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Abstract:  We consider a system described by the linear heat equation with adiabatic
boundary conditions which is perturbed periodicaly. This perturbation is nonlinear and is
characterized by a one-parameter family of quadratic maps. The system, depending on the
parameters, presents very complex behaviour. We introduce a symbolic framework to analyze

the system and resume its most important features.
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1. Introduction and Preliminaries

We consider an ideal system consisting on the temperature changes on a wire
with adiabatic endpoints. When the system is isolated evolves continuously,
determined by the linear heat equation, and in this regime we have the explicit
time dependent solution. We consider that the system is not permanently iso-
lated, instead is periodically perturbed. When the perturbation disappears the
system evolves again continuously and the process repeats itself after constant
time intervals. The perturbation is modeled by a nonlinear iterated interval
map in a manner described below in detail.
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The physical context is introduced as a motivation for the study of certain
infinite dimensional systems which have, nonetheless, much properties strongly
related with iteration of interval maps (one dimensional systems). These infi-
nite dimensional dynamical systems, despite its simple definition, may present
very complex behaviour showing some features of real turbulence regarding the
balance between coherence versus disorder. In particular, depending on the
parameters, the systems present chaotic behaviour, that is, non-periodic evo-
lution and sensitivity to initial conditions, with exponential divergence of two
arbitrary close initial temperature functions. These type of systems were first
introduced in [1]. On the other hand, iteration in function spaces were pre-
viously studied in the papers of Severino et al.[2], [3] and [4], Sharkovsky [5]
and Vinagre et al. [6]. It is considered a certain space A and an operator T,
induced by an interval map f, so that for ¢ € A we have Tt (¢) = fog. The
particular feature of the system (A, T), for certain choices of the map f, is that
the number of different critical values will always grow with the iteration of 17,
for almost all initial conditions. This is an essential aspect of the notion of ideal
turbulence introduced by Sharkovsky [7] and [8]. In fact, systems such (A, T¥),
for certain choices of f, presents ideal turbulence and its main characteristic is
a cascade process which produce structures of arbitrarily small scale, meaning
that in the limit the functions, under iteration, become fractal functions or even
stochastic functions, depending on the ergodic properties of the map f.

On the contrary, for the system presented here and in our previous work
[1], the number of critical points does not grow exponentially. During an initial
transient time interval the number of critical points do grow exponentially,
however, quickly the system attains a balance between the creation of new
critical points due to the interval map effect, and the destruction of critical
points due to the dissipative effect of the heat equation.

In the present work we introduce a discretization of the state space and
search for evolution rules similar to cellular automata, or eventually substitu-
tional systems. We did not find any simple deterministic rule, nevertheless the
symbolic framework introduced here turned out to be very usefull to charac-
terize different aspects of the global dynamics. Namelly, the distribution and
evolution of the critical points and their positions with respect to the intervals
of monotonicity, which constitutes the basin of atraction of the interval map f,
defined below. The introduced codification is precisely based on the atractor of
the quadratic map.

If 1 is so that the map has positive topological entropy then, although
there are no deterministic rules for the symbolic flow, there is a statistical
structure which depends on the parameters ;1 and A. This statistical structure
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is revealed in the fixed frequence of ocurrence of symbols, not depending on
the initial conditions. We determined an empirical relation which characterizes
this phenomena. If p is less than the Feigenbaum constant, therefore with
zero topological entropy, several unexpect phenomena occurs. Namely, the
existence of atracting periodic orbits for almost every initial conditions, that
is, for almost every initial condition the limit is a periodic orbit. Moreover, the
referred structure of frequence of symbol occuring is no longer valid and there
is no empirical relation in this case.

Before giving the definition in detail of the system, we present some pre-
liminaries and discussion related with previous work.

Consider a m-modal map f in the class C'(I,I), for a certain interval I,
and the class of differentiable functions

A={peC([0,1)) : ¢'(0) = ¢'(1) = 0,|cp ()| < o0},

where |cp (¢)| denotes the number of critical points of ¢. That is, a function
belongs to the class A if it is differentiable, its derivatives at the endpoints are
0 and its number of critical points are finite. Consider also the operator T’
defined by
Tf A = A
p = foep.

Note that this operator is well defined since (f o) (0) = (fop) (1) = 0.
Moreover, if ¢ € A and Im(¢) C I, then Im(T]]?d)) C I, for every k € N.
Therefore, we obtain a discrete infinite dimension dynamical system (A7)
in the sense that we have a set A (with additional structure, a topology or
a metric, for now not specified) and a self map 7, which characterizes the
discrete time evolution.

