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Abstract: In this article, we use the modified (w/g)- expansionmethod to find the traveling
wave solutions for some nonlinear partial differential equations in mathematical physicsvia the
nonlinear variant Boussinesq differential equations.When w and g are taken special choices,
some families of direct expansion methods are obtained to obtain the exact solutions for
the nonlinear evolutions equations in the mathematical physics. Based on these interesting
results, we further give two forms of expansions via the modified g ′ /g 2 - expansion method
and modified g ′ - expansion methods. When the parameters are taken some special values, the
solitary wave are derived from the traveling waves.This method is reliable, simple, and gives
many new exact solutions.
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1. Introduction
Nonlinear partial differential equations play an important role in describing the
various phenomena not only in physics, but also in biology and chemistry, and
several other fields of science and engineering. It is one of the important jobs in
the study of the nonlinear partial differential equations are searching for finding
the traveling wave solutions.There are many methods for obtaining the exact
solutions to nonlinear partial differential equations such as the inverse scattering method [1], Hirota’s bilinear method [2],Backlund transformation [3], the
first integral method [4], Painlev expansion [5], sine–cosine method [6],homogenous balance method [7], extended trial equation method [8,9], perturbation
method [10,11], variation method [12], tanh- function method [13,14],Jacobi
elliptic function expansion method [15,16], Exp-function method [17,18] and Fexpansion method [19,20].Wang et al [21] suggested a direct method called the
(G′ /G)- expansion method to find the rational traveling wave solutions for nonlinear partial differential equations (NPDEs).Recently, Li et al [22] presented
the modified (w/g)- expansion method to find the traveling wave solutions for
the Vakhnenko equation. Also Zayed et al [23] used the modified (w/g)- expansion method to solve the modified generalized Vakhnenko equation. In this
paper, we use the modified (w/g)- expansion method, where w, g are arbitrary
function to find the exact solutions to nonlinear evolution equations in mathematical physics. We obtain some new kind of traveling wave solutions when
the parameter is taking some special values.
2. Description of the Modified (w/g)-Expansion Method for NPDEs
In this section,we illustrate the mean idea of the modified (w/g)- expansion
method which discussed in [22,23].For a given nonlinear partial differential equation
P (u, ut , ux , utt , uxx , uxt , ..) = 0,
(1)
where u = u(x, t)is an unknown function, P is a polynomial in u = u(x, t) and its
various partial derivatives, in which the highest order derivatives and nonlinear
terms are involved.
Step 1. We use the travelling wave transformation:
u = U (ξ),

ξ = x − kt,

(2)

where k is a nonzero constant.Substituting Eq.(2) into Eq.(1), we recover the
ordinary differential equation (ODE)
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Q(U, U ′ , U ′′ , ...) = 0.
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(3)

Step 2.Suppose the solution of Eq.(3) can be expressed by a polynomial in
a finite form of (w/g) as following:
U (ξ) =

m
X

ai

i=0



w(ξ)
g(ξ)

i

,

(4)

where ai (i = 0, 1, ..., m) are arbitrary constants to be determined later ,and
w(ξ), g(ξ) satisfy the following relation


w(ξ)
g(ξ)

′

=a+b



w(ξ)
g(ξ)



+c



w(ξ)
g(ξ)

2

(5)

or
w′ g − wg ′ = ag 2 + bwg + cw2

(6)

where a, b, care arbitraryconstants.
Step 3. Determine the positive integer min the formula (4) by balancing
the nonlinear term(s) and the highest order derivative in Eq. (3).
Step 4. Substituting Eq. (4) into (3) along with (5), and collect all
terms with the same powers (w/g)i , (i = 0, 1, ..., m). Setting each coefficient
of (w/g)i , (i = 0, 1, ..., m)to be zero, yield a set of algebraic equations for
ai (i = 0, ±1, ..., ±m) and k.
Step 5. Solving these over-determined system of algebraic equations with
the help of Maple software package to determine ai (i = 0, ±1, ..., ±m)andk.
Step 6.Using the results which obtained in the above steps to derives a
series of fundamental solutions of nonlinear partial differential equation (1).
Remark 1. Furthermore if we put g = 1, b = 0, and c = 1. In this case the
solution (4) takes the form
U (ξ) =

