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Abstract: In this paper a Mx/G(a, b)/1 queueing system with multiple adaptive vacation,

closedown times with controllable arriving customers is considered. The server provides service

to all customers with service time follows general distribution. On completion of a service, if

the queue ′ξ′ is less than ’a’ then the server performs a closedown work. Following closedown

the server leaves for M number of multiple adaptive vacations of random length, irrespective of

queue length. After a vacation or some vacation, if the queue length is still empty, the server

avails another M number of adaptive vacation otherwise, if the server finds atleast ’a’ customer

waiting for service say ′ξ′, then the server serves a batch of size min (′ξ′, b) customers, where

b ≥ a. During, multiple adaptive vacations if the customers of size min (a,b) entering with

probability then the server completes the current vacation and enter the system for giving the

service. Using the supplementary variable techniques, various characteristics of the queueing

systems are obtained.
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1. Introduction

Queueing models play a very important role in real life situations. Hence,
the study of this model is very important for the growth and development
of real life systems such as computer systems, industrial assembly lines, road
traffic flow, arrival of aircraft passengers, manufacturing systems, communi-
cation systems etc. In particular, queues with batch arrivals and bulk ser-
vice are quite common. Server vacation models are useful for the systems in
which the server wants to utilize the idle time for different purposes. Applica-
tion of server vacation model may be in the designing of local area networks
process such as file management, process management, memory management,
shared resources maintenance, communication system, manufacturing systems
and Chemical processing etc. Arumuganathan and Jeyakumar (1) have mainly
focused the results of closedown times in steady state analysis of the bulk queue
with multiple vacation. Steady state analysis of a bulk queue with multiple va-
cations, setup times with N-policy and closedown times is analysed by Arumu-
ganathan and Jeyakumar (2). They derived the expected number of customers
in the queue at an arbitrary time epoch and obtained other measures too, the
motivation of this paper is to study the behavior of the bulk arrival general
service queueing system with controllable arriving customers during multiple
adaptive vacation and closedown time. Queueing systems with general bulk
service and vacations have been studied, extensively by many authors. Lee (8)
has developed a procedure to calculate the system size probabilities for a bulk
queueing model. Krishna Reddy et al. (7) discussed the analysis of a bulk
queue with N policy multiple vacations and setup times. Ke et al. (6) has
studied the operating characteristics of a batch arrival queues under vacation
policies with server breakdowns and startup and closedown times. His sys-
tem there is two vacation policies one is multiple vacation and single vacation
and if a customer arrives during a closedown times, the server is immediately
started without a startup time. Choudhury, (4) obtained the characteristics of
an MX/G/1 queueing system with a setup period and a vacation period. Cox,
D.R. (5) obtained the non-Markovian stochastic processes by the inclusion of
Supplementary variables. Steady state analysis of two MX/M(a, b)/1 queue
models with random breakdowns studied by Madan et al. (9). They considered
that the repair time is exponential for one model and deterministic for another
one. Chunanyi Lou and Xisheng Yu (3) analyzed a single server markovian bulk
arrival general service queue with multiple adaptive vacations in transient state.
It may be remarked that this paper addresses the following points ’p’ entering
service is introduced in a bulk queuing model with closedown time. Variable
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size batch service is considered here. Probability generating function (PGF) of
queue length distribution at an arbitrary time epoch and different completion
epoch are obtained by using supplementary variable technique. The paper is
organized as follows: firstly, the steady state equations are developed by using
supplementary variables. Secondly, the probability generating function of queue
size at an arbitrary time epoch is obtained. Next through this some important
performance measures such as expected queue length, expected busy period,
expected waiting time are derived.

2. Notations and Assumptions

Let X be the group size random variable of the arrival, gk be the probability that
’k’ customers arrive in a batch and X(z) be its probability generating function.
Let S(.), V (.) and C(.)be the cdf of service time, vacation time, closedown
time. Let S̃(θ), Ṽ (θ),and C̃(θ) denotes Laplace - Stieltje’s transforms of S,V
and C. S(x),V(x)and C(x) denotes Pdf of S,V and C. S0(t), V 0(t) and C0(t)
denotes remaining service, vacation and closedown time of S,V and C at’t ’.
Let

Z(t) : j, if the server is on jth vacation

Ns(t) : Number of customers in the service

Nq(t) : Number of customers in the queue

Define the random variables as ξ(t) = (0), [1], {2}, < 3 > :
if the customers in the(service),[vacation],{idle}, < closedownjob >.