The considered interval maps, modeling the perturbation, belongs to the
well studied quadratic family defined by f,, (z) = 1—puz?, with u € (0,2]. There
is a maximal invariant interval, [—1,1], where the relevant dynamics occurs,
that is, the iterates f/j (o) :== fu (... fu(xo)) (k times) of initial points x¢ in
[—1,1] will belong to [—1,1], for every k. For initial points z outside [—1, 1],
the iterates f;f (x9), for k € N, diverge to infinity. Therefore, we consider the
one parameter family of operators T, induced by f,, on A. Next, we show an
example with several iterates under Ty, of a given initial function ¢y.

Example 1. Consider f, (z) =1 — pa?, with g = 2 and

¢o(x) = 0.2+ 0.1cos(mx) —0.2cos(2mx) + 0.1 cos(3mz) +
+0.1cos(4mz) — 0.1 cos(bmx) + 0.2 cos(6mx).
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Figure 1: Graphs of (a) ¢o (x), (b) ¢1(x), (¢) ¢2(x), (d) ¢3(z), (e)
¢4 (x) and (f) ¢7 (x), with f, (z) =1 — pz?, p=2 and ¢ (z) = 0.2 +
0.1 cos(mx) — 0.2 cos(2mz) + 0.1 cos(3mx) 4+ 0.1 cos(4mx) — 0.1 cos(brz) +
0.2 cos(6mx).

In the Figure 1, we can see increasing frequencies and the asymptotic be-
haviour expresses the occurrence of ideal turbulence.

2. Symbolic Dynamics for Unimodal Maps

Consider a unimodal map f in the interval I = [—1, 1], with 0 being the unique
critical point where f gets the maximal value. Assume that f € C'(I,1). We
assign the symbols L (left) and R (right) to each point x of the subintervals of
monotonicity [—1,0) and (0, 1], respectively, and the symbol C' to the critical
point 0. This assignment is called the address of x and it is denoted by ad(x).
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The address of the point x, ad (x), is thus given by

L if =<0,
ad(x)=¢ C if z=0,
R if x>0.

As usual, we get a correspondence between orbits of points and symbolic
sequences of the alphabet {L,C, R}, the itinerary of x under the map f,

ity(z) :=ad(x) ad (f (z)) ad (f2 (z))--- € {L,C, R}
Let Igys,...s, C [—1,1] be the interval of points x defined by
Isosi..s, ={x€l:x€ls, f(x)€ls,..., [*x) €I}
=Iso N [ (Isy) .- [7F(Isy),
where S; = ad(f/(x)), j = 0,1,...,k, and f_j(ISj) denotes the pre-image of
the interval Ig;, j =1,..., k.

The kneading sequence of an unimodal map f is the itinerary of the image
of the critical point, that is

K :=it; (f(0)) = K1Ky--- € {L,C, R}

(see [9]).

An admissible sequence is a sequence in {L,C, R} which occurs as an
itinerary for some point x € [—1,1] and an admissible word is some word
occurring in an admissible sequence. The sequence space is the set of all infinite
admissible sequence in {L,C, R} and is denoted by ¥.

In the sequence space ¥, we define the usual shift map o : ¥ — ¥ by

o(PiPoPs...) = PyP5. ..,
where PP, P5--- € 3, and we have
o (ity (z)) =ity (f (2)).

Therefore, we obtain the symbolic system (X, 0) associated with the uni-
modal map.
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3. Nonlinear Perturbed Heat Equation

We consider the unit interval representing an ideal wire. The temperature
function at each point = € [0,1] and each time instant ¢ € Ry is denoted by
W(x,t). We consider also that the wire is such that the time evolution of the
temperature function is described by the linear heat equation

0 0?
9¢ — )\71/’, (1)
ot Ox?
where X is a constant, the diffusion coefficient. If there is no heat exchange in
the endpoints x = 0 and x = 1, we have adiabatic boundary conditions

o oY

—(0,t) = =—(1,¢) = 0. 2

0.0 =20 2
The initial condition 1 (x,0) = ¢¢ (z) is chosen from the class A. The solution

can be written as follows
> 2.2
P(z,t) = Z cne T M cos (nrz) (3)
n=0

where the coefficients ¢,,, are determined by the initial condition written as a
cosine Fourier series

