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1. Introduction

Hajek [4] introduced a complete residuated lattice which is an algebraic struc-
ture for many valued logic. It is an important mathematical tool for algebraic
structures [5,7-9]. Recently, Molodtsov [11] introduced the soft set as a math-
ematical tool for dealing information as the uncertainty of data in engineering,
physics, computer sciences and many other diverse field. Presently, the soft
set theory is making progress rapidly [1,3]. Pawlak’s rough set [12,13] can be
viewed as a special case of soft rough sets [3]. The topological structures of soft
sets have been developed by many researchers [2,7-9,14-17].

Ko [7] introduced a fuzzy soft F': A — LV as an extension as the soft F :
A — P(U) where L is a complete residuated lattice. Ko [7-9] introduced the soft
topological structures, L-fuzzy quasi-uniformities and soft L-fuzzy topogenous
orders in complete residuated lattices.
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In this paper, we study the notions of soft closure operators in complete
residuated lattices. We investigate the relations among soft topologies, soft
closure operators and soft L-quasi-uniformities in complete residuated lattices.
We give their examples.

2. Preliminaries
Definition 1. [4,5] An algebra (L,A,V,®,—,0,1) is called a complete
residuated lattice if it satisfies the following conditions:

(C1) L =(L,<,V,A,1,0) is a complete lattice with the greatest element 1
and the least element 0;

(C2) (L,®,1) is a commutative monoid;

(Czoy<zifx <y— zforz,y,z€ L.

In this paper, we assume that (L, <,®,—) is a complete residuated lattice.

Lemma 2. [4,5] For each z,y,z,2;,y;,w € L, we have the following

properties.

(H1l—=ax=2,00z=0,
N IMfy<zthenzoy<zoOz,z—y<z—zandz—>z<y—uz,
Jrzoy<zAy<zVy,
4) 20 (Viyi) = Vi(z 0 ),
5) @ = (A;jwi) = N\i(@ = i),
6) (V;zi) =y = Ni(zi = y),
7)oz — (Vi) 2 Vilz =y
8) (Aiwi) =y = V(i = y),
9) (zQy) v z=2—>(y—2)=y— (x — 2),
100)z0(z—y)<yandz -y < (y = 2) = (z — 2),
) (z—=y)o0(E—=w) <(z02) = (yOw),

(
(
(
(
(
(
(
(
(
(
(

12)z—>y<(z0z2)—=(yoz)and (z —-y) O (y > 2) <x — 2.
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Definition 3. [7-9] Let X be an initial universe of objects and E the set
of parameters (attributes) in X. A pair (F, A) is called a fuzzy soft set over X,
where A C F and F : A — LX is a mapping. We denote S(X, A) as the family
of all fuzzy soft sets under the parameter A.

Definition 4. [7-9] Let (F, A) and (G, A) be two fuzzy soft sets over a
common universe X.

(1) (F,A) is a fuzzy soft subset of (G, A), denoted by (F,A) < (G,A) if
F(a) < G(a), for each a € A.

(2) (F,A)N(G,A) = (FAG,A) if (FAG)(a) = F(a) ANG(a) for each a € A.
(3) (F,A)V(G,A) = (FVG,A)if (FVG)(a) = F(a)VG(a) for each a € A.

(4) (F,A)o(G,A) = (FOG,A)if (FOG)(a) = F(a)®G(a) for each a € A.
(6) a® (F,A) = (a® F,A) for each a € L.

Definition 5. [7-9] Let S(X, A) and S(Y, B) be the families of all fuzzy
soft sets over X and Y, respectively. The mapping f4 : S(X,A) = S(Y,B) is
a soft mapping where f: X — Y and ¢ : A — B are mappings.

(1) The image of (F,A) € S(X,A) under the mapping f4 is denoted by
fo((F, A)) = (f(F), B), where

To(F)(®)(y) = { Vaco- 1oy £~ (F@) ), if 671 ({5}) #0,

0, otherwise.

(2) The inverse image of (G, B) € S(Y, B) under the mapping fy is denoted
by f;l((Gv B)) = (f;l(G), A) where

£ (@) (a)(x) = FT(G(¢(a))(x), Ya e A,z e X,

(3) The soft mapping fs : S(X,A) — S(Y,B) is called injective (resp.
surjective, bijective) if f and ¢ are both injective (resp. surjective, bijective).