m
X

ai w i ,

(7)

i=0

where ai (i = 0, 1, ..., m) are arbitrary constants, and w satisfy the following
relation
w′ = a + w2
(8)
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In this case the (w/g)- expansion method is equivalent to the tanh- function
method.Also when g = 1,and a, b, c are nonzero constants the (w/g)- expansion
method is equivalent to the Riccati expansion function method[13,14].
Remark 2. (see [22,23]) If we choose w = g′ , a = −µ, b = −λ, and
c = −1. In this case the solution (4) takes the form
U (ξ) =

m
X
i=0

 ′ i
g
ai
,
g

(9)

where ai (i = 0, 1, ..., m) are arbitrary constants, and g satisfy the following
second order differential equation:g′′ + λg ′ + µg = 0.

(10)

In this case the (w/g)- expansion method is equivalent to the(G′ /G) expansion method proposed by Wang et al, see [21].
Remark 3. If we put w = g′ /g,
solution takes the form
U (ξ) =

b = 0, . We have a new form of exact

m
X

ai

i=0



g′
g2

i

,

(11)

where ai (i = 0, 1, ..., m) are arbitrary constants, and g satisfy the following
nonlinear second order differential equation
g2 g′′ − 2g(g ′ )2 = ag 4 + c(g′ )2 ,

(12)

m
X

(13)

which is called (g′ /g2 )- expansion method and proposed in [22,23].
Remark 4. If we put w = gg′ . We have a new form of exact solution
takes the form
U (ξ) =

ai (g′ )i ,

i=0

where ai (i = 0, 1, ..., m) are arbitrary constants, and g satisfy the nonlinear
second order differential equation
g ′′ = a + bg′ + c(g′ )2 ,
which is called (g′ )-expansion method and proposed in [22,23].

(14)
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3. Applications of Extended Rational (w/g) Expansion Method for
NPDEs
In this section, we use the two expansions methods namely the (g′ /g2 ) expansion method and (g ′ )-expansion method tofind the traveling wave solutions for
nonlinear evolution equations in mathematical physics via the nonlinear variant
Boussinesq differential equations which are very important in the mathematical science and have been paid attention by many researchers in physics and
engineering.
3.1. Traveling Wave Solutions of the Nonlinear Variant Boussinesq
Differential Equations
The Boussinesq equation is a well-known model of long water wave of moderate
amplitude, describes one dimensional, weakly nonlinear internal wave which
develops at the boundary between two immiscible fluids. Guo et al (see [24])
model of the atmospheric movement equation which is applicable to mesoscale
and quashing compressible fluid movement, which means important physical
applications in hydrodynamics. The Boussinesq equation also is of considerable
mathematic interests because of its rich mathematical structures. In the present
research, we focus on the variant Boussinesq equations, which was derived by
Sachs (see [25]) in 1988 as a model for water waves:
Ht + (Hu)x + uxxx = 0,
ut + Hx + uux = 0.

(15)

where u(x, t) is the velocity, H(x, t) is the height of free wave surface for
fluid in the trough, and the subscripts denote partial derivatives. In the past
years, many authors have studied Eqs. (15). For example, Wang [26] solved
Eq. (15) by the homogeneous balance method. Yan etal [27] obtained new
explicit and exact traveling wave solutions for Eq. (15) by an improved sinecosine method and the Wu elimination method. Naz et al. [28] obtained the
conservation laws for Eq. (15) by an interesting method of increasing the order
of partial differential equations. Fan etal [29] uniformly constructed a series of
traveling wave solutions for Eq. (15) by a new algebraic method. Lü [30] solved
Eq. (15) by a general Jacobi elliptic function expansion method, and obtained
Jacobi elliptic function solutions. Yuan et al. [31] constructed bifurcations
of traveling wave solutions for Eq. (15) by the bifurcation theory of planar
dynamical systems. Li et al. [32] obtained all possible smooth, cusped solitary
wave solutions for Eq. (15) by the phase portrait analytical technique.Let us
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assume the traveling wave solutions of Eq. (15) in the following form:
u(x, t) = U (ξ),

H(x, t) = H(ξ), ξ = x − kt

(16)

where k is an arbitrary constant. The transformation (16) permits us to
convert PDE’s (15) to the following ODE’s :−k H + HU + U ′′ + C1 = 0,
−KU + H + 12 U 2 + C2 = 0.