[e.e]
oo (x) = Z e cos(nme). (4)
n=0
Suppose the system is perturbed in time instants t1,ts, ... through a non-

linear process described below. Being the temperature distribution along the
wire initially given by the function g(x,t), for ty < t < t;, after the pertur-
bation the temperature function is ¢;(x,t), for ¢ > ¢t;. We have continuous
time evolution for ¢ €]t;,t;41[ and discrete time evolution for ¢ = t;. We as-
sume that the perturbation is characterized by an nonlinear map f so that
Vi1, tiv1) = f(¥5(@, 1)), with ¢1(z,t1) = f(o(z,t1)). For simplicity, we
choose the time instants to be ty = k € N. Therefore, the time evolution of the
system is described by the sequence of functions

{¢07¢1,¢27---7¢k7---}7 (5)

each function 1y, satisfying the heat equation for x € [0,1], ¢t € [k, k + 1] and
k € Np, with initial conditions determined by

Vi1(2, bk +1) = f (Yr(z,k+1)), for k € Ny,

and 1o(z,0) = ¢g (x), a given function from A.



A SYMBOLIC APPROACH TO... 827

Example 2. Consider f, (z) =1 — pa?, with 4 = 1.7548 ..., A = 0.00005
and

Yo (2,0) = 0.2+ 0.1cos(mx) — 0.2cos(2wz) + 0.1 cos(3mx) +
+0.1 cos(4mzx) — 0.1 cos(bmx) + 0.2 cos(67x).

In the Figure 2, we show the evolution of the system described by the heat
equation, which is perturbed in time instants t = 1,2, 3,4, 56,57, 58, 59, 60.

The discrete dynamical system used in this work is the following. We con-
sider the state space A, the operator Ty,, and an operator U, . : A — A which
gives the time evolution under the unperturbed regime, with diffusion coefficient
A. The operator Uy . is defined implicitly by

Uret (z,t) =1 (z,t +¢).
Let us consider the operator V, \ . : A — A defined by
Vu,)\,s = Tf# © U)\,z-:-

Now, since the system is periodically perturbed in natural time instants,
it is sufficient to consider a natural value for €. Therefore, we set ¢ = 1 and
we define V,, x = V,, x1. Our discrete dynamical system is, then, defined by
the pair (A, V), ). When we iterate a function ¢ (z) in A, under V, », the
obtained iterates ¢y (x) = V;f, 3 (o (z)) will correspond to the solution given
by the sequence of functions (5) in the time instants ¢y () = ¥ (z, k). If,
for some reason, we need to obtain the temperature function at a non integer
time instant ¢’ we simply use the solution presented in (3) with initial condition
given by ¢ (z,0) = Vlf,/\ (¢o (z)), where k = [t'] is the integer part of ¢’. Then,
we evaluate the function for the time instant ¢’ — k, that is, ¢ (x,t' — k).

4. The Basin of Attraction of f,

With the aim of characterizing the evolution of the critical points of the iterates
oK = Vlﬁ ) (¢0) through a discretization with topological meaning, we define a
symbolic coding of the evolution of critical points using the basin of attraction
of f,. So, we define a correspondence between each iterate ¢, and a sequence
of finite states (colours) ordered according to the position of each critical point
in the basin of attraction.

Let Jo be the interval of points x € I for which ‘f;ll (9:)’ < 1. Under iteration
of f,, every orbit of an initial point in Jo will approach the critical orbit. The
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Figure 2: Graphs of (a) wO (.%', 1)7 (b) ¢1 ($72)7 (C) ¢2 (x73)7 (d)
1/}3 (337 4) ’ (e) ¢55 (x, 56) ) (f) w56 (I7 57) ’ (g) ¢57 (‘/1:7 58) ’ (h) 7/)58 (Iv 59)
and (i) ¥s9 (x,60), with A = 0.00005, f, (r) =1 — pa?, p = 1.7548. ..
and g (z,0) = 0.2 4+ 0.1cos(mz) — 0.2cos(2mx) + 0.1cos(3mz) +
0.1cos(4mx) — 0.1 cos(5mz) + 0.2 cos(67mx).

same is true for the pre-images of the interval Jo which can be codified through
the address map. That is, we need the following intervals

Jsy..spc = Isi.s, 0 " (Jo) .
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Figure 3: (a) The basin of attraction of f, (z) = 1 — puz?, when pu = 2,
and (b) representation of first intervals of the basin in (a).

These intervals gives an underlying structure, or grid, which will be our
reference to define the codification of the orbits under the operator V), 5. These
intervals depend on the parameter p and the kneading sequence of f,, since if
a sequence S1...Sj, is non admissible then Jg, s,c = @. Moreover, we have to
be careful to use the intervals Jg, . g, ¢ since they eventually overlap.