Lemma 6. [7-9] Let f;: S(X,A) — S(Y, B) be a soft mapping. Then we
have the following properties. For (F, A), (F;, A) € S(X,A) and (G, B), (G;, B) €
S(Y, B),

(1) (G,B) > f¢(f¢:1((G,B))) with equality if f is surjective,
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< Nier fo((Fi, A)) with equality if f is injective,
7) f;'((G1,B) ® (Ga, B)) = f;'((G1,B)) ® [, (G2, B)),
(8) Fol(F1, A) © (P, A)) < fol(F1, A)) © fol(Fa, A)) with equality if f is

injective.
Definition 7. [7-9] A map 7 C S(X, A) is called a soft topology on X if

it satisfies the following conditions.

(ST1) (0x,A),(1x,A) € 7, where Ox(a)(z) = 0,1x(a)(x) = 1 for all a €
Axe X,

(ST2) If (F, A),(G,A) € 7, then (F,A) ® (G, A) €T,
(ST3) If (F;, A) € 7 for each i € I, \/;.;(F;, A) € 7.

The triple (X, A, 1) is called a soft topological space.

Let (X,A,7x) and (Y, B,7y) be soft topological spaces. A soft map fy :
(X,A,7x) — (Y, B, 1y) is called a continuous soft map if f;l(G, B) € 1x, for
all (G,B) € 1y.

Definition 8. [7-9] A subset U C S(X x X, A) is called a soft L-quasi-
uniformity on X iff it satisfies the properties.

(SU1) (1xxx,A) e U.

(SU2) If (V, A) < (U, A) and (V, A) € U, then (U, A) € U.
(SU3) For every (U, A),(V,A) € U, (U,A) ® (V,A) e U.
(SU4) If (U, A) € U then (15, A) < (U, A) where

1, if x =

(SU5) For every (U, A) € U, there exists (V,A) € U such that (V,A) o
(V,A) < (U, A) where

((V,4) o (V, A))(a)(z,y) = (V(a) o V(a))(z,y)
= V.ex(V(a)(z,2) ©V(a)(z,y)), Vu,yecX,acA
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The triple (X, A, U) is called a soft L-quasi-uniform space.

Let (X,A,Ux) and (Y, B,Uy) be soft quasi-uniform spaces. A soft map
fo 1 (X,A,Ux) — (Y,B,Uy) is called an uniformly continuous soft map if
(f x £),'(V,B) € Ux, for all (V, B) € Uy.

3. Soft Closure Operators, Soft Topologies and Soft
Quasi-Uniformities

Definition 9. A mapping cl : S(X,A) — S(X, A) is called a soft closure
operator if it satisfies the following conditions:

(C1) cl(0x,A) = (0x, A),

C2) cl(F, A) > (F, A),

C3) If (F, A) < (G, A), then cl(F, A) < cl(G, A),
C4) cl(cl(F, A)) = (F, A),

C5) c((F,A) © (G, A4)) < d(F,A) © (G, A).

The triple (X, A, cl) is called a soft closure space.

Let (X, A, clx) and (Y, B,cly) be soft closure spaces and fys : (X, A) —
(Y,B) be a map. Then f; is called a closure soft map if, for each (F,A) €
S(X,A),

(
(
(
(

cly (fo(F, A)) > fy(clx (F, A)).
Theorem 10. Let (X, A, U) be a soft quasi-uniform space. Define cly;, cll; :
S(X,A) = S(X, A) as follows

dg(FA)y) = N\ (VU Ay.2) 0 F A (),

(U,A)eU zeX
Ag(F,Aw) = N\ (VU Ay o (FA) ().
(U,A)eU zeX
Then, for cl € {clf;, clt;}, we have following properties:
(1) cl(0x,A) = (0x,A) and cl(F,A) < cl(G, A) for (F,A) < (G, A).
(2) (F,A) < cl(F,A).
(3) cl(cl(F, A)) = cl(F, A).

(4) If L satisfies a © N\;c;bi = Nier(a © b;), then cl((F,A) ® (G,A)) <
cd(F,A) ©c(G,A).
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Proof. (1) Since (Ua A)(yax) © (OX, A)(.CI?) = (OX,A)(Z/), Cl(oXaA) =
(0x,A). Other case it is trivial.