(17)

where C1 and C2 are the integration constants.
3.1.1. The Modified (g ′ /g 2 )-Expansion Method for Nonlinear
Variant Boussinesq Differential Equations
In this subsection we use the direct method (g ′ /g2 )- expansion method to find
the traveling wave solutions of Eqs. (17). By balancing the highest order
derivative term and nonlinear terms in Eq. (17), we suppose the solutions of
Eqs. (17) have the following form:
 ′
U (ξ) = a0 + a1 gg2 ,
 ′
 ′ 2
(18)
H(ξ) = b0 + b1 gg2 + b2 gg2 ,
where a0 , a1 , b0 , b1 and b2 are constants to be determined later and g(ξ) satisfies equation (12). Substituting Eq. (18) along with (12) into Eq. (17)
and collecting all terms with the same order of (g′ /g2 ) together, the left hand
side of Eq. (17) are converted into polynomial in (g′ /g 2 ). Setting each coefficient of these polynomials to be zero , we derive a set of algebraic equations
fora0 , a1 , b0 , b1 , b2 and k. Solving the set of algebraic equations by using Maple
or Mathematica , software package to get the following results:
C2 = 12 k2 + 2ca,
b1 = C 1 = 0

a0 = k, , a1 = −2c, b0 = −2ca,

b2 = −2c2 ,

(19)

where k, c, a are arbitrary constants. The general solution of the nonlinear
differential equation (15) have the following forms:
Family 1. If ca > 0,
g(ξ) =

2c
√
− A2 cos( acξ))2 )

√
ln( ac (A1 sin( acξ)

(20)
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and

g′
=
g2

r

a
c

√
√
A1 cos( acξ) + A2 sin( acξ)
√
√
A1 sin( acξ) − A2 cos( acξ)
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(21)

In this family the traveling wave solution of (15) takes the following form:
√  1 cos(√acξ)+A2 sin(√acξ) 
√
√
,
U (ξ) = k − 2 ac A
2 cos( acξ)
A1 sin( acξ)−A
2
√
√
1 cos(√ acξ)+A2 sin(√acξ)
H(ξ) = −2ca − 2ca A
.
A1 sin( acξ)−A2 cos( acξ)

(22)

where ξ = x − kt.
Family 2. If ca < 0,
2c
√
g(ξ) = − p
c
2 |ac|ξ − ln[ 4a
(A1 e2 |ac|ξ − A2 )2 ]

(23)

and
√
p
4 |ac|A1 e2 |ac|ξ
1 p
g′
√
[2 |ac| −
=
]
g2
2c
A1 e2 |ac|ξ − A2

(24)

In this family the traveling wave solutions of (15) take the following form:

√
√
p
4 |ac|A1 e2 |ac|ξ
√
U (ξ) = k − 2 |ac| −
,
A1 e2 |ac|ξ −A2
2

√
√
p
4 |ac|A1 e2 |ac|ξ
1
√
,
H(ξ) = −2ca − 2 2 |ac| −
2 |ac|ξ


A1 e

Family 3. If a = 0,

(25)

−A2

c 6= 0,
c
ln(A1 cξ + A2 c)

(26)

A1
g′
=−
2
g
A1 cξ + A2 c

(27)

g(ξ) =
and

In this family the traveling wave solutions of (15) take the following form:
2A1 c
A1 cξ+A2 c ,
2c2 A2
−2ca − (A1 cξ+A12 c)2 .