The probabilities for the number of customers in the queue and service are
defined as follows:

Pij(x, t)dt

= p{Ns(t) = i,Nq(t) = j,X ≤ S0(t) ≤ X + dt, ξ(t) = 0}, j ≥ 0

Qjn(x, t)dt

= p{Nq(t) = j,X ≤ V 0(t) ≤ X + dt, ξ(t) = 1, Z(t) = j, n ≥ 0},

T0(t)dt = p{Nq(t) = 0, ξ(t) = 2}, n ≥ 0

Cn(x, t)dt

= p{Nq(t) = n,X ≤ C0(t) ≤ X + dt, ξ(t) = 3, Z(t) = j, n ≥ 0}.
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3. Model Description

In this paper we study the steady state behavior of a single server, general
bulk service queue with restricted number of vacations. A batch of customers
arrive according to Poisson with arrival rate λ, after completing a bulk service,
if the queue length is empty then the server leaves for a vacation of random
length. When he returns from a vacation, if the number of customer in the
queue is still zero, then the server avails another vacation and so on until he
completes M number of vacations, in successions or he finds at least ’a’ cus-
tomer waiting for service. During the vacation time customers entering in
to the system with probability ’p’. The Customer bulk arrival is a time ho-
mogenous Poisson process, the intervals between bulk customers, are indepen-
dent identically distributed random variables generated by distribution function
x(z) = 1 − e−λz , z ≥ 0, With finite mean and PGF P(z). The service order
for customers in different bulk arrivals is under the rule of First Come First
Serve and the order in one bulk arrival is arbitrary. The service times µ ≥ 1
are independent identically distributed random variables each with distribution
s(x). The server takes adaptive multiple vacations when the system becomes
empty. Let T be the times of vacation generating by distribution function
with PGF Q(z). Assume that the length of each vacation Qn are independent
identically distributed random variables each with general distribution V(z)
and finite mean E[v]. The arriving customers directly enter the system when
the server does not take vacations. However, the customers who arrive during
server vacations enter the system with probability ’p’(0 ≤ p ≤ 1). The arrival,
service, vacation, closedown time and idle time are identically independent of
each other.

4. Steady State Analysis

In this section, the probability generating function of the queue size at an
arbitrary time epoch is derived the PGF by supplementary variable techniques,
will be useful in deriving the important performance measures.

4.1. Queue Size Distribution

In the steady state, let us define for x > 0,dividing the equations by ∆t and
letting the lim∆t→0, the steady state queue size equations are obtained.

P1,j(x) = limt→∞P1,j(x, t)
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P1,j(0) = limt→∞P1,j(0, t), for j ≥ 0

Qi,j(x) = limt→∞Qi,j(x, t)

Qi,j(0) = limt→∞Qi,j(0, t), for 1 ≤ j ≤ M

The Steady state equations are obtained as difference - differential equations of
the above are given as

−
d

dx
Pi0(x) = −λPi0(x) +

b∑
m=a

P11(0, t)s(x)∆t

+

M∑
l=1

Q1j(0, t)s(x)∆t + λT0(0)g1s(x) (1)

−
d

dx
Pij(x) = −λPij(x) +

j∑
k=1

Pi,j−k(x, t)λgk∆t (2)

−
d

dx
Pbj(x) = −λPbj(x) +

b∑
m=a

Pm,b+j(0, t)s(x)∆t

+

M∑
l=1

Qb,j+1(0, t)s(x)∆t+ λT0(t)gb+js(x)∆t

+

j∑
k=1

pb,j−kλgk∆t j ≥ 1, (3)

−
d

dx
Cn(x) = −λCn(x) +

b∑
m=a

Pm,n(0, t)C(x)∆t

+ p

n∑
k=1

Cn−k(x, t)λgk∆t, n ≤ a− 1 (4)