(2) For (U, A) € U, since (1a,4) < (U, A) from (SU4),

U
Veex (U, A)(y, z) © (F, A)(x))
2 Veex(a, Ay, 2) © (F, A)(z) = (F, A)(x).

Hence clg;(F, A) > (F, A).
(3)

dig(F,A)(y) = Aw,aeuVeex (U, A)(y, z) © (F, A)(2))
Z N, ayeu Vaex Vieex (U, A)(y, 2)

O(U1, A)(z,z) © (F, A)(z)) (by (SU5))

2 /\(Ul,A)eU(\/zeX(Ulv A)(y,2)®

N, meu Vaeex Ur, A)(z,2) © (F, A)(2))

= AN, aeu(V.ex(Un, A)(y, 2) © ci(F, A)(2))
= cly (cy (F, A)) (y).

di(F,A) © (G, A))(y)
= Avev(Vzex (U, A)(y,2) © (F, A)(z) ©

= /\U1®U2€U(vxeX(U17 A)(y,z) © (Uz, A)(y, )
O(F, A)(z) © (G, A)(z))

< Avy voeuVaex(Ur, A)(y, z) © (U2, A)(y, z)
O(F, A)(z) © (G, A)(z))
:/\UleU(vxeX(Ul A)ly $)®( A)(ﬂﬁ))
O Atyev(Veex (U2, 4)(y,2) © (G
= d;(F,A)(y) © 5 (G, A)(y).

For cl%_,, it is similarly proved.

Remark 11. If (L, ®) is a continuous t-norm, then a® A\;c; b; = A;c;(a®
b;).

Theorem 12. Let (X, A,U) be a soft quasi-uniform space and a ©
Nicr bi = Nics(a @ b;) for a,b; € L. Define 7{;, 7; C S(X, A) as follows

={(F,A) € S(X, A) | cly(F, A) = (F, A)},

= {(F,A) € S(X,A) | cdly(F,A) = (F,A)}.
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Then (1) {; is a soft topology on X such that 7{; = {cl{;(F,A) | (F,A) €
S(X,A)}.

(2) iy is a soft topology on X such that T4, = {cl{4(F, A)
S(X,A)}.

Proof. (1) (ST1) Since cl;(0x,A) = (0x,A) and cl5(1x,A4) > (1x, A),
then (OX,A), (1x,A) S T{].

(ST2) Let (F,A),(G,A) € 7. Then cly;(F,A) = (F,A) and cly;(G, A) =
(G, A). It follows

(F,A) €

AL ((F,A) (G, A)) < clly(F, A) © el (G, A)
- ( ) (GaA)'

Thus (F,A) ® (G, A) € 1.
(ST3) Let (F;, A) € 1y for each i € I. Then

A (VWU A)(y,2) © (5, A)(2)) = (F, A)(y)-

UeU zeX

/\UEU(\/xGX(Uv A) (yv CC) © \/iEI(Fiy
= Aveu Vier(Viex (U, A)(y, z) © (
= Vier Nveu(V4ex (U, A)(y, z) © (
S \/iGI(Fiv A) (y)

By Theorem 10(2), ¢y (Ve (Fi, A)) = Ve (Fi, A). So, Ve (Fi, A) € 15 Thus
Ty is a soft topology. Put 7 = {cl;(F, A) | (F,A) € S(X,A)}. Let cly(F, A) €
7. Since cly;(cl{;(F, A)) = cli5(F, A), cl(F,A) € 7. Let (F, A) € 1;. Since
(F,A) =cly(F,A), (F,A) € 7. Hence T = (5.

A)(x))
F, A)(z))
Fi, A)(x))

(2) It is similarly proved in (1).

Theorem 13. Let f4: (X,A,Ux) — (Y, B,Uy) be an uniform continu-
ous soft map. Then

(1) fo: (X, Ay, ) — (Y. B,74,) is a continuous soft map.
(2) fo: (X, A,7hy ) — (Y. B, 7, ) is a continuous soft map.
(3) folcy(F,A)) <c Uy(f¢(F A)).
(4) folcly(F, A)) < cly, (fo(F, A)).
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Proof (1) Since (f x f);'(V) € Ux for each (V, B) € Uy, let (G, B) € mu,,
that is,

A (V (V.B)y.w) o (G, B)(w) = (G,B)(y), ¥y €,

(V,B)eUy weY
we have

Aieu Voex (U A)e2) © 1y "G, B)(2))
< Aoy Voex (X N5V, B)(.2) © £;1(G, B)(2)
< Apsp vmeuy Vaex (V. B (@), £(2) © (G, B)(£(2))

S/\(V,B)GUY(\/;UEX(V B)(f(x), f(2)) © (G, B)(f(2)))
< (G, B)(f(z)) = f; (G, B)(x).

