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1. Introduction

A classical problem in finite p-groups concerns the nilpotency class of groups
in which every proper subgroup is nilpotent of a given class bounded by a
fixed positive integer. Macdonald in [4] has made a substantial contribution in
this area. The aim of this paper is to study the analogous problem for finite-
dimensional nilpotent Lie algebras. We study the structure of Lie algebras in
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terms of their nilpotency class by putting certain conditions on every maximum
subalgebra or every proper subalgebra.We have used Macdonald,s work as a
guide. We can categorize our findings in three ways. some results carry over
with little change, some results carry over with modifications and simplifications
in the proofs, and some results are different than the results in groups. Before
the results are shown, we begin with the following facts and notations.

2. Preliminary Notes

Let x1, x2, ..., xn be elements in Lie algebra L. The commutator [x1, x2, ..., xn]
in L is defined as

[x1, x2, ..., xn] = [[x1, x2, ..., xn−1], xn] (1)

for all n ≥ 2. Moreover, we define

[x1, x2, ..., xn; y1, y2, ..., ym] = [[x1, x2, ..., xn], [y1, y2, ..., ym]] (2)

for any integers m and n. We also denote 〈x〉 and (x) as an ideal generated
by x and a subalgebra generated by x, respectively. The following definitions
follow from [4].

Let x be an element in a Lie algebra L for which [x,

n
︷ ︸︸ ︷
y, ..., y] = 0 for all y ∈ L.

Then x is said to be an nth Engel element. Furthermore, if every element of L
has this property, than L is said to satisfy the nth Engel condition.

Definition 1. Let L be a Lie algebra. The series of ideals

L ⊇ L2 ⊇ L3 ⊇ ... (3)

is called the lower central series of L where L2 = [L,L] and Lm = [L,Lm−1] for
m=3,4,...

Definition 2. A Lie algebra L is said to be nilpotent if Lm+1 = 0 for some
positive integer m. If also Lm 6= 0,then we say that L has class precisely m.

Definition 3. A Lie algebra L is said to be metabelian if L2 is abelian.

Lemma 4. Let L be a metabelian Lie algebra, then [u,v,x,y]=[u,v,y,x] for
x, y, u, v ∈ L.

Proof. Since L is metabelian, using the Jacobi identity, we obtain

0 = [u, v;x, y] = [u, v, x, y] + [x; , u, v, y] = [u, v, x, y] − [u, v, y, x] (4)



OBSERVATIONS ON SOME CLASSES OF ALGEBRAS 685

[u, v, x, y] = [u, v, y, x]. (5)

Furthermore, the value of [x1, x2, x3, ..., xn] is unaltered when x3, ..., xn are per-
muted in any way.

Lemma 5. For all elements x ∈ L , suppose that 〈x〉 has class n.Then L
satisfies the (n+1) th Engel condition.

Proof. Since x, and [x, y] ∈ 〈x〉, the commutator

[[x, y], x, ..., x
︸ ︷︷ ︸

n

] = 0. (6)

Therefore, y satisfies the(n+1)th Engel condition for all y ∈ L. As a result, L
satisfies the (n+1)th Engel condition.

3. A Bound on the Nilpotency Class

The following lemma is well known, see [2].

Lemma 6. Suppose M and N are nilpotent ideals of a Lie algebra L. If M
and N have class k and l, respectively, then M+N has class at most k+l.

The following lemma is similar to a group theoretic result in [3].

Lemma 7. For every Lie algebra, the commutator of the form [x1, x2, ..., xn,
y] can be expressed as the sum of 2n−1 commutators of the form ±[y, xπ(1), ...,
xπ(n)], where π ∈ Sn.

Proof. We shall use induction to prove this lemma. When n=1,we have

[x, y] = −[y, x]. (7)

Assume true for a fixed positive integer n-1 ; that is

[x1, ..., xn−1, y] = ±

2n−1

∑

j=1

[y, xπj(1), ..., xπj(n−1)] (8)

Then,we shall show that it is also true in the case of [x1, ..., xn, y].For conve-
nience, let [x1, ..., xn−1] =z. The Jacobi identity gives us

[z, xn, y] = [z, y, xn]− [z; y, xn]. (9)
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Consider each commutator on the right-hand side separately. By induction
hypothesis and Eq. (1), we have