U (ξ) = k +
H(ξ) =

(28)
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3.1.2. The New Modified g ′ -Expansion Method for Nonlinear
Variant Boussinesq Differential Equations
In this subsection we use the direct method (g ′ /g2 )- expansion method to find
the traveling wave solutions of Eqs. (17). By balancing the highest order
derivative term and nonlinear terms in Eq. (17), we suppose the solutions of
Eqs. (17) have the following form:
U (ξ) = a0 + a1 g′ ,
H(ξ) = b0 + b1 g′ + b2 g ′2 ,

(29)

where a0 , a1 , b0 , b1 and b2 are constants to be determined later and g(ξ) satisfies equation (14). Substituting Eq. (29) along with (14) into Eq. (17) and
collecting all terms with the same order of g ′ together, the left hand side of
Eq. (17) are converted into polynomial in g′ . Setting each coefficient of these
polynomials to be zero , we derive a set of algebraic equations fora0 , a1 , b0 , b1 ,
b2 and k. Solving the set of algebraic equations by using Maple or Mathematica
, software package to get the following results:
C2 = 12 k2 − 12 b2 + 2ca,
b2 = −2c2 ,
b1 = −2bc,

a0 = k − b,
C1 = 0

a1 = −2c, b0 = −2ca,

(30)

where k, c, a are arbitrary constants. The traveling wave solution of the
nonlinear differential equation (17) have the following forms:
Family 1. If ∆ = 4ac − b2 > 0,


1√
1
∆ξ)) − bξ
(31)
ln(1 + tan2 (
g(ξ) =
2c
2
and


√
1 √
2 1
g =
∆ tan (
∆ξ) − b .
2c
2
′

(32)

In this family the traveling wave solutions of (15) take the following form:
i
√
∆ tan2 ( 21 ∆ξ) − b ,
h√
i
i2
h√
√
√
H(ξ) = −2ca − b ∆ tan2 ( 12 ∆ξ) − b − 21
∆ tan2 ( 21 ∆ξ) − b

U (ξ) = k − b −

h√

Family 2. If ∆ = 4ac − b2 < 0,

(33)
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√
1
2 1
g(ξ) =
−∆ξ) − 1) − bξ
ln(tanh (
2c
2

(34)

and
g′ =



1 √
1√
−∆ tanh2 (−
−∆ξ) − b .
2c
2

(35)

In this family the traveling wave solutions of (15) take the following form:
√
√

U (ξ) = k − b − √
−∆ tanh2 (− 21 √
−∆ξ) − b ,
H(ξ) = −2ca − b −∆ tanh2 (− 21 −∆ξ) − b
2
√
√
− 21
−∆ tanh2 (− 21 −∆ξ) − b ,

(36)



1
b
g(ξ) = − ln(ξ) + ξ
c
2

(37)

Family 3. If ∆ = 4ac − b2 = 0,

and
1
g =−
c
′




1 b
+ . .
ξ 2

(38)

In this family the traveling wave solutions of (15) take the following form:
U (ξ) = k − b + 2



H(ξ) = −2ca + 2b

1
ξ

+

1
ξ

b
2



+

,


b
2

−2



1
ξ

+

b
2

2

,

(39)

3.1.3. Numerical Solutions for the Exact Solutions for Nonlinear
Variant Boussinesq Differential Equations
In this section we give some figures to illustrate the behavior of the exact
solutions which obtained in above sections To this end , we select some special
values of the parameters to show the behavior of extended rational (g′ /g2 ) expansion method and g′ expansion method for nonlinear variant Boussinesq
differential equations
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Figure 1: The exact solution (22) of Eq. (16) and its projection at t = 0
when k = 3, a = 2, c = 1, A1 = 5, A2 = 3
4. Conclusion
In this paper we used the rational direct method (w/g) expansion method to
construct a series of some new traveling wave solutions for some nonlinear partial differential equations in the mathematical physics. We constructed the
rational exact solutions in many different functions such as hyperbolic function
solutions, trigonometric function solutions and rational exact solution. The performance of this method reliable, effective and powerful for solving the nonlinear partial differential equations.Also we illustrate the behavior of the traveling
wave solutions when the parameters take some special values.
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Figure 2: The exact solution (25) of Eq. (15) and its projection at t = 0
when k = 3, a = 2, c = 1, A1 = 5, A2 = 3
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Figure 3: The exact solution (28) of Eq. (15) and its projection at t = 0
when k = 3, a = 2, c = 1, A1 = 5, A2 = 3
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