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Abstract: In this paper we introduce and investigate two new ideal topological spaces,
which are strong forms of Gupta-Noiri concepts. Interesting characterizations of this spaces
are presented, as well as several useful properties of these. We compare this new spaces with

C-compact and quasi-H-closed spaces.
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1. Introduction and Preliminaries

The ideal topological spaces has been introduced in Kuratowski [5] and
Vaidyanathaswamy [12] books. The concept of compactness modulo an ideal
was introduced by Newcomb [7], but popularized by Hamlett-Jancovic papers
[3][4]. The C-compact spaces and QHC spaces were defined by Viglino [13]
and Porter-Thomas [10], respectively, and are generalizations of compactness.
In 2006 Gupta-Noiri [2] generalize Viglino and Porter through the notion of
C(Z)-compact and Z-QHC spaces.

In this paper we introduce and study the pC(Z)-compact and pZ-QHC
spaces, which are strong forms of the Gupta-Noiri concepts. Interesting charac-
terizations of this new spaces will also be presented, as well as their relationship
with the pZ-compact spaces [9].
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An ideal 7 in a set X is a subset of P(X), the power set of X, such that:
(1)if ACBC X and B € 7 then A € 7, and (#3) If A € 7 and B € T then
AUuB eI

Some useful ideals in X are: (i) P(A), where A C X, (i) Zy, the ideal of
all finite subsets of X, (iii) Z., the ideal of all countable subsets of X, (iv) Z,,
the ideal of all nowhere dense subsets in a topological space (X,7).

If (X,7) is a topological space and Z is an ideal in X, then (X,7,7) is called
an ideal space.

If (X,7,Z) is an ideal space then the set B ={U\I : U € 7 and
I € T} is a base for a topology 7*, finer than 7.

If (X,7) is a topological space and A C X then A (or adh (A), or adh, (A))

0
and A (or int(A), or int,(A)) will, respectively, denote the closure and interior
of Ain (X,7).
If (X 7) is a topological space and A C X then A is sald to be regular open

if A= A and A is defined to be regular closed if A = A IfAC A then A is
called pre-open [6]. The set of all pre-open subsets of X is denoted by PO(X).
0

0
If A C A then A is called a-open [8]. Clearly open = a-open = pre-open.

Moreover, if Z is an ideal in X and ZN71 = {@}, T is called codense [1]. If
INPO(X) = {2} then 7 is said to be completely codense [1].

2. pZ-QHC spaces

A topological space (X,7) is said to be quasi-H-closed, or simply QHC [10], if for

each open cover {V,} ., of X, there exists Ag C A, finite, with X = (J Vi,.
aElNg

An ideal space (X,7,7) is defined to be Z-compact [7] if for all open cover

{Vataea of X, there exists Ag C A, finite, such that X\ (J V., €Z.
a€Ng

The space (X,7,Z) is said to be Z-QHC' [2] if for all open cover {Vo},cp of

X, there exists Ag C A, finite, such that X\ |J V, € T.
aclMg

It is noted that QHC = Z-QHC.
An ideal space (X,7,7) is defined to be pZ-compact [9] if for each family
{Va}aen of open subsets of X, if X\ |J V,, € Z there exists Ag C A, finite,

aeA
with X\ U Vi € Z.
aElNg
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In this section we define the pZ- QHC spaces and study some of its properties
and characterizations.

Definition 2.1 If (X, 7,7) is an ideal space and A C X, then A is said to

be pZ-QHC if for all family {V,},c of open subsets of X, if A\ |J V, € Z,
acl

there exists Ag C A, finite, with A\ |J Vi € Z. The ideal space (X, 7,Z) is
aclNg
said to be pZ-QHC' if X is pZ-QHC.
Clearly (X, 7,{@}) is pZ-QHC & (X, 7,{@}) is Z-QHC & (X, 1) is QHC.
It is also evident that pZ-QHC = Z-QHC and pZ-compact = pZ-QHC, but the
converse, in general, are not true.

Example 2.1 We denote by 27Z the set of even integers, and by 2Z 4 1 the
set of odd integers.

Let 7 be the topology on Z given by: If V C Z then V € 71 & [if 0 € V
then 2Z C V,and if 1 € V then 2Z +1 C V.

Let T = P [(2Z 4+ 1) U{0}]. We have that:

a) (Z,7) is a QHC space, and then (Z,7,7) is Z-QHC.

If {Va} e is a family of open subsets of Z and Z = J V,, then there are
acl
ap € Aand oy € Awith0 e V,, and 1 € V,,. Then 2Z C V,, and 2Z + 1 C

Vo, and so Z = WQOUE
b) (Z,7,T) is not pZ-QHC.
Z\ U {2n} = (2Z + 1)U{0} € Z, but if n # 0 we have that {2n} = {0,2n},
n#0

T o
and if {n1,no,...,n,} € Z\ {0} then Z\ J {2n;} ¢ Z.
j=1
In the Examples 3.1 and 3.2 we show pZ-QHC spaces.

