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Abstract: Epipolar geometry is a main tool in Photogrammetry and Com-
puter Vision. In the paper, we investigate the relations between Epipolar ge-
ometry with finite epipolar points and its fundamental matrix with respect to
affine coordinate systems. We examine different mutual position of the projec-
tion planes and the corresponding canonical form of the fundamental matrix.
The case of parallel projection planes is presented from practical point of view.
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1. Introduction

The reconstruction of a 3D object from two or more images is a basic problem
in Photogrammetry, Computer Vision and Robotics. Epipolar geometry has
been a fundamental tool for its solution in the last two decades. Epipolar
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geometry describes the geometrical relationship between two perspective views
of one and the same 3D scene. The first step to a reconstruction is estimating
the fundamental matrix. The fundamental 3 × 3-matrix F is the algebraic
representation of epipolar geometry. If M ∈ ω and M ′ ∈ ω′ form a pair of
corresponding points and their homogeneous coordinates (written as vector-
columns) with respect to plane coordinate systems B = Oxy in ω and B′ =
O′x′y′ in ω′ are p = (xM , yM , 1)T and p′ = (x′M ′ , y

′
M ′ , 1)T , respectively, then

(

p′
)T

Fp= 0. (1)

The matrix F has a rank 2, in particular det(F) = 0, and 7 degrees of freedom.
If at least 8 pairs of corresponding points are known, then it is possible by linear
methods to solve (1) for the entries of F up to scale. A non-linear solution is
available for 7 pairs. If more than 8 pairs are given, then a least-squares solution
can be found. This is the general principle of the methods for computing the
fundamental matrix. The 8-point algorithm (the normalized 8-point algorithm)
is described in [4], [7], [11]. A new eight-point algorithm is presented in [12].
The fundamental matrix is computed by parametrization in [4], [7], [10], [11],
and by the use of the projection matrices in [4], [7], [11]. This is generalized
in [8] by the Grassmann tensor. Another compact algorithm for computing
the fundamental matrix is presented in [9]. A function from the Open Source
Computer Vision Library is used for computation of the fundamental matrix
in [3]. An affine fundamental matrix obtained by the correspondence of a pair
of ellipses is introduced in [1]. All these methods use measured coordinates of
the image points.

In this paper, we obtain the simplest form of the fundamental matrix called
a canonical form when the epipolar points are finite. We look for this form over
Z with minimal Frobenius norm. Using the canonical form of the fundamen-
tal matrix we can rectify the measured coordinates of the image points by a
minimization of the distance between the image points and their corresponding
epipolar lines. Similar results for the epipolar geometry with one epipolar point
at infinity can be found in [5].

The paper is organized as follows. The next section contains some basic
definitions and facts about the epipolar geometry. The main result for the
canonical form of the fundamental matrix is proved in Section 3. Geometrical
and algebraic constructions for the canonical bases in the projection planes are
given in Sections 4 and 5. The last section describes a possible applications of
the canonical form of the fundamental matrix.
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2. Epipolar Geometry

Let us consider two central projections Π and Π′ in the Euclidean space E
3

determined respectively by the pairs (S, ω) and (S′, ω′), where ω ⊂ E
3, ω′ ⊂ E

3

are the projection planes, and S ∈ E
3 \ {ω}, S′ ∈ E

3 \ {ω′} are the projection
(or perspective) centers. We can associate to the projection Π (respectively Π′)
a Cartesian coordinate system B (respectively B′) called a camera frame. The
origin of B (respectively B′) is placed at the projection center S (respectively
S′). The optical ray of the camera coincides with the z (z′) axis and the axes
x, y (x′, y′) are parallel to the projection plane. The point H = z

⋂

ω (H ′ =
z′
⋂

ω′) is called a principal point. Then, distance
(

S, ω
)

= distance
(

S,H
)

= d
(

distance
(

S′, ω′
)

= distance
(

S′,H ′
)

= d′
)

is a focal length. Furthermore, we

Figure 1: Epipolar geometry

define a plane coordinate system B (respectively B′) called an image frame in
the projection plane ω (respectively ω′). Its origin is placed at H (respectively
H ′) and the axes are parallel to the axes of the camera frame.
• The joining line S ∨ S′ is called a baseline (see Fig. 1).
• The epipole (or epipolar point) is the intersection point of the line joining
the perspective centers with the image plane. There are two epipolar points
K = (S ∨ S′)

⋂

ω and K ′ = (S ∨ S′)
⋂

ω′.
• An epipolar plane is a plane containing the baseline.
• An epipolar line is the intersection of an epipolar plane with the image plane.
All epipolar lines intersect at the epipole.