In next figures, we present the basin of attraction of f,, in the first one for
w1 = 2 and in the second for p = 1.7548... and p = 1.3815.. ., respectively (the
parameter p = 1.7548 ... corresponds to a period three and the parameter p =
1.3815. .. corresponds to a period eight). Note that to each colour corresponds
a different level of pre-images (from lighter to darker) regarding to the interval
of attraction, Jo. The basin of attraction is given by

A=JocUJrecUJreUJrre U JLre U JrRre U JRLo U -+ -
Now, we present the construction of the basin of attraction of f,, when

1= 2. For other values of the parameter , the construction is similar.
Let A1 = Jo, Ay = Jpc U Jre, As = Jrre U Jrre U Jrre U Jric, - - -

in general Ak = U Jsc (the sets Al, A2 and A3 are represented in
Se{L,R}*1
Figure 3 (b)), and let be Uy = Uy =Us = @,..., Uy = | J  Jso, where

Se{L,R}*1
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Figure 4: The basin of attraction of f, (z) = 1 — uz?, when (a) p =
1.7548 ... and (b) p = 1.3815....

k—1

S e {L,RY*"! and such that fu(Jsc) N U 7\]- # @. Then, considering Ay =
j=1

Kk — Uy, the basin of attraction of f, is given by A = U Aj.

k=1
We can, after a systematic analysis, determine the following

U1:®7U2:®7U3:®’

Us = Jorrc U JRRLC,

Us = Jrorre U JLrrc YU Jorore YU Jrre U JrrrLe U JRLRLC

Us = JrrorroYJrirroe Y Jonrire U JorroLe U JLrRRLC U
UJrrrrre Y JLrLrre Y JLRrLLRC YU JLRLLLC U JRRLLLC U
UJrrrLLre Y JrRrRLRRC U JRRLRLC U JRRRRLC Y JRRRLLC U
UJgLrLLc Y JRLRRLC U JRLLRLC

and

Ur = Jrrerrre Y Jororric YU Joonrone YU JLLrrLLc U
UJrLrrrLC Y JLLrLRLC U JLLRLRRC U JLLRLLRC U
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v

Figure 5: Correspondence between the critical points of 1y (x,0) = 0.2+
0.1 cos(mx) — 0.2 cos(2mz) + 0.1 cos(3mx) + 0.1 cos(4nx) — 0.1 cos(brz) +
0.2 cos(6mx) and the sequence of colours obtained by the basin of at-
traction of the quadratic map f,,, with u = 2.

UJrrrerre U Jorroore Y JLrrLLRO U JLRRLRRC U
UJrrrLrLc Y JLrRRRLC Y JLRRRLRC U JLRRRLLC U
UJrrLriLe Y JLrLRLRC U JLRLRRLC Y JLRLLRLC U
UJrreLrre Y JLroLire U JorLoore U JrriLre U
UJrrrrLre Y JrrLLRRC Y JRRLLRLC Y JRRLRRLC U
UJrrLrLRC Y JRRLRLLC Y JRRRRLLC U JRRRRLRC U
UJrrrRRLC U JRRRLRLC Y JRRRLRRC Y JRRRLLRC U
UJrrrLLLc Y JrLrLLLe U JrRLRLLRC U JRLRLRRC U
UJrLrLrLC Y JRLRRRLC YU JRLRRLLC YU JRLLRLLC U
UJrrLLrrLC Y JRLLLRLC-

Now, we define a symbolic coding, that is, to each Ay, with k =1,...,7, we
7

associate the symbol k, and to A — U Ay, we associate the symbol 8. Finally, to

each symbol we associate a different colour, from white for symbol 1 to black
for symbol 8.

The Figure 5 shows an example of the correspondence between the critical
points and the sequence of colours.
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5. The Evolution of Critical Points of the Iterates ¢ = V‘ﬁA (¢o) for
Positive Topological Entropy of f,

In the work of Correia et al.[l] was established that, in certain conditions
— namely positive topological entropy of f, — the iterates, under V), , have
an exponential grow of number of critical points up to a certain level. After
attaining a certain number of critical points, which depends on the parameters,
this number oscillates and becomes limited.