It is easy to see that an open and closed subset of a pZ-QHC space is
pZ-QHC.

In the next theorem we present interesting characterizations of pZ-QHC
spaces. The proof is similar to that of Theorems 3.2 and 3.3, so we omit it.

If 7 is an ideal in a set X, a family F of subsets of X is said to have the
finite-intersection property modulo I, if for each Fy C F, finite, we have that

N Vé¢r1.

VeFo

Theorem 2.1 For an ideal space (X,7,T), the following statements are
equivalents:
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1) (X,1,7) is pZ-QHC.

2) For each family {Fy},cp of closed subsets of X, if (| Fn € I, there
acA

0
exists Ao C A, finite, such that () F, € I.
aElNg

0
8) For each family {Fu},cp of closed subsets, if {Fa ta € A} has the
finite-intersection property modulo Z, then ()| Fy ¢ Z.

a€A
4) For each family {Va},cp of regular open subsets of X, if X\ U Vo €
acA
T, there is Ag C A, finite, such that X\ |J V. € T.
aclNg
5) For each family {Fy} ca of reqular closed subsets of X, if (| Fo € Z,
acA

0
there is Ao C A, finite, such that () F, € I.
aElNg

0
6) For each family {Fo},cp of regular closed subsets of X, if {Fa ta € A}

has the finite-intersection property modulo Z, then () Fo ¢ Z.
acl
7) For each open filter base Q on X such that Q@ C P(X)\Z, one has

NVe¢rT.

VeQ

It follows from a result in [11] that if (X, 7) is a topological space and Z is a
completely codense ideal in X, then (X,7) and (X, 7*) have the same regular
open subsets, and adh, (V) = adh.- (V), for all V' € 7*. Then the following
result is clear.

Theorem 2.2 If T is a completely codense ideal in X, the space (X, 7,T)
is pZ-QHC if and only if (X,7*,7) is pZ-QHC.

Now we review the behavior of pZ-QQ HC spaces under continuous or open
functions.

Theorem 2.3 1) If (X,7,7) is pZ-QHC and f : (X,7) — (Y,5) is a
biyective continuous function, then (Y, 3, f(Z)) is pf(Z)-QHC, where f (I) is
the ideal {f (I):1I € T}.

2)If (X,7,Z)is pZ-QHC and f: (X,7) — (Y, ) is a continuous function,
then (Y,B3,7) is pJ-QHC, where J is the ideal {V CY:f71(V)e I}.
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3) If (Y,B,T) is pJ-QHC and f : (X,7) — (Y,[) is a biyective and
open function, then (X, 7, f~1(7)) is pf =T )-QHC, where f~1(J) is the ideal
{fr/Y(v):veg}.

Proof. 1) Suppose that {Wq} ., is a family of open subsets of ¥V with
Y\ U Wy € f(Z). There exists I € Z such that Y\ | W, = f(I). Since
aEN a€eN

X\ U 7Y Wa) = fH(f(I) = I € I, there exists Ag C A, finite, with

acA
X\ U fL(W,) € Z. Given that f is continuous, f~' | Y\ U Wa | =
ek a€clo

X\ U FIWa) € X\ U FI(Wa), and so £~ (Y\ U m) €1

ac€lg ac€lg a€lp

Then Y\ |J —a—f<f‘1 (Y\ U W)) € f(2).

aclo a€lg
2) It is easy to see that J is an ideal in Y. Suppose that {Wy} c, is a

family of open subsets of Y with Y\ |J W, € J. Since X\ U f~ 1 (W,) =
a€gl aEN

-1 (Y\ U Wa) € 7, there is Ag C A, finite, with X\ | f~' (W,) € Z.
acA aENg

Given that f is continuous, X\ | f~1(Ws) € X\ U f'(W,), and so
a€lg a€Ng

Y\ U Wo|=X\ U f1Wy) €Z ThusY\ U W, € J.
aelg aclg aENp

3) Suppose that {V4},c, is a family of open subsets of X, with X\ |J V, €
acA

f7H(J). Thereexists J € J such that X\ |J Vo =f"1(J). Then Y\ U f(Va)
aeA aeA

= J and so there is Ay C A, finite, with Y\ |J f(Va) € J. Given that f is
aclNg

open and biyective, f is closed, and so f (V) C f 7) for each o € Ag. This

implies that Y\ |J f(V.) € J , and then X\ | V, € f~1(J).
a€lg a€Ng

We end this section by presenting a characterization of pZ-QHC spaces in
terms of pre-open and a-open subsets. The proof is similar to that of Theorem
3.7.

