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Abstract: Based on concepts for semigroups, fractional calculus and Banach contraction

principle, this manuscript is principally involved with existence results for fractional neutral
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illustration is also offered to demonstrate the attained theorem.
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1. Introduction

The concept of semigroups of bounded linear operator is meticulously associ-
ated to solving differential and integro-differential equations in Banach spaces.
Recently, this concept has been employed to a significant type of non-linear
differential equations in Banach spaces. For more points of interest on this con-
cept, we allude the reader to Pazy [1]. In the most recent decades, fractional
differential equations (FDE) have assumed an imperative part because of the
memory character of fractional derivative, which is a speculation of integer-
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order derivative and can depict numerous advancement that integer derivative
are unable to outline. For essential assurances about fractional frameworks, one
can make reference to the treatises [2, 3], and the papers [4, 5], and the refer-
ences cited therein. Fractional equation with delay features happen in several
areas such as medical and physical with state-dependent delay or non-constant
delay. These days, existence results of mild solutions for such problems became
very attractive and several researchers working on it, see for instance [6, 7, 8].

The existence, controllability and other qualitative and quantitative prop-
erties of FDE are the most advancing territory of exploration, for instance,
see [9, 11, 12, 13, 14, 15, 16, 17, 10]. As of late, Santos et al. [11, 12] an-
alyzed the existence of solutions for FIDE with unbounded or SDD delay in
Banach spaces. Shu et al. [13] investigated the existence results for FDE with
nonlocal conditions of order α ∈ (1, 2). In [14, 15], the writers offer adequate
circumstances for the existence and approximate controllability of fractional
order neutral differential and stochastic differential system with infinite de-
lay. Kexue et al. [16] analyzed the controllability of nonlocal FDE of order
α ∈ (1, 2]. Sakthivel et al. [17] acknowledged the approximate controllability
of fractional dynamical system by employing appropriate fixed point theorem.
Lately, in [18, 19], the authors discussed the approximate controllability results
for FNIDS with SDD by utilizing the suitable fixed point theorem. However,
existence results for FNIDS with SDD in Bh phase space adages have not yet
been totally inspected.

Motivated by the exertion of the aforementioned papers [18, 19], the prin-
ciple motivation behind this manuscript is to research the existence of mild
solutions for FNIDS with SDD of the model

Dα
t

[
x(t) + G (t, x̺(t,xt))

]
= A x(t) +

∫ t

0
B(t− s)x(s)ds

+ F (t, x̺(t,xt)), t ∈ I = [0, T ], (1.1)

x0 = ς(t) ∈ Bh, x′(0) = 0, t ∈ (−∞, 0], (1.2)

where the unknown x(·) needs values in the Banach space X having norm ‖·‖, Dα
t

is the Caputo fractional derivative of order α ∈ (1, 2),A , (B(t))t≥0 are closed
linear operators described on a regular domain which is dense in (X, ‖ · ‖) and
Dα

t σ(t) symbolize the Caputo derivative of α > 0 characterized by

Dα
t σ(t) :=

∫ t

0
µ̃n−α(t− s)

dn

dsn
σ(s)ds,

where n ≥ α and µ̃β(t) := tβ−1

Γ(β) , t > 0, β ≥ 0. Further, G ,F : I × Bh →
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X, ̺ : I × Bh → (−∞, T ] are apposite functions, and Bh is a phase space
characterized in Preliminaries.

For almost any continuous function x characterized on (−∞, T ] and any
t ≥ 0, we designate by xt the part of Bh characterized by xt(θ) = x(t + θ)
for θ ≤ 0. Now xt(·) speaks to the historical backdrop of the state from every
θ ∈ (−∞, 0] likely the current time t.

We move forward as follows. Section 2 is committed to analysis of some vital
aspects that will be employed in this work to attain our principal outcomes.
In Section 3, we declare and demonstrate the existence results by suggests of
Banach fixed point theorem. In Section 4, as a final point, a proper case is
furnished to reflect the efficiency of the abstract concept.

2. Preliminaries

In this part, we present some primary components which are required to
confirm the principal outcomes.

Let L (X) symbolizes the Banach space of all bounded linear operators
from X into X endowed with the uniform operator topology, having its norm
recognized as ‖ · ‖L (X).

Let C(I ,X) symbolize the space of all continuous functions from I into
X, having its norm recognized as ‖ ·‖C(I ,X). Moreover, Br(x,X) symbolizes the
closed ball in X with the middle at x and the distance r.

It needs to be outlined that, once the delay is infinite, then we should talk
about the theoretical phase space Bh in a beneficial way. In this manuscript,
we deliberate phase spaces Bh which are same as described in [20]. So, we
bypass the details.

We expect that the phase space (Bh, ‖ · ‖Bh
) is a semi-normed linear space

of functions mapping (−∞, 0] into X, and fulfilling the subsequent elementary
adages as a result of Hale and Kato ( see case in point in [21, 22]).