[z, y] = ±
2n−2

∑

j=1

[y, xπj(1), ...., xπj(n−1)] (10)

and

[z, y, xn] = ±
[ 2

n−2

∑

j=1

[y, xπj(1), ..., xπj (n−1)], xn

]

(11)

= ±

2n−2

∑

j=1

[y, xπj(1), ...., xπj (n−1), xn] (12)

Similarly

−[z; y, xn] = ±
2n−1

∑

j=1

[y, xn, xπj(1), ..., xπj (n−1)]. (13)

Thus

[z, xn, y] = ±

2n−1

∑

j=1

[y, xπj(1), ..., xπj(n)] (14)

Therefore, [x1, ..., xn, y] is the sum of 2n−1 commutators of the form

[y.xπ(1), ..., xπ(n)], (15)

where π ∈ Sn.

4. Metabelian Nilpotent Lie Algebras

The emphasis of this section concerns the class of finite-dimensional nilpotent
metabelian Lie algebras. We shall first look at the case of the Lie algebra in
which every proper subalgebra has nilpotency class bounded by a fixed number
n. Since every maximum subalgebra of a nilpotent Lie algebra is an ideal [1], if
every proper subalgebra has class at most n, then the class of the Lie algebra
is at most 2n by Lemma 7. We shall further address the question of when the
class of a nilpotent Lie algebra is precisely 2n.
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4.1. Nilpotency Class of Metabelian Lie Algebras

Theorem 8. Let L be a finite-dimensional metabelian Lie algebra over a
field F and suppose that L has class precisely 2n with every proper subalgebra
of class at most n. Then

(1) If F has characteristic 0, then n=1.

(2) If F has characteristic p,where p is a prime number and n 6= pα(α ∈
F ),then n=1.

Before we prove above theorem, we gather elementary facts.

Lemma 9. Let L be a finite-dimensional Lie algebra in which every max-
imal subalgebra has class at most n. Then

(1) 〈x〉 , the ideal generated by x, has class at most n for all elements x in
L, and L satisfies the (n+1)th Engel condition.

(2) If L has class precisely 2n,then two elements generate L.

Proof. (1) If 〈x〉 is proper then it has class at most n and L satisfies the (n+
1)th Engel condition. So suppose that L = 〈x〉 = (x)+L2. Then dim(L/L2) =
1,whence dim(L) = 1.

(2) Suppose L has class precisely 2n, and let M be a maximal subalgebra
of L. M is also an ideal in L because L is nilpotent. We choose an arbitrary
x ∈ L such that x /∈ M ,then L = 〈x〉+ M. By Lemma 7,the ideal 〈x〉 has class
precisely n. Observe that any commutator element in 〈x〉 looks like [x, y1, ..., yt]
where t ≥ 0.For each ti ≥ 0, we consider

[[x, y11, ..., y1t1 ], ..., [x, yn1, ..., yntn ]
︸ ︷︷ ︸

n

] 6= 0. (16)

It follows that

[[[x, y11, ..., y1t−11 ], y1t1 ], [x, y21, ..., y2t2 ], ...[x, yn1, ..., yntn ]
︸ ︷︷ ︸

n+1

6= 0 (17)

Because of 〈x, y1t1〉 has class greater than n, we can conclude that

〈x, y1t1〉 = L. (18)

This complete the proof of this lemma; we are now realy to prove theorem 9 in
which we rely heavily on Lemma 5.
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4.2. A Bound on the Nilpotency Class

Proof. In accordance with previous lemma, let 〈a, b〉 = L, and consider a
commutator of length 2n of the form

[x1, x2, ..., x2n] = 0 (19)

whenever n+1 of xi are equal because of the (n+1)th Engel condition. suppose
n ≥ 1, and that L has class precisely 2n.We denote

x1 = a, x2 = x3 = ... = xn+2 = a+ b (20)

xn+3 = ... = xn+r+2 = a, (21)

xn+r+3 = ... = x2n = b, (22)

where 0 ≤ r ≤ n− 2. We then have

2n
︷ ︸︸ ︷

[a, a+ b, ...a+ b
︸ ︷︷ ︸

n+1

, a, ..., a, b, ..., b
︸ ︷︷ ︸

n−2

] = 0 (23)

Because there are n+1 terms of the (a + b),s. Any product in L is the sum
of the products of commutators involving only a and b,and these can be left
normed. It suffices to show that the left normed product of 2n terms, each of
which is a or b,is 0.