−
d

dx
Cn(x) = −λCn(x) + p

n∑
k=1

Cn−k(x, t)λgk∆t, n ≥ a (5)

−
d

dx
Q10(x) = −λQ10(x) + C0(0, t)V (x)∆t (6)

−
d

dx
Q1n(x) = −λQ1n(x) + p

n∑
k=1

Q1,n−k(x)λgk + Cn(0)v(x) (7)

−
d

dx
Qj0(x) = −λQj0(x) +Qj−1,0(0)v(x), 2 ≤ j ≤ M (8)
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−
d

dx
Qjn(x) = −λQjn(x) + p

n∑
k=1

Qj,n−k(x)λgk, 2 ≤ j ≤ M (9)

0 = −λT0 +

m∑
l=1

Ql,0(0) (10)

The Laplace streusels’ transforms of Pij(x), Qjn(x) and Cn(x) are defined as
follows

P̃1n(θ) =

∫
∞

0
e−θxP1n(x)dx

Q̃jn(θ) =

∫
∞

0
e−θxQjn(x)dx

and

C̃n(θ) =

∫
∞

0
e−θxCn(x)dx

Taking Laplace streusels’ transforms on both sides of the above equations we
get,

θP̃i0(θ)− Pi0(0) = λP̃i0(θ)−

b∑
m=a

Pm,i(0)S̃(θ)

−

M∑
l=1

Q1j(0)S̃(θ)− λT0(0)giS̃(θ) (11)

θP̃ij(θ)− Pij(0) = λP̃ij(θ)−

j∑
k=1

P̃i,j−k(θ)λgk (12)

θP̃bj(θ)− Pbj(0) = λP̃bj(θ)−
b∑

m=a

Pm,j+1(0)S̃(θ)

−

m∑
l=1

Ql,b+j(0)S̃(θ)− λT0(0)gb+j S̃(θ) +

j∑
k=1

P̃b,j−k(θ)λgk j ≥ 1 (13)

θC̃n(θ)− Cn(0) = λC̃n(θ)−

b∑
m=a

Pm,n(0)C̃(θ)− p

n−a∑
k=1

C̃n−k(θ)λgk (14)

θC̃n(θ)− Cn(0) = λC̃n(θ)− P
n−a∑
k=1

C̃n−k(θ)λgk (15)

θQ̃10(θ)−Q10(0) = λQ̃10(θ)− C0(0)Ṽ (θ) (16)
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θQ̃1n(θ)−Q1n(0) = λQ̃1n(θ)− P

n∑
k=1

Q̃1n−k(θ)λgk

− C0(0)Ṽ (θ)θQ̃1n(θ)−Q1n(θ) (17)

θQ̃j0(θ)−Qj0(0) = λQ̃j0(θ)−Qj−1,0(0)Ṽ (θ) 2 ≤ j ≤ M (18)

θQ̃jn(θ)−Qjn(0) = λQ̃jn(θ)−Qj−1,0(0)Ṽ (θ)

− p
n∑

k=1

Q̃j,n−k(θ)λgk 2 ≤ j ≤ M (19)

θQ̃jn(θ)−Qjn(0) = λQ̃jn(θ)− p
n∑

k=1

Q̃j,n−k(θ)λgk 2 ≤ j ≤ M (20)

0 = −λT0 +
∑

Ql,0(0) (21)

To obtain the PGF of the queue size at an arbitrary time, the following prob-
ability generating functions are defined

P̃1(z, θ) =
∞∑
j=0

P̃1j(θ)z
j

P1(z, 0) =

∞∑
j=0

P1j(0)z
j

Q̃j(z, θ) =

∞∑
n=0

Q̃jn(θ)z
n

Qj(z, 0) =
∞∑
n=0

Qjn(0)z
n

C̃(z, θ) =

∞∑
n=0

C̃n(θ)z
n

and

C(z, 0) =

∞∑
n=0

Cn(0)z
n (22)