Let M ∈ E
3 be an arbitrary space point, different from S and S′, and let the
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points M = (S∨M)
⋂

ω,M ′ = (S′∨M)
⋂

ω′ be its central projections (see Fig.
1). Then, the pair (M,M ′) is called a pair of corresponding points. If M ∈ ω is
an arbitrary point different from K, then the epipolar plane γ passing through
the points S, S′, M intersects the projection plane ω′ in the epipolar line m′,
or shortly m′ = γ

⋂

ω′. In this way, there is a correlation F : ω → ω′ which
maps an arbitrary point M ∈ ω \ {K} to its epipolar line m′ = M ′ ∨K ′ ⊂ ω′,

i.e. M
F
→ m′. The fundamental matrix F is an algebraic representation of this

correlation with respect to given affine coordinate systems B = Oxy in ω and
B′ = O′x′y′ in ω′. This means that if the coordinate vector p = (xM , yM , 1)T

(respectively, p′ = (x′M ′ , y
′
M ′ , 1)T ) represents homogeneous coordinates of the

point M ∈ ω (respectively M ′ ∈ ω′) with reference to B (respectively B′), and
if m1x+m2y +m3 = 0 (respectively m′

1x
′ +m′

2y
′ +m′

3 = 0) is the equation of
m (respectively m′) with reference to B (respectively B′), then

Fp = (m′
1,m

′
2,m

′
3)

T and FT p′ = (m1,m2,m3)
T . (2)

Moreover, if the vector k = (xK , yK , 1)T (resp. k′ = (x′K ′ , y′K ′, 1)T ) represents
homogeneous coordinates of the epipolar point K ∈ ω (resp. K ′ ∈ ω′) with
reference to B (resp. B′), then

Fk = (0, 0, 0)T and FT k′ = (0, 0, 0)T . (3)

(See for details [4], [7], [11]). The use of homogeneous coordinates in the pro-
jection planes ω and ω′ allow to consider any projection plane as a projective
extension of the Euclidean plane. Thus, any finite or Euclidean point in ω and
ω′ has nonzero third homogeneous coordinate while the third homogeneous co-
ordinate of any point at infinity is always equal to 0. Moreover at least one of
the three homogeneous coordinates of any finite point and any point at infinity
is different from 0. Some recent applications of epipolar geometry can be found
in ([2]) and [6].

3. Canonical Form of the Fundamental Matrix

The coordinates of the points and the elements of the fundamental matrix in
(1) depend on the choice of coordinate systems in the projection planes. In this
section, we introduce special affine coordinate systems in the projection planes
ω and ω′. The fundamental matrix with respect to these coordinate systems
has only integer elements and a minimal Frobenius norm.
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Theorem 1. Let Π = (S, ω) and Π′ = (S′, ω′) be two central projections
determining epipolar geometry. Then the two epipolar points are finite if and
only if there exist plane coordinate systems BC = Oxy in ω and B′

C = O′x′y′

in ω′ such that the fundamental matrix F (up to scale) with respect to BC and
B′
C is equal to





0 1 0
−1 0 0
0 0 0



 . (4)

Proof. First, we assume that the baseline S ∨ S′ intersects the two projec-
tion planes at two finite (or Euclidean) epipolar points K ∈ ω and K ′ ∈ ω′.
Then, we introduce two coordinate systems BC = Oxy in ω and B′

C = O′x′y′

in ω′ as follows. The origins coincide with the epipolar points, i.e. K ≡ O and
K ′ ≡ O′. Consider two different epipolar planes γ, γ′ passing through S ∨ S′

and determine the coordinate axes x = γ
⋂

ω, y = γ′
⋂

ω in ω, x′ = γ
⋂

ω′, as
well as the coordinate axes y′ = γ′

⋂

ω′ in ω′. Then, choosing the unit point E
of the affine coordinate system Oxy on the bisector l of ∠xOy we can obtain
a point E′ ∈ ω′ such that E and E′ form a pair of corresponding points in the
considered epipolar geometry. In fact, if ε is the epipolar plane passing through
E and S ∨ S′, then l′ = ε