The expansion of Eq. (2) gives some commutators that contain at least
n+1 of a,s and other commutators that contain at least n+1 of b,s. These
are 0 by the Engel condition.Thus, we only have to consider commutators that
contain n of a,s and n of b,s. Then we are going to count the number of those
commutators. Observe that the choices of commutators of length 2n with n of
a,s and n of b,s are:

(

n

1

)[

a, b, a, b, ...., b
︸ ︷︷ ︸

n−1

, a, a, ..., a
︸ ︷︷ ︸

−n− 2

]

= 0 (24)

(

n

2

)[

a, b, a, a, b, ..., b
︸ ︷︷ ︸

n−1

, a, ..., a
︸ ︷︷ ︸

n−3

]

= 0 (25)

(

n

n− 1

)[

a, b, a, ..., a
︸ ︷︷ ︸

n−1

, b, b, b, ..., b
︸ ︷︷ ︸

n−2

]

= 0 (26)
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Since L is metabelian, we can permute each commutator above and put it in
the form of [

a, b, a, ..., a
︸ ︷︷ ︸

n−1

, b, ..., b
︸ ︷︷ ︸

n−1

]

. (27)

Denote

c =

[

a, b, a, ..., a
︸ ︷︷ ︸

n−1

, b, ..., b
︸ ︷︷ ︸

n−1

]

(28)

and obtain the following cases:

Case 1. When char
(
F
)
= 0.

We then have
( n

i
)
c = 0

Case 2. When char
(
F
)
= p and n 6= pα. The greatest common divisor of

( n

1
)
, ...,

( n

n− 1
)
is 1. Thus,

n−1∑

n=1

αi

(
n

i
)

= 1 (29)

for some integers αi. Consequently, we multiply the above equation by c on
each side yields that c=0.

From the preceding two cases above, a commutator of length 2n in L equals
0. L has class at most 2n-1 which is a contradiction.Thereby, n must be 1.

Note that the result of n=1 holds in the case of finite p-groups as well.Next,
we move to consider the nilpotency class in the case of a metabelian Lie algebra
when n is a power of a prime number p. Unlike the two cases previously
mentioned in theorem 9, we attempt to show that n does not have to be 1,
which is different than the result originally derived by Macdonald in groups.

We remark that the result of n greater than or equal to 1 in the case of
n = pα does not hold true in groups; n is always 1 when dealing with finite
p-groups regardless of the relationship between n and p.

5. Nilpotency of Non-Metabelian Lie Algebras

In this section, we relax the metabelian assumption. Without the metabelian
property, the problem for determining the nilpotency class of a Lie algebra
becomes more difficult.
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5.1. The General Theorems

We wish to determine a bound on the class of a given nilpotent Lie algebra,
provided that we know about the class of the given subalgebras. In the next
theorem, all subalgebras of dimension r have class at most n, and m denotes
the difference between the dimension of the Lie algebra and r.

Theorem 10. Let L be a Lie algebra of dimension r+m and class not
egual to n. Suppose each subalgebra of dimension r has class at most n. Then
L has a set of m+n elements which generates L.

Proof. Suppose that each set of generators of L contains at least m+n+1
elements.

Let x1, x2, ..., xn+1 be arbitrary elements in L.Suppose

Hn+1 = 〈x1, x2, ..., xn+1〉 (30)

and dim
(
Hn+1

)
≥ r + 1.Form a strictly increasing chain

Hn+1 ⊂ Hn+2 ⊂ ... ⊂ L (31)

by adjoining one additional element at a time.

If dim
(
Hn+1

)
≥ r + 1,then dim

(
Hn+1

)
≥ r + t for any integer t. Ob-

serve that Hn+m = L, and L is generated by n+m elements; which is a
contradiction.Therefore, dim

(
Hn+1

)
must be less than or equal to r; that is

dim
(
Hn+1

)
≤ r for any n+1 elements in L. Hence

Hn+1 = 〈x1, x2, ..., xn+1〉 (32)

has class at most n by assumption. Since each xi is arbitrary chosen, the
product of any n+1 elements is 0; thus, L has class n,which is a contradiction.
Thereby, L can have at most m+n generators.

