of multiplicative colored noise on bacteria growth system was investigated
using logistic growth model as a deterministic growth mechanism [16].
In this research, the effect of non-immunogenic micro environmental fluctuations on tumor growth dynamics modeled by additive white Gaussian noise is
investigated. The noise is assumed to be external to the system variable, moreover the micro environmental fluctuations here refer to the tumor microscopic
habitat that includes the surrounding non-immunogenic microscopic processes
such as the genetic instability, signal transduction in cellular activity, cell mutations, fibroblast cells, extracellular matrix and some other metabolic processes
that interact with the tumor constantly. The non-immunogenic tumor micro
environmental processes could have a pro-malignancy effect, anti-malignancy
effect or some times neutral to tumorigenesis [19]. Stochastic approach to the
study of micro environmental influence on tumor growth dynamics has not been
reported to our knowledge. The paper is organized as follows, Section 2 present
the model description, Section 3 present the steady-state analysis based on the
Fokker-Planck equation, Section 4 present the numerical results and discussions
and Section 5 concludes the paper.
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2. Model Description
The phenomenological model equation is the Langevin dynamical equation
d
x(t) = f (x) + g(x)η(t).
(1)
dt
Here x(t) is the stochastic variable representing the state of the system which
is assumed to evolve into space at a point in time (x(t) ≥ 0), and g(x) = 1 so
that η(t) is an additive noise. Thus, f (x) is linked to the deterministic logistic
growth model
dU
f (x) = −
= ax − bx2 ,
(2)
dx
and U (x) is the potential with respect to f (x)
ax2 bx3
+
,
(3)
2
3
where a is the growth parameter and b the decay parameter and in addition,
the function f (x) approaches an asymptote on the long run (infinity index) due
to the presence of the quadratic term in eq (2). In the stochastic term of eq
(1), η(t) will mimic the non-immunogenic micro environmental effect modeled
by the additive white Gaussian noise with the following statistical properties:
U (x) = −

hη(t)i = 0,

hη(t)η(t′ )i = 2θδ(t − t′ ),

(4)
(5)

where θ is the strength of the additive noise. In addition, since eq (1) is only
perturbed by an additive noise, then no further stochastic interpretation is
required for solution. We define the following relation on the diffusion part of
eq (1)
G(x)β(t) = η(t).
(6)
Here β(t) is a Gaussian white noise with statistical properties
hβ(t)i = 0,

(7)

hβ(t)β(t′ )i = 2δ(t − t′ ),

(8)

G(x)2 hβ(t)β(t′ )i = hη(t)η(t′ )i,
√
G(x) = θ.

(9)

where the two time correlation of G(x)β(t) in eq (6) be equivalent to the two
time correlations of η(t) in eq (1)

(10)
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3. Steady State Analysis

The Fokker-Planck equation for the time evolution of probability density of the
stochastic variable x(t) is given by
∂
∂2
∂ρ(x, t)
= − A(x)ρ(x, t) + 2 B(x)ρ(x, t),
∂t
∂x
∂x

(11)

where ρ(x, t) is the probability density function, A(x) and B(x) are the drift
and diffusion terms respectively
A(x) = ax − bx2 ,

(12)

B(x) = G(x)2 = θ,

(13)

∂
∂
∂ρ(x, t)
= − {(ax − bx2 )ρ(x, t) − θ ρ(x, t)}.
(14)
∂t
∂x
∂x
Eq (14) can be written in the form of conservation equation for probability
∂ρ(x, t) ∂J
+
= 0.
∂t
∂x

(15)

where J in eq (15) is known as the probability current which in other words represent the flow of probability. At stationarity, the rate of change of probability
ρ(x, t) with time is constant
∂ρ(x, t)
= 0.
(16)
∂t
Therefore we have a stationary current Jst (x) which is time independent and is
given by
∂
(17)
Jst (x) = (ax − bx2 )ρst (x) + θ ρst (x),
∂x
from eq (17) and using reflecting boundary condition, we have the following
stationary distribution for the system [17, 18]


Z
1
ρst (x) = N exp −
(ax − bx2 )dx ,
(18)
θ
In eq (18), N is the normalization constant which is choosing so that the following relation is satisfied
Z ∞
ρst (x)dx = 1.
(19)
−∞
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From eq (18) we’ve


b 
a 2
ρst (x) = N exp −
x−
.
3θ
4b

(20)

where
N=

r

b
.
3πθ

Using eq (20), the mean and other properties of the tumor growth x(t) under
the influence of internal micro environmental fluctuations can be obtained on
average
Z
∞

hxi =

xρst (x)dx.

(21)

0

4. Results and Discussion
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Figure 1: Plot of ρst (x, t) (probability density) against x (cell number)
for different values of environmental noise θ. a = 1, b = 0.1 (units are
arbitrary).
Figures 1 and 2 shows the effect of the strength of the micro environmental
fluctuations η(t) on the steady state distribution ρst (x) of the tumor cell population. In Figure 1, varying θ over some values or in particular increasing the
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Figure 2: Plot of ρst (x, t) (probability density) against x (cell number)
for different values of environmental noise θ. a = 1, b = 0.1 (units are
arbitrary).
80
70
θ=0.1
θ=0.2
θ=0.3
θ=0.4

60

〈 x〉

50
40
30
20
10
0

0

5

10

15

20
x (number of cells)

25

30

35

40

Figure 3: Plot of hxi (average mean value) against x (cell number) for
different values of environmental noise θ. a = 1, b = 0.1 (units are
arbitrary).
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Figure 4: Plot of hxi (average mean value) against x (cell number) for
different values of environmental noise θ. a = 1, b = 0.1 (units are
arbitrary).

θ values results to enhancing growth and more apparently in Figure 2 given θ
some high value the growth is seen to be enhanced accordingly. Figures 3-4
depicts the mean average hxi of tumor cells against the tumor cells number,
where Figure 3 shows the effect of the micro environmental fluctuations η(t)
on the mean average and it is observed that the average mean hxi increases at
increasing θ values while in Figure 4, severe effect (θ = 5.0) of the micro environment is observed to promote the average mean of the tumor cell in a more
apparent way. However from the results obtained we noticed that the severe
effects of non-immunogenic micro environmental fluctuations η(t) modeled by
additive Gaussian noise promote and enhance tumor growth. The micro environmental fluctuations adjust to the fact that within the system there are some
environmental processes such as the signal transduction in cellular activity, genetic instability, fibroblast, nutrients etc which can affect the tumor growth
by providing some pro or anti malignancy effect. For example, fibroblast cells
secretions can contribute to tumor growth through deposition of extracellular
matrix proteins which in turn can provide a high chance of growth and invasion
for tumors.
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5. Conclusion

We have studied the effect of micro environmental fluctuations η(t) on tumor
growth dynamics at steady state. Micro environmental fluctuations which in
this case are non-immunogenic are modeled by an additive Gaussian white
noise which are incorporated into the deterministic evolution equation. Our
numerical results based on Figures 1-4 shows that, the micro environmental
fluctuations modeled by additive white Gaussian noise enhances tumor growth,
and also the internal micro environment not only enhances growth but are also
capable of instigating tumor growth at an uncertain threshold. Tumor growth
is an adaptive process on its micro environment, it takes advantage of many
surrounding metabolic processes towards growth, aggression and invasion of the
host. In view of this, the study of the influence and interaction of tumors with
its surrounding micro environment is imperative towards understanding cancer
initiations and proliferation, and stochastic methods can be employed as a tool
for theoretical study.
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