If x : (−∞, T ] → X, T > 0, is continuous on I and x0 ∈ Bh, then for every
t ∈ I the accompanying conditions hold:

(P1) xt is in Bh;

(P2) ‖x(t)‖X ≤ H‖xt‖Bh
;

(P3) ‖xt‖Bh
≤ D1(t) sup{‖x(s)‖X : 0 ≤ s ≤ t}+D2(t)‖x0‖Bh

, where H > 0 is a
constant and D1(·) : [0,+∞) → [0,+∞) is continuous, D2(·) : [0,+∞) →
[0,+∞) is locally bounded, and D1,D2 are independent of x(·).
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(P4) The function t→ ςt is well described and continuous from the set

R(̺−) = {̺(s, ς) : (s, ς) ∈ [0, T ]× Bh},

into Bh and there is a continuous and bounded function J ς : R(̺−) →
(0,∞) to ensure that ‖ςt‖Bh

≤ J ς(t)‖ς‖Bh
for every t ∈ R(̺−).

Recognize the space

BT = {x : (−∞, T ] → X : x|I is continuous and x0 ∈ Bh} ,

where x|I is the constraint of x to the real compact interval on I . The function
‖ · ‖BT

to be a seminorm in BT , it is described by

‖x‖BT
= ‖ς‖Bh

+ sup{‖x(s)‖X : s ∈ [0, T ]}, x ∈ BT .

Lemma 1. [23, Lemma 2.1] Let x : (−∞, T ] → X be a function in a way
that x0 = ς, and if (P4) hold, then

‖xs‖Bh
≤ (D∗

2 + J ς)‖ς‖Bh
+ D

∗
1 sup{‖x(θ)‖X : θ ∈ [0,max{0, s}]},

s ∈ R(̺−) ∪ I ,

where J ς = sup
t∈R(̺−)

J ς(t), D
∗
1 = sup

s∈[0,b]
D1(s), D

∗
2 = sup

s∈[0,T ]
D2(s).

Remark 2. For extra information about this concept, we suggest the
reader to refer [9, 11].

3. Existence Results

In this segment, we present and demonstrate the existence of solutions for
the structure (1.1)-(1.2) under Banach fixed point theorem. First, we present
the mild solution for the model (1.1)–(1.2).

Definition 3. A function x : (−∞, T ] → X, is called a mild solution of
(1.1)-(1.2) on [0, T ], if x0 = ς; x|[0,T ] ∈ C([0, T ] : X); the function s→ A Sα(t−

s)G (s, x̺(s,xs)) and s →

∫ s

0
B(s − τ)Sα(t − s)G (τ, x̺(τ,xτ ))dτ is integrable on
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[0, t) for all t ∈ (0, T ] and for t ∈ [0, T ],

x(t) = Rα(t)(ς(0) + G (0, ς(0)))− G (t, x̺(t,xt))

−

∫ t

0
A Sα(t− s)G (s, x̺(s,xs))ds

−

∫ t

0

∫ s

0
B(s− τ)Sα(t− s)G (τ, x̺(τ,xτ ))dτds

+

∫ t

0
Sα(t− s)F (s, x̺(s,xs))ds.

Presently, we itemizing the subsequent suppositions:

(H1) The operator families Rα(t) and Sα(t) are compact for all t > 0, and there
exists a constant M in a way that ‖Rα(t)‖L (X) ≤ M and ‖Sα(t)‖L (X) ≤
M for every t ∈ I and

‖(−A )ϑSα(t)‖X ≤ Mtα(1−ϑ)−1, 0 < t ≤ T.

(H2) The subsequent conditions are fulfilled.

(a) B(·)x ∈ C(I ,X) for every x ∈ [D((−A )1−ϑ)].

(b) There is a function µ(·) ∈ L1(I ;R+), to ensure that

‖B(s)Sα(t)‖L ([D((−A )ϑ)],X) ≤ Mµ(s)tαϑ−1, 0 ≤ s < t ≤ T.

(H3) The function G (·) is (−A )ϑ-valued, G : I × Bh → [D((−A )−ϑ)] is
continuous and there exist LG , L

∗
G
> 0 such that for all (t, ςj) ∈ I ×

Bh, j = 1, 2;

‖(−A )ϑG (t, ς1)− (−A )ϑG (t, ς2)‖X ≤ LG ‖ς1 − ς2‖Bh
,

‖(−A )ϑG (t, ς)‖X ≤ LG ‖ς‖Bh
+ L∗

G ,

where
L∗

G = max
t∈I

‖(−A )ϑG (t, 0)‖X.

(H4) The function F : I × Bh → X is continuous and we can find constants
LF , L

∗
F
> 0 in ways that

‖F (t, ψ1)− F (t, ψ2)‖X ≤ LF‖ψ1 − ψ2‖Bh

and
L∗

F = max
t∈I

‖F (t, 0)‖X.
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(H5) The following inequalities holds:

(i) Let

MM0LG ‖ς‖Bh
+M0L

∗
G (1 +M) + (D∗

1 r + cn)

[
M0LG

+
MTαϑ

αϑ
LG

(
1 +

∫ T

0
µ(τ)dτ

)
+MTLF

]

+
MTαϑ

αϑ
L∗

G +
MTαϑ

αϑ
L∗

G

∫ T

0
µ(τ)dτ +MTL∗

F ≤ r,

for some r > 0.