⋂

ω′ is the epipolar line corresponding to E and
E′ =

(

E ∨ S′
)
⋂

l′, i.e. (E,E′) is a pair of corresponding points regarding to
E ∈ ω. We take the point E′ as the unit point of the affine coordinate system
O′x′y′ in ω′. Under the above assumptions we compute the fundamental ma-
trix F = [fij]i,j=1,2,3. From k = (0, 0, 1)T and the left equation in (3) it follows

that f13 = f23 = f33 = 0. In the same way, from k′ = (0, 0, 1)T and the right
equation in (3) it follows that f31 = f32 = f33 = 0. An arbitrary point A ∈ x

with vector-column of homogeneous coordinates a = (xA, 0, 1)
T has a corre-

sponding epipolar line x′ with an equation y′ = 0. Then the left equation of (2)
is Fa = tA(0, 1, 0) (tA 6= 0), or equivalently (f11xA, f21xA, 0) = tA(0, 1, 0) for
any xA. This means f11 = 0. Similarly, f22 = 0. The unit points (E and E′) of
the two coordinate systems form a pair of corresponding points, and the vector-
columns of their homogeneous coordinates are e = (1, 1, 1)T and e′ = (1, 1, 1)T ,
respectively. Applying (1) we get f21 = −f12. Thus the fundamental matrix
up to scale factor can be written in the form (4).
Conversely, let the matrix (4) be the fundamental matrix F with respect to
some affine coordinate systems B in ω and B′ in ω′. Suppose that the ho-
mogeneous coordinates of the epipolar point K (resp. K ′) are xK , yK and
wK (rsp. x′K ′, y′K ′ and w′

K ′). Then, at least one of the real numbers xK ,
yK , wK is different from 0, and at least one of the real numbers x′K ′, y′K ′ and
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w′
K ′ is different from 0. In other words, both vectors k = (xK , yK , wK)T and

k′ = (x′K ′ , y′K ′ , w′
K ′)T are nonzero. Substituting in the left equation in (3) we

have Fk =





0 1 0
−1 0 0
0 0 0









xK
yK
wK



 =





0
0
0



, i.e. xK = yK = 0. This implies

that wK 6= 0, or the epipolar point K is finite. In the same way, from the right
equation in (3) it follows that K ′ is a finite point.

Definition 2. The plane coordinate systems BC = Oxy in ω and B′
C =

O′x′y′ in ω′ from Theorem 1 are called canonical bases. The matrix (4) is
called a canonical form of the fundamental matrix .

4. Construction of the Canonical Bases

There are two approaches for determining the epipolar geometry. The first
approach is by two given central projections. The second one is by the fun-
damental matrix with respect to given coordinate systems in the projection
planes. Now, we will present practical ways for obtaining canonical bases in
both cases. These ways are based on Theorem 1 and its proof.

4.1. Epipolar Geometry with Coinciding Projection Planes

Assume that epipolar geometry is defined by two central projection Π = (S, ω)
and Π′ = (S′, ω′) such that ω = ω′, S 6= S′, and the baseline S∨S′ is not parallel
to the plane ω. (see Fig. 2). Then the two epipolar points are coinciding
K ≡ K ′. If (M, M ′) is a pair of corresponding points, then the line M ∨M ′

is an epipolar line. Every epipolar plane intersects the coinciding projection
planes in the coinciding epipolar lines. Let x ≡ x′ and y ≡ y′ be two different
lines in ω ≡ ω′ passing through K ≡ K ′. Consider a fixed point E = E′ on
the bisector of ∠xKy different from K. As in the proof of Theorem 1 it can be
shown that the affine coordinate system BC = Kxy in ω with a unit point E

and B′
C = K ′x′y′ in ω′ with a unit point E′ are canonical bases of the considered

epipolar geometry.