By Theorem 10(2), f(;l(G, B) € 1y, .
(3)
cly, (fo(F; A))(y)
= Aw,pjeuy Vwey (V. B)(y,w) © fo(F, A)(w
> Nw.p)euy Vaex((V: B)(y, f(2)) © fo(F, A)
) )(f(
)

Y ¢ )
v (
= Av.preuy Vaex Vaep1) (V; B)(f Z) f( )
. ((f B)(
)

2 Aw.Byeuy Vaex Veer1(y)

2 \/zef—l(y) /\(U,A)eUx vxEX((U’A ( ’ )
)

O(F, A)(@)) = fo(cly (F, A))(y)-
(2) and (4) are similarly proved as (1) and (3), respectively.

Lemma 14. For every (F,A),(G,A) € S(X,A), we define (Up,A) €
S(X x X,A) by

Ur(a)(z,y) = F(a)(x) = F(a)(y).
then we have the following statements:
(1) (Ixxx,A) = (Uoy, A) = (U1, A),
(2) (1a,A4) < (Ur, A),
(3) (Ur,A) o (Up,A) = (U, 4),
(4) (Up, A) © (Ug, A) < (Ureg, A).
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Proof. (1)

Lxxx(a)(z,y) = 1 = Uoy(a)(z,y) = 0x(a)(x) = Ox(a)(y)
= 1x(a)(z) = 1x(a)(y) = Uiy (a)(z,y).

(2) Since Up(a)(z,z) = F(a)(x) — F(a)(z) =0, (1a,A) < (Ur, A).
(3) (Up,A) o (Up,A) < (Up,A) from
(Ur(a) o Ur(a))(z,2) = V,ex (Ur(a)(z,y) o Ur(a)(y, 2))

Vyex ((F(a)(z) = F(a)(y)) © (F(a)(y) = F(a)(2)))
F(a)(z) = F(a)(z) = Up(a)(z, 2).

Theorem 15. Let (X, A, 7) be a soft topological space. Define a function
U,:S(X xX,A) — L by

U, ={(U,A) e S(X xX,A) | o 1(Ug;,A) <(U,A),(G;,A) e T}
where the first \/ is taken over every finite family {Uiq, ay | = 1,...,n}.
Then:
(1) U, is a soft quasi-uniformity on X.
(2) T C TIlJ_r.

Proof (1) (SU1) Since (1x,A) € 7, there exists (U;,,A) € S(X x X, A)
such that (U, ,A) € U,.

(SU2) Tt is trivial.
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(SU3) For (U, A),(V,A) € U,, there exist two finite families {(F}, A) € 7 |
o, (Ur,, A) < (U, A)} and {(Gj,A) € 7 | ©7_1(Ug;, A) < (G,A)}. Then
U, A) ©(V,A) 2 (021 (Ur;, A) © (0j1(Ug;, A))- So, (U, A) © (V, A) € Us.

(SU4) Let (U,A) € U,. Then there exists a finite family {(F;, A) € 7 |
O, (Up,, A) < (U, A)}. Since (Up,, A) > (1a,A) from Lemma 14(2),

(1A7A) < Q;ZI(UE"A) < (U7 A)'
(SU5) Let (U,A) € U,. Then there exists a finite family {(G;, A) €
T | O (Ug,,A) < (U,A)}. Since (Ug,,A) o

(Ug,,A) = (Ug,,A) for each
i € {1,...,m} from Lemma 14(3), we have (®]",(Ug,,A) o (O"1(Ug,,A)) <
o, (Ug,, A) from

\/yEX(( i= 1UG (a)
= \/yeX(( (Gz(
= vyGX(( (GZ a
< o, (Gila)(a )—>Gz(a)(2))

Put (V,A) = @",(Ug,,A). Then (V,A) € U, with (V,4) o (V,A) < (U, A).
Hence U; is a soft quasi-uniformity on X.