As we referred above, the particular characteristic of the system (A, T}),
for certain choices of the map f, is that the number of different critical values
will always grow with the iteration of T, for almost all initial conditions. On
the contrary, for the dynamical system (A, V), )), the number of critical points
does not grow exponentially. Indeed, it attains a balance between the creation
of new critical points, due to the interval map effect, and the destruction of
critical points, due to the dissipative effect of the heat equation.

In what following, we present some examples with the evolution of critical
points using the coding defined above. For these examples, we consider the
following initial conditions

o (x) = 0.240.1cos(mz) — 0.2 cos(2mx) + 0.1 cos(3mx) +
+0.1 cos(4mz) — 0.1 cos(bmx) + 0.2 cos(6mx),

Yo (z) = 0.2+ 0.1 cos(mz) — 0.2 cos(2mz) + 0.1 cos(3mz),
wo(z) = 0.240.1cos(mx) —0.2cos(2mx) + 0.1 cos(3mx) +

+0.1 cos(4mx) — 0.1 cos(5mx) 4+ 0.2 cos(6mz) +
+0.1 cos(7mzx) + 0.2 cos(8mx) + 0.2 cos(9Imz),

o () = 0.3cos(2mz) + 0.2cos(4mx) — 0.2 cos(6mx) +
—0.3 cos(297z),

¢o(z) = 0.07cos(2mx) + 0.07 cos(3mx) — 0.07 cos(bmz) +
+0.07 cos(6mz) — 0.07 cos(297x),

¢o () = 0.03cos(2mx) + 0.05 cos(3mx) — 0.07 cos(4nrz) +
+0.07 cos(5mz) + 0.03 cos(7nx),
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po (x) = 0.45 — 0.45 cos(27zx)

and
po (x) = —0.75 cos(4mz).

Considering f,, (x) = 1—pa?, with 4 = 2, A\ = 0.00005 and g (z,0) = v ()
the symbolic evolution of critical points, for first five iterates, is given by

(3,1,3,8,2,3,1)

!
(2,6,2,7,1,8,8,5,3)

!
(1,8,1,6,7,3,5,8,2)

1

(8,7,7,5,8,7,4,5,2,6,6,1)
!
(4,5,4,3,8,5,2,7,3,6,5,2,3,4,1,6,1,4)

l
(3,2,7,8,1,6,3,4,1,3,2,7,1,2,3,8,1,8,1,8,1,3,3,3,1,5,4)
!
(8,2,5,8,1,3,1,4,4,4,1,5,8,1,3,4,3,5,2,3,3,4,2,3,2,3,2,2,1)

1
(2,2,3,6,3,2,2,4,1,5,2,2,4,8,1,8,5,1,4,4,4,2,1,2,5,2,5 2 5,3).

In Figure 6, and for previous functions and parameters, we show the cor-
responding evolution of critical points of Vlﬁ)\ (o (z)), with £ =0,...,99. We
present the correspondence between some iterates and the lines of colours.

In Figures 7 and 8, we present similar graphs, for u = 1.7548. Note that in
the last figure the symmetry of functions is maintained over time.

As we can see in the Table 1, the average number of critical points of the
iterates depends on the diffusion coefficient A and the parameter p. When we
decrease the diffusion coefficient A, the average number of critical points, at
which the temperature function stabilizes, increases. Also, when we increase
the parameter u, the average number of critical points increases.

Using the values obtained numerically for the distribution of the critial
points, we are led to the following result.

Numerical Result 1. When p is such that h; (f,) > 0, the average of
critical points, (), does not depend significatly on u, only on \. Moreover,
if A € [0.0000075,0.01], then we have aproximately the rule

n ()‘) - CO)‘Clv (6)
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86°9 ST'8T €51 0529 85°8 96°0€ P0°€1 80°59 0d
86°¢ €7°9C 99°9 L8T9 LO°S 88°6C 98°9 LES9 0d
85°¢ €6°LT 0T'L €2°79 ss'e TS°6T SOy 1L%9 0¢
L€ 1827 Wy ¥T'09 €5°¢ 0£°6T 9% 78v9 0¢
10°€ SS°LT v19 8L°09 €€ 07'6T 6T°S 0€°59 0g
6T 60°8T 18y 6€°19 pe'e €L°6T Ts's 8€V9 0ch
€0°€ 10°8T 91Y $8°09 $8°C vr6C 98y 6L€9 %
S0°€ €0°8C 8% €19 88°C SL'6T €€°s 6879 O
UOIIBIAJD ueow UOTIBIAJD ueow UOTIBIAJD uBow UOIIBIAJD ueow
plepuels oIy LR piepuels onowLe | piepuels | onowLe plepuels onowIyLIEe
uonIpuod
500000=Y 100000 =Y 500000="Y 100000 =Y
[enur
gysLT =1 =1

Table 1: The arithmetic mean and the standard deviation for eight

different initial conditions, 1/10,1;0,@0,60,%,%, 00, Po, of the number
of critical points. The values are presented for two different values of

.) and for two different values of
0.00005 and A = 0.00001).