4.2. Epipolar Geometry with Intersecting Projection Planes

Assume that epipolar geometry is defined by two central projection Π = (S, ω)
and Π′ = (S′, ω′) such that ω 6= ω′, ω 6‖ ω′, S 6= S′, and the baseline S∨S′ is not
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Figure 2: Coinciding projection planes

Figure 3: Intersecting projection planes (on the left) and a choice of
canonical bases (on the right)

parallel to the planes ω and ω′. (see Fig. 3). Then the intersection ω
⋂

ω′ = g is
a line, and the epipolar points K =

(

S ∨ S′
)
⋂

ω, K ′ =
(

S ∨ S′
)
⋂

ω′ are finite.

Let M ∈ E
3 \

{(

S ∨ S′
)}

be an arbitrary point, and let M ∈ ω, M ′ ∈ ω′ be
its projections. Consider the epipolar plane µ passing through M , M , M ′ and
the intersecting point M∗ = g

⋂

µ. Then, the epipolar line m = µ
⋂

ω meets
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the epipolar line m′ = µ
⋂

ω′ at the point M∗, or shortly m
⋂

m′ = M∗. This
implies that the correlation F : ω → ω′ maps an arbitrary point M ∈ ω \ {K}
to its epipolar line m′ = M∗K ′ = M ′ K ′ ⊂ ω′, where M∗ = (M ∨K)

⋂

g. The
above observations allow is to describe a short procedure for obtaining canoni-
cal bases in this particular case.
Input : Epipolar geometry with intersecting projection planes
ω
⋂

ω′ = g.
1. Find the epipolar points K and K ′.
2. Identify O = K and O′ = K ′.
3. Choose two different lines x ⊂ ω, y ⊂ ω passing through O and find the
intersecting points X∗ = g

⋂

x, Y ∗ = g
⋂

y.
4. Determine the joining lines x′ = X∗ ∨K ′ and y′ = Y ∗ ∨K ′.
5. Choose a point E (E 6= O) on the bisector of the angle ∠xOy and obtain
(as in the proof in Theorem 1) the point E′ ∈ ω′ such that (E,E′) to be a pair
of corresponding points.
Output : Two canonical basis are BC = Oxy with a unit point E in ω and
B′
C = O′x′y′ with a unit point E′ in ω′.

4.3. Epipolar Geometry with Parallel Projection Planes

Assume that epipolar geometry is defined by two central projection Π = (S, ω)
and Π′ = (S′, ω′) such that ω 6= ω′, ω ‖ ω′, S 6= S′, and the baseline S∨S′ is not
parallel to the plane ω (see Fig. 4). Then the epipolar points K =

(

S ∨ S′
)
⋂

ω,

K ′ =
(

S ∨ S′
)
⋂

ω′ are finite. If (M,M ′) is an arbitrary pair of corresponding
points, then the epipolar lines m = KM and m′ = K ′M ′ are parallel. Let ξ and
η be two different planes passing through the baseline and let ε be a bisector
plane of the dihedral angle ∠(ξ, η). Consider the intersecting lines x = ω

⋂

ξ,
y = ω

⋂

η, l = ω
⋂

ε, x′ = ω′
⋂

ξ, y′ = ω′
⋂

η, l′ = ω′
⋂

ε. Then we choose
a point E ∈ l (E 6= K) and get the intersecting point E′ = l′

⋂

(S′ ∨ E).
Identifying O = K, O′ = K ′ we define the affine coordinate system BC = Oxy

with a unit point E in the projection plane ω and the affine coordinate system
B′
C = O′x′y′ with a unit point E′ in the projection plane ω′. As in the proof

of Theorem 1 it can be verified that BC and B′
C are canonical bases for this

epipolar geometry with parallel projection planes.
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Figure 4: Parallel projection planes

4.4. Epipolar geometry with a given fundamental matrix

Assume that epipolar geometry is defined by the fundamental matrix F with
respect to a given coordinate system B = Oxy in ω and a given coordinate
system B′ = O′x′y′ in ω′. Then we can obtain the canonical bases BC =
OCxCyC in ω and B′

C = O′
Cx

′
Cy

′
C in ω′ in such a way that the elements of BC

are expressed in terms of B and the elements of B′
C are expressed in terms of B′.