(ii) Let

Λ = D
∗
1

{
LG

[
M0 +

MTαϑ

αϑ

(
1 +

∫ T

0
µ(τ)dτ

)]

+LFMT

}
< 1

be such that 0 ≤ Λ < 1.

Theorem 4. Assume that the conditions (H1)-(H5) hold. Then the struc-
ture (1.1)-(1.2) has a unique mild solution on I .

Proof. We will transmute the structure (1.1)-(1.2) into a fixed-point prob-
lem. Recognize the operator Υ : BT → BT specified by

(Υx)(t) =





Rα(t)(ς(0) + G (0, ς(0)))− G (t, x̺(t,xt))

−
∫ t

0 A Sα(t− s)G (s, x̺(s,xs))ds

−

∫ t

0

∫ s

0
B(s− τ)Sα(t− s)G (τ, x̺(τ,xτ ))dτds

+

∫ t

0
Sα(t− s)F (s, x̺(s,xs))ds, t ∈ I .

It is evident that the fixed points of the operator Υ are mild solutions of the
model (1.1)-(1.2). We express the function y(·) : (−∞, T ] → X by

y(t) =

{
ς(t), t ≤ 0;

Rα(t)ς(0), t ∈ I ,
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then y0 = ς. For every function z ∈ C(I ,R) with z(0) = 0, we allocate as z is
characterized by

z(t) =

{
0, t ≤ 0;

z(t), t ∈ I .

If x(·) fulfills (3.1), we are able to split it as x(t) = y(t) + z(t), t ∈ I , which
suggests xt = yt + zt, for each t ∈ I and also the function z(·) fulfills

z(t) =





Rα(t)G (0, ς)− G (t, z̺(t,zt+yt) + y̺(t,zt+yt))

−

∫ t

0
A Sα(t− s)G (s, z̺(s,zs+ys) + y̺(s,zs+ys))ds

−

∫ t

0

∫ s

0
B(s− τ)Sα(t− s)G (τ, z̺(τ,zτ+yτ ) + y̺(τ,zτ+yτ ))dτds

+

∫ t

0
Sα(t− s)F (s, z̺(s,zs+ys) + y̺(s,zs+ys))ds.

Let B0
T = {z ∈ B0

T : z0 = 0 ∈ Bh}. Let ‖ · ‖B0

T
be the seminorm in B0

T

described by

‖z‖B0

T
= sup

t∈I

‖z(t)‖X + ‖z0‖Bh
= sup

t∈I

‖z(t)‖X, z ∈ B
0
T ,

as a result (B0
T , ‖ · ‖B0

T
) is a Banach space. We delimit the operator Υ : B0

T →

B0
T by

(Υz)(t) =





Rα(t)G (0, ς)− G (t, z̺(t,zt+yt) + y̺(t,zt+yt))

−

∫ t

0
A Sα(t− s)G (s, z̺(s,zs+ys) + y̺(s,zs+ys))ds

−

∫ t

0

∫ s

0
B(s− τ)Sα(t− s)G (τ, z̺(τ,zτ+yτ ) + y̺(τ,zτ+yτ ))dτds

+

∫ t

0
Sα(t− s)F (s, z̺(s,zs+ys) + y̺(s,zs+ys))ds.

It is vindicated that the operator Υ has a fixed point if and only if Υ has a
fixed point.

Initially, we demonstrate that Υ maps Br(0,B
0
T ) into Br(0,B

0
T ). For any

z(·) ∈ B0
T , we sustain

‖(Υz)(t)‖X

≤ MM0LG ‖ς‖Bh
+M0L

∗
G (1 +M) + (D∗

1 r + cn)

[
M0LG
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+
MTαϑ

αϑ
LG

(
1 +

∫ T

0
µ(τ)dτ

)
+MTLF

]

+
MTαϑ

αϑ
L∗

G +
MTαϑ

αϑ
L∗

G

∫ T

0
µ(τ)dτ +MTL∗

F

≤ r.

Therefore, Υ maps the ball Br(0,B
0
T ) into itself. Finally, we show that Υ is a

contraction on Br(0,B
0
T ). For this, let us consider z, z ∈ Br(0,B

0
T ), we sustain

‖(Υz)(t)− (Υz)(t)‖X

≤ D
∗
1

{
LG

[
M0 +

MTαϑ

αϑ

(
1 +

∫ T

0
µ(τ)dτ

)]
+ LFMT

}
‖z − z‖B0

T

≤ Λ‖z − z‖B0

T
.

From the assumption (H5) and in the perspective of the contraction map-
ping principle, we understand that Υ includes a unique fixed point z ∈ B0

T

which is a mild solution of the model (1.1)-(1.2) on (−∞, T ]. The proof is now
completed.
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