2 and p = 1.7548 ..

parameter f (p

the diffusion coefficient A (A



A SYMBOLIC APPROACH TO... 835

with Cy = 0.25 £ 0.05 and C; = —0.485 £ 0.015 (see Figure 9).

6. The Evolution of Critical Points of the Iterates ¢ = Vlf’/\ (¢o) for
Topological Entropy of f,, Equal to Zero

For the cases in which the quadratic map f,, has topological entropy equal to
zero, that is, that for the cases in p is such that hy (f,) = 0, it is not possible
to present a formula similar to (6), since the number and evolution of critical
points depends strongly on the initial conditions, and the standard deviation is
very high although the growth is low, see Table 2.
In Figures 10 and 11, we present the evolution of critical points of Vlﬁ 5 (o (),

with £ = 0,...,99, and the correspondence between some iterates and the lines
of colours, for © = 1.3815. .., which corresponds to a period eight.
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u=13815...
intial
. A =0.00001 A =0.00005
condition
arithmetic standard arithmetic standard
mean deviation mean deviation
Y 28,23 5,50 16,55 2,28
Y, 29,76 9,71 13,55 3,25
@o 35,14 3,45 15,11 3,09
Do 41,09 6,52 15,37 5,95
bo 22,61 7,51 14,41 6,17
o 35,58 4,06 7,75 2,46
Po 33,17 6,13 15,02 2,19
Do 43,08 9,95 23,95 6,09

Table 2: The arithmetic mean and the standard deviation for eight
different initial conditions, 1o, %0, o, Y0, Po, Po, Po, Po, of the number of
critical points. The values are presented for parameter y = 1.3815.. .,
which corresponds to period eight for f,, and for two different values
of the diffusion coefficient A (A = 0.00005 and A = 0.00001).
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Figure 6: Graph of the evolution of critical points of V;f, 5\ (%o (x)) , with
k=0,...,99, A =0.00005, f, (z) = 1—pa?, u =2 and ¢ (z,0) = 0.2+
0.1cos(mx) — 0.2 cos(2mz) + 0.1 cos(3mx) 4 0.1 cos(4mz) — 0.1 cos(5mx) +

0.2 cos(6mx).
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Figure 7: Graph of the evolution of critical points of Vlﬁ 5 (Yo (),
with £ = 0,...,99, A = 0.00005, f, (¥) = 1 — pa?, u = 1.7548... and
o (x,0) = 0.24-0.1 cos(mx) —0.2 cos(2mz)+0.1 cos(3mx)+0.1 cos(4mz) —
0.1 cos(5mz) + 0.2 cos(67x).



A SYMBOLIC APPROACH TO... 839

o
°
~
°
IS
°
>
°
©
-

o
°
~
o
N
°
>
°
3
-

o
°
~
°
IS
°
Y
°
®
-

o

0.2 0.4 0.6 0.8

-

Figure 8: Graph of the evolution of critical points of V;ﬁ ) (o (),
with k = 0,...,99, A = 0.00005, f, (z) = 1 — pa?, p = 1.7548... and
po (x,0) = 0.45 — 0.45 cos(27x).



840 C.C. Ramos, A.I. Santos, S. Vinagre

10F

Y

.
0.000 0.002 0.004 0.006 0.008 0.010

Figure 9: Graph of n()\) = CoA®?, with a) Cyp = 0.2 and C; = —0.5
and b) Cyp = 0.3 and C; = —0.47.
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Figure 10: Graph of the evolution of critical points of Vlﬁ 5 (Yo (2)),
with £ = 0,...,99, A = 0.00005, f, (¥) =1 — pa?, p = 1.3815... and
o (x,0) = 0.24-0.1 cos(mx) —0.2 cos(2mz)+0.1 cos(3mx)+0.1 cos(4mz) —
0.1 cos(5mx) + 0.2 cos(67x).
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Figure 11: Graph of the evolution of critical points of V;ﬁ ) (Yo (),
with k = 0,...,99, A = 0.00005, f, (z) = 1 — a2, 1 = 1.3815 ... and

po (x,0) = 0.45 — 0.45 cos(27x).
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