The coordinate vector k = (k1, k2, k3) of the epipolar point K ∈ ω regarding to
B is a nonzero solution of the equation Fk = (0, 0, 0)T .
Similarly, the coordinate vector k′ = (k′1, k

′
2, k

′
3) of the epipolar point K ′ ∈ ω′

regarding to B′ is a nonzero solution of the equation FT k′ = (0, 0, 0)T . If k3 6= 0
and k′3 6= 0 we identify OC = K and O′

C = K ′. Consider the points A ∈ ω

with coordinate vector (xA, yA, 1) and B ∈ ω with coordinate vector (xB , yB , 1)
such that the three points OC , A, B are non-collinear and OC is equidistant
from A and B. Then we denote by E a point in ω with a coordinate vector
e = ((xA + xB), (yA + yB), 1). Thus, it is defined an affine coordinate system
BC = OCxCyC in ω with an origin OC , axes xC = OC ∨A, yC = OC ∨ B, and
an unit point E. Furthermore, if Fa = (a1, a2, a3)

T and Fb = (b1, b2, b3)
T , we

examine the line x′C ⊂ ω′ with equation a1x
′+a2y

′+a3 = 0 regarded to B′ and
the line y′C ⊂ ω′ with equation b1x

′ + b2y
′ + b3 = 0 regarded to B′, respectively.

Let E′
C ∈ ω′ be a point whose coordinate vector e′ is a nonzero solution of

the equation (e′)T Fe = 0. Then, it is defined an affine coordinate system
B′
C = O′

Cx
′
Cy

′
C in ω′ with a unit point E′

C . From the proof of Theorem 1 it
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follows that the obtained coordinate systems BC = OCxCyC and B′
C = O′

Cx
′
Cy

′
C

are canonical bases of the epipolar geometry defined by the fundamental matrix
F.

5. A Fundamental Matrix with respect to Special Coordinate

Systems

There is a direct way to define epipolar geometry by fundamental matrix with
respect to special affine coordinate systems in the projection planes. Let O,
M1, M2, M3 be four points in general position in ω (every three points are non-
collinear), and let O′, M ′

1, M
′
2, M

′
3 be also four points in general position in ω′.

Then there exist epipolar geometry with epipolar points O, O′ and two pairs
of corresponding points (Mi,M

′
i), i = 1, 2. In fact, if Oxy (x = O ∨ M1, y =

O∨M2) is an affine coordinate system in ω with a unit point M3, and if O′x′y′

(x′ = O′ ∨M ′
1, y

′ = O′ ∨M ′
2) is an affine coordinate system in ω′ with a unit

point M ′
3, then as in the proof of Theorem 1 we can see that the fundamental

matrix (up to scale) with respect of these two coordinate systems is given by

F =





0 1 0
p 0 0
0 0 0



 , p 6= 0 . (5)

Moreover p = −1 if and only if (M3,M
′
3) is a pair of corresponding points. Now

we examine an important particular case of parallel projection planes.

Theorem 3. Let ω and ω′ be two parallel planes in the Euclidean 3-space,
Assume that O, M1, M2 are three non-collinear points in ω, O′, M ′

1, M
′
2 are

three non-collinear points in ω′, and O ∨Mi ‖ O′ ∨Mi
′ (i = 1, 2). Then, there

exists an epipolar geometry with projection planes ω and ω′, epipolar points O
and O′, and two pairs of corresponding points (Mi, Mi

′), i = 1, 2.

Proof. There is a unique affine coordinate system Oxy in ω such that the
coordinate vectors of O, M1 and M2 are o = (0, 0, 1)T , m1 = (1, 0, 1)T and
m2 = (0, 1, 1)T , respectively. Similarly, there is a unique affine coordinate
system O′x′y′ in ω′ such that the coordinate vectors of O′, M ′

1, and M ′
2 are

o′ = (0, 0, 1)T , m′
1 = (1, 0, 1)T and m′

2 = (0, 1, 1)T , respectively. Let the point
E ∈ ω with a coordinate vector e = (1, 1, 1)T be the unit point of Oxy. The line
l′ ⊂ ω′ passing through O′ and parallel to O ∨ E has an equation x′ + py′ = 0
(p 6= 0). Then, there is an epipolar geometry with projection planes ω and
ω′ such that its fundamental matrix F is determined by the matrix equalities
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Fo = (0, 0, 0)T , FTo′ = (0, 0, 0)T , Fm1 = (0, 1, 0)T , Fm2 = (1, 0, , 0)T , Fe =
(1, p, , 0)T . This epipolar geometry has epipolar points O and O′, two pairs
of corresponding points (Mi, Mi

′), i = 1, 2 and its fundamental matrix up to
scale is written in the form (5) with respect to Oxy and O′x′y′.