Theorem 11. Let L be a Lie algebra of dimension r+m. Suppose each
subalgebra of dimension r has class at most n. Then the class of L is bounded
by

f
(
m,n

)
= 2mn. (33)

Proof. Since L is a nilpotent Lie algebra, we can find a proper subalgerba
of L that contains L2 and has co-dimension 1. We shall use induction on m.
For m=1, dim

(
L
)
=r+1,and every proper subalgebra of dimension r has class n

and is an ideal of L.By Lemma 7, L has class at most n+n=2n.
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Suppose the result holds for m=k. We shall prove that it is also true
for m=k+1. Suppose m=k+1, and dim

(
L
)
=r+k+1.We can find two distinct

proper subalgebras of L that have co-dimension 1. by induction hypothesis,these
proper subalgebras have class at most 2kn. Therefore, L has class at most
2kn+ 2kn = 2k+1n by previous lemma.

Hence the class of L is bounded by 2mn for some positive integers m and
n.

5.2. Some Cases with Small m and n

In this section, we explore the bounds on the nilpotency class in the cases of
small m and n other than the classical case m=n=1. We assume that a Lie
algebra L has dimension r+m and every subalgebra of dimension r has class n.

Lemma 12. Let L be a nilpotent Lie algebra of dimension r+1. Suppose
that L is generated by two elements,and every subalgebra of L of dimension r
has class at most 2. Then L is metabelian.

Proof. Suppose
{
a, b
}

is a generating set of L, and we form two distinct
maximal subalgebras, M and N. We have L = Fa + Fb + L2, M = Fa + L2,
N = Fb+ L2, so

L2 = [L2, L2] + [L2, a] + [L2, b] + F [a, b] = M2 +N2 + F [a, b] (34)

whence

[L2, L2] = 0 since [M2,M2], [M2, N2] ⊆ M3 = 0. (35)

[N2, N2] ⊆ N3 = 0 and [a, b] ∈ M ∩N (36)

At this point, we are ready to look at class bounds in the cases of small m and
n.

Corollary 13. Let L be a nilpotent Lie algebra over a field of charac-
terisitic not equal to 2. Suppose that L has dimension r+1 in which every
subalgebra of dimension r has class at most 2. Then L has class at most 3.

Proof. Observe that L has class at most 4, and by theorem 15,we may
assume that L is generated by at most three elements. Consider the following
possibilities:

Case 1. Suppose no two elements generate L. Then each
(
x, y
)
is a proper

subalgebra of L that has class 2. Note that L satisfies the 2nd Engel condition;
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that is for any x, y, z ∈ L

0 = [x, y + z, y + z] (37)

= [x, y, y] + [x, y, z] + [x, z, y] + [x, z, z] (38)

= [x, y, z] + [x, z, y]. (39)

Therefore, we have the relation that for any x, y, z ∈ L,

[x, y, z] = −[x, z, y] = [z, x, y]. (40)

Now,we want to show that every commutator of length four is zero. Consider
the commutator [a, b; c, d] for any a, b, c, d ∈ L. Using the relation A Bound on
the Nilpotency Class in Eq.

(
5
)
,we have

[
a, b; c, d

]
=
[
c, d, a, b

]
(41)

= −
[
c, a, d, b

]
(42)

=
[
a, c, d, b

]
(43)

= −
[
a, c, b, d

]
(44)

=
[
a, b, c, d

]
(45)

But also,
[
c, d; a, b

]
= −

[
c, [a, b], d] = [[a, b], c, d] = [a, b, c, d] (46)

As a result of Eqs.
(
12
)
and

(
13
)

[a, b, c, d] = [a, b; c, d] = [c, d; a, b] = −[a, b; c, d] = 0. (47)

Thereby, [a, b, c, d] = 0, and L has class at most 3. Note that if the characterstic
of the field F is not equal to 3,then L has class 2.

Case 2. Suppose L is generated by two elements. L is metabelian because
of Lemma 17. Therefore, by theorem 9, the class of L cannot be precisely 4,
and so is at most 3.

From the preceding two cases, L has class at most 3.

The next corollary is an immediate consequence of above corollary

Corollary 14. Let L be a nilpotent Lie algebra over a field of charac-
terisitic not equal to 2. Suppose that L has dimension r+2 in which every
subalgebra of dimension r is abelian. Then L has class at most 3.