Multiplying equations (4.15) by z0 and (4.16) by zn(n ≥ 1) and summing
up from n = 0 to ∞ and using equation (4.22) we get after using LST

(θ − λ+ λpx(z))Q̃1(z, θ) = Q1(z, 0) − C(z, 0)Ṽ (θ) (23)
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Multiplying equations (4.17) by z0,(4.18) by zn and (4.19) by zn summing up
from n = 0∞ and using equation (4.22) we get after using LST

(θ − λ+ λpx(z))Q̃j(z, θ) = Qj(z, 0) −
a−1∑
n=0

Qj−1,0(0)z
nṼ (θ) J ≥ 2 (24)

Multiplying equations (4.14) by z0,(4.15) by zn and (4.19) by zn summing up
from n = 0 to ∞ and using equation (4.22) we get after using LST, for J ≥ 2

(θ − λ+ λpx(z))C̃(z, θ) = C(z, 0)−

a−1∑
n=0

C̃(θ)

b∑
m=a

Pm,n(0)z
n (25)

Multiplying equations (4.11) by z0 and (4.12),(4.13) by zj and summing up
from j = 1 to ∞ and using equation (4.22) we get after using LST

z(θ − λ+ λx(z))P̃i(z, θ) = Pi(z, 0) −

b∑
m=a

S̃(θ)[

b∑
m=a

P1(z, 0)P10(0)

+
b∑

m=a

Q1(z, 0) + giλT0x(z)] (26)

(θ − λ+ λx(z))P̃b(z, θ)

= Pb(z, 0) − [S̃(θ)/zb][

b∑
m=a

P (z, 0)

+ Pb(z, 0) −
b∑

m=a

∑
j=0

b− 1Pm,j(0)z
j

+

m∑
l=1

Q1(z, 0) +

b∑
m=a

b−1∑
m=a

Q1,j(z, 0)

+ λT0x(z)] (27)

By Substituting θ = λ− λpx(z) in the Equations (4.23) and (4.24), we get

Q1(z, 0) = c(z, 0)Ṽ (λ− λpx(z)) (28)

Qj(z, 0) =

b−1∑
j=a

Qj−1,0(0)Ṽ (λ− λpx(z))zn (29)
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By Substituting θ = λ− λpx(z)in the equation (4.24)

C(z, 0) =
a−1∑
n=0

C̃(λ− λpx(z))
b∑

m=a

Pm,n(0)z
n (30)

By Substituting θ = λ− λx(z)in (4.26)we get,

zbPb(z, 0) = S̃(λ− λx(z))[

b−1∑
m=a

Pm(z, 0) + Pb(z, 0) −

b−1∑
j=0

Pmj(0)z
j

+

m∑
l=1

Q1(z, 0) −

b∑
m=a

b−1∑
j=0

Q1j(z, 0) + λT0x(z)] (31)

Solving for P1(z, 0) we get

P1(z, 0) =
S̃(θ)[−P10(0) +Q1(z, 0) −Q10(0) + λT0x(z)]

z − S̃(λ− λx(z))
(32)

By Substituting Q1(z, 0) and Qj(z, 0) in (4.16)and(4.17) we get

P̃b(z, 0) =
[S̃(λ− λx(z)) − S̃(θ)]

(θ − λ+ λx(z))[zb − S̃(λ− λx(z))]
f(z) (33)

where f(z) =

b−1∑
i=a

Pi(z, 0) −

b∑
i=a

b−1∑
j=0

Pij(0)z
j

+

M∑
l=1

[Q1(z, 0) −

b−1∑
j=0

Qlj(0)z
j ] + λT0x(z). Let P(z) be the PGF of the queue

size at an arbitrary time epoch is the sum of PGF of queue size at service
completion epoch, vacation completion epoch and idle time, then

P (z) =

b−1∑
m=a

P̃m(z, 0) + P̃b(z, 0) +

M∑
j=1

Q̃j(z, 0) + C̃(z, 0) + T0 (34)

Let

Pi =
b∑

m=a

Pmi(0)

and

qj =
M∑
l=1

Qij(0)

Using the equations (23),(24),(25) and (22) we get the PGF of queue size P (z).
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