Theorem 2.4 If (X,7,7) is an ideal space, the following statements are
equivalents:

1) (X,7,2) is pZ-QHC.
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2) For each family {Vo},ca of pre-open subsets , if X\ |J Vo € T then
acl

there exists Ao C A, finite, with X\ |J Va € T.
aclNg

8) For each family {Va},cp of a-open subsets , if X\ |J Vo € T then
a€cl

there exists Ao C A, finite, with X\ |J Va € T.
aElNg

3. pC(Z)-compact spaces

A topological space (X,7) is defined to be C-compact [13] if for each F C X,
closed, and each T-open cover {V,},cp of F, there exists Ay C A, finite, with
FC U Va
aENg
An ideal space (X,7,7) is said to be C(Z)-compact [2] if for each F C X,
closed, and each T-open cover {V,} .5 of F, there exists Ay C A, finite, with

F\ U V.€eT
aclNg
It is noted that C-compact = QHC, C(Z)-compact = Z-QHC and that if

(X, 1) is C-compact then (X, 7,7) is C(Z)-compact.

In this section we introduce and study the pC (Z)-compact spaces, which
are stronger forms of C(Z)-compactness and Z-QHC. We present some of its
properties and characterizations.

Definition 3.1 The ideal space (X, 7,Z) is said to be pC (Z)-compact if for
each closed subset F' of X, and each family {V,,} ., of open subsets of X such
that F'\ |J Va € Z, there exists Ag C A, finite, with F\ |J V, € Z.

acA aclg

Note that if (X, 7*,7) is pC(Z)-compact then (X, 7,Z) is pC(Z)-compact.

It is also clear that:

1) (X, 7) is C-compact < (X, 7,{@}) is pC ({@})-compact < (X, 7,{2})
is C' ({@})-compact.

2) pC (I)-compact = pZ-QHC.

3) pC (I)-compact = C (I)-compact.

This implications are, in general, irreversible.

Example 3.1 1) We consider again the ideal space (Z,7,Z) of Example
2.1, which is not pZ-QHC. We will demonstrated that (Z, 7) is C-compact, and
so (Z,7,T) is C(Z)-compact.

Let F' be a closed subset of Z and {V,},c, an open cover of F.
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(1)) If FN{0,1} = @ then 2ZNF = @ and (2Z+1)NF = &, and so F
=o. If ag EAthenFQW,lO.

(i9) If FN{0,1} = {0,1} then there are oy € A and a; € A such that 0
€ Vo, and 1 € V,,. This implies that V,, UV,, = X and F C V,, UV,,.

(z97) If FN{0,1} = {0} then (2Z+ 1) N F = @, and there exists ap € A
with 0 € V. Thus F C 2Z C Vi, C Vg

(iv) If FN{0,1} = {1} then 2Z N F = &, and there exists a; € A with 1
€ V. Thus F C2Z +1 C Vy, C Vi,

Hence the space (Z, 7,7) is C(Z)-compact. However this space is not pC(Z)-
compact, because (X, 7,7Z) is not pZ-QHC.

2) Let U be the usual topology for X = [0, 1].

Let F ={1/n:n € Z*}. We consider the topology U* for X generated by
UU{X\F}. A base forU*is B=UU{V\F:V elU}.

We have that:

a) F'is closed and discrete in (X,U*).

IfneZ", r, :%<%—n%rl),andian: (L —rp, 2 4+7,) NX, then W,

eU CU* and WnﬁF:{%}.

b) The family {W,},cz+ is a U*-open cover of I

c) F' is nowhere dense in (X,U*), because inty (adhy (F')) = inty~ (F)
= ¢, since @ is the only element in B which is contained in F.

d) If Ve U* then adhy+ (V) = adhy (V).

It is clear that adhy+ (V) C adhy (V). Suppose that z € adhy (V) and that
B € B, with z € B. If B €U then VN B # @. If there exists W € U such that
B = W\F then WNV # &. Since F' is nowhere dense in (X,U*), we have that
(WnNV)N(X\F) # @, and so VN B # @. Thus z € adhy~ (V).

e) The space (X,U*) is not C-compact, and then (X,U*, {@}) is not pC({@})-
compact.

If n € Z%, adhy (Wy) = adhy (Wy) = [2 =7y, 2 +7,] N X and so
adhy (Wp) N F = {1}, Hence F C |J W,, but if ny,ns,...,n, € Z*, F

neZt
T

¢ 'Ul adhys(Wh, ).
j=
f) The space (X,U*) is QHC, and then (X,U*