(x,y

o
)

(2) Let (F,A) € 7. Then (Up, A) € U,. Since
/\UGU(\/yeX(U7 A)(y,x) © (F,
< Vyex ((Ur, A)(y, ) © (F, A)(y

(
= Vyex ((F; A)(y) — (F, A)( ) © (F, A)(y)) < (F, A) ().
Hence (F, A) € T{J—T.

A)(y))
)

Theorem 16. Let f,: (X, A, 7x)
Then fy: (X,A,U,.) = (Y,B,U,,

Proof. We have

(Y, B,7y) be a continuous soft map
) is an uniformly continuous soft map

(f x f),'(Uq, B)(a)(z,y) = (Ug, B )( (a ))(f(x) f®))
= G(¢(a))(f(2)) = G(d(a)(f(y) = f3 (D) (a)(@) = f5(G)(a)(y)
—Uf 1((;)( a)(x,y).

Let (U,B) € U,,. Then there exists a finite family {(G;,B) € 71y |
QzT);l(UGwB) < (U,B)}.
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Since O (Ug,, B) < (U, B), we have

(f x f)_ (024 (Ueg;, B)) = L (f % f)¢ ((Ug,, B))
= O 1(Uf LGy B) S (f < f 5 (U B)).

So, (f x f)3'((U, B)) € Usy.

Example 17. Let X = {h; | i = {1,...,4}} with h;=house and Ey =
{e,b,w,c,i} with e=expensive,b= beautiful, w=wooden, c= creative, i=in the
green surroundings.

Let (L =[0,1],®,—) be a complete residuated lattice defined by

1, ifx<uy,

TOY=TAY, x—)y—{ y, otherwise.

Let X = {z,y,z} be a set and W(e), W(b) € S(X x X, A) such that

1 05 0.5 1 0.6 0.7
W (e) = 1 08 1 04
04 04 1 / 05 06 1 /
Define U = {(U, A) € S(X x X, A) | (U, A) > (W, A)}.

(1) Since W(e) o W(e) = W(e) and W(b) o W(b) = W(b), U is a soft
quasi-uniformity on X.

(2) We have 1(; = {cl{;(F, A) | (F,A) € S(X,A)} where

Fe)(x) V(0.5 A F(e)(y) vV (0.5 A F(e)(2))
cy(F, A)(e) = | (0.7 A F(e)(x)) vV F(e)(y) V (0.8 A F(e)(2))
(0.4 A F(e)(z)) v (4AF@XM)VF@N0}
F(b)(x) V(0.6 AF(b)(y) V (0.7 A F(b)(2))
cy(F,A) () = | (04AFD)(x) v EF(b)(y) v (0.4 A F(b)(2))
(0.5 A F(b)(x)) v (0.6 A F(b)(y)) vV F(b)(2) }
We have iy = {clt;(F, A) | (F, A) € S(X, A)} where

F(e)(x) V(0.7 A Fle)(y))
cly(F,A)(e) = | (05 F(e)(x)) v ( )(¥)
(0.5 F(e)(x)) V (0.8 A

0.4 1 F(e)(2))
(0.4 A F(e)(2))
Fle)m) Vv FE)) )

V
V
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clis(F,A)(b) = | (0.6 A F(b)(x))
F(b

(3) Let 7 = {(0x,A4), (1x,A4), (F,A)} a soft topology where

F(e) = (0.4,0.5.0.6), F(b) = (0.7,0.4.0.9),

1 1 1 1 04 1
Up(e)=1 04 1 1 Us(b)=[ 1 1 1
04 05 1 0.7 0.4 1}

Define U, = {(U,A) € S(X x X,A) | (U,A) > (Up,A)}. Since (Up,A) o
(Up,A) = (Ur,A), U is a soft quasi-uniformity.
We have 74, = {clf; (G, A) | (G, A) € S(X,A)} where

(0.4 A Ge)
iy (G, A)(e) = G(e)(x) VG(e)(y) V(0.5 ANG(e)(z)) /

iy (G, A)b) = | (0.4 AG()( )(y) V (0.4 A G(b)(2)) /

Since cl%}T(F, A)=(F,A), TC T{IT.
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