In the following theorem, we consider the case when m=n=2.
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Theorem 15. Let L be a nilpotent Lie algebra over a field of character-
istic not equal to 3. Suppose L has dimension r+2, and every subalgebra of
dimension r has class at most 2. Then the class of L is at most 4.

Proof. We know that either L has class at most 2 or L has at most 4
generators. If L has class at most 2, we are done. Suppose L has at most
4 generators. Since L is nilpotent, dim

(
L/L2

)
≤ 4. We have to consider all

possibilities as follows.
Case 1. Suppose dim

(
L/L2

)
= 4.

Every subalgebra generated by two elements is contained in a subalgebra of
codimension 2, which has class 2. L satisfies the 2nd Engel condition and has
class at most 2.

Case 2. Let L be generated by 3 elements; that is

dim
(
L/L2

)
= 3. (48)

Suppose every maximal subalgebra of L has less than three generators. Let

M =
(
a, b
)
+ L2 (49)

be an arbitrary maximal subalgebra of L generated by two elements; hence,
dim

(
M/M2

)
= 2. Observe that

L ⊇ M ⊇ L2 ⊇ M2. (50)

Since dim
(
L/L2

)
= 3, dim

(
L/M

)
, and dim

(
M/M2

)
= 2 we have that L2 = M2

for all maximal subalgebras of L. Next consider

M2 =
(
[a, b]

)
+M3 = L2. (51)

Observe that
L2 = M2 ⊇ L3 ⊇ M3 (52)

and dim
(
M2/M3

)
= 1; hence, L3 = M3 for all maximal subalgebras of L.

Then, pick another maximal subalgebra, N =
(
a, c
)
+ L2 and look at

L2 = M2 =
(
[a, b]

)
+M3 =

(
[a, b]

)
+ L3 (53)

and
L2 = N2 =

(
[a, c]

)
+N3 =

(
[a, c]

)
+ L3. (54)

Clearly,[a, b] = α[a, c] mod L3, where α is a scalar. Hence

[a, b− αc] ∈ L3. (55)
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Suppose H is the maximal subalgebra such that H =
(
a, b− αc

)
+ L2. Then

L2 = H2 =
(
[a, b− αc]

)
+H3 =

(
[a, b− αc]

)
+ L3 = L3. (56)

Therefore, L2 = L3 = 0, and L is abelian.
Assume,therefore,that there exist a maximum subalgebra K generated by no

pair of its elements; that is dim
(
K/K2

)
≥ 3.For any x, y ∈ K, the subalgebra

generated by x and y is a proper subalgebra of K. Thus, x and y are contained
in a maximal subalgebra P of K. Then dim

(
P
)
= dim

(
K
)
− 1 = dim

(
L
)
− 2.

Since P is a subalgebra of L with co-dimension 2, P has class at most 2. K
satisfies the 2nd Engel condition which is

[x, y, y] = 0 (57)

for any x, y ∈ K. Hence, K has class at most 2. We then consider L = 〈z〉+K
for some z /∈ K. Because 〈z〉 ⊆

(
z
)
+ L2 anddim

(
L/L2

)
= 3, we can say that

dim
(
〈z〉
)
≤ dim

(
L
)
− 2. (58)

Therefore. L has class at most 4.
Case 3. We are left with the final case in which L is generated by 2 elements.
Suppose L is generated by {a,b} and dim

(
L/L2

)
= 2. Then the algebra

generated by x and L3 for any x ∈ L has class 2. Thus, we have the identity

[r, s, t, x, x] = 0. (59)

Since L is generated by {a, b}, to show that L has class at most 4, it suffices
to show that each of the commutators of length 5 that contains a and b is 0.
Considering commutators of length 5, we find that

[a, b, a, a+ b, a+ b] = 0[a, b, a, a, b] = −[a, b, a, b, a] (60)

then
0 = [a, b; a, b] = [a, b, a, b] + [a; a, b, b]. (61)

As a result, we have
[a, b, a, b] = [a, b, b, a] (62)

for any a, b ∈ L. From both facts in Eqs.
(
15
)
and

(
17
)
, we find

[a, b, a, a, b] = −[a, b, a, b, a] = −[a, b, b, a, a] = 0 (63)

The fact in Eq.
(
18
)
is enough to establish that L has class at most 4. Thus,

the proof is complete.
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