6. An Application of the Canonical Form of the Fundamental

Matrix

Let us consider two photographs of one and the same 3D scene such that the
second photo is obtained by moving camera along the optical ray without rota-
tion. Then the first position of the camera corresponds to the first photo and
determines the projection plane ω, second position of the camera corresponds
to the second photo and determines the projection plane ω′. Furthermore, we
may consider the principal points as the epipolar points of epipolar geometry
(see Section 2). Thus, the image frames B in ω and B′ in ω′ (defined also in
Section 2) are canonical bases of considered epipolar geometry. In other words,
the fundamental matrix with respect to B and B′ is canonical and therefore it
can be denoted by FC .
Let us consider a pair of corresponding points (M,M ′), i.e. the point M from
the first photo and the point M ′ from the second photo represent one and the
same 3D point M . Using coordinate measuring machine we obtain the coordi-
nate vector m = (x, y, 1)T of M with respect to B and the coordinate vector
m′ = (x′, y′, 1)T of M ′ with respect to B′. Now, we will reduce errors resulting
from measurement and distortion in the photos. Let us denote the coordinate
vector of the exact coordinates of the point M by me = (u, v, 1)T and the co-
ordinate vector of the exact coordinates of the point M ′ by m′

e = (u′, v′, 1)T .
Then, u = x + a, v = y + b, u′ = x′ + c, v′ = y′ + d, where the real numbers
a, b, c, d are necessary rectifications of the coordinates. From (m′

e)
TFCm

′
e = 0

it follows that the numbers a, b, c, d can be found by solving following nonlinear
constrained optimization problem:

min{Q(a, b, c, d) = a2 + b2 + c2 + d2} (6)

subject to
(

x′ + c, y′ + d, 1
)

FC





x+ a

y + b

1



 = 0. (7)

Using Lagrange multipliers method we get the numbers a, b, c, d satisfying (6)
and (7). In this way we obtain the rectifying coordinates u = x + a, v =
y + b, u′ = x′ + c, v′ = y′ + d.
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Example 1. Let us consider two photographs of a urban area in Sofia
city (Bulgaria) obtained as in the beginning of this section(see Fig. 5 and Fig.
6.). We specify 10 pairs of corresponding points (Mi,M

′
i), i = 1 . . . 10 in both

photos and measure their Cartesian coordinates with respect to image frames.
These coordinates are given in Table 1.

N: from the first photo N: from the second photo

1 3.8693 -24.1966 1 1 -3.0621 -26.5910 1

2 -22.6071 -23.7091 1 2 -29.4471 -26.3193 1

3 -6.0136 -24.6840 1 3 -12.7184 -26.8627 1

4 15.5823 -13.5953 1 4 8.7704 -15.7246 1

5 -22.4851 -16.5198 1 5 -29.3382 -18.9325 1

6 10.7019 -23.7091 1 6 3.9752 -26.1923 1

7 -107.9145 -10.2075 1 7 -114.6804 -13.7751 1

8 -101.8012 -11.8043 1 8 -109.0391 -15.3620 1

9 -121.2696 0.0307 1 9 -128.6466 -3.5976 1

10 -130.5805 7.8268 1 10 -137.9026 4.2270 1

Table 1: The homogeneous coordinates of the chosen points.

Using the same 10 pairs of points and eight point algorithm we compute up
to scale the corresponding fundamental matrix

Feight =





0.0081 0.5687 12.4891
−0.5594 0.0089 5.2196
−13.5618 −1.0711 98.138



 .

We can compare the distances between the point M ′
i and its epipolar line m′

i

obtained by different fundamental matrices and coordinates with different pre-
cision. These distances are given in Table 2. In the first column we use the
matrix Feight and the measured coordinates, in the second column we apply a
canonical form of the fundamental matrix FC and the measured coordinates
of Mi, and in the last column we employ the same canonical matrix FC and
the rectifying coordinates. The numbers in the third column are closest to
zero. Thus, we can conclude that the combination of FC and the rectifying
coordinates gives the best results.
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Figure 5: First photo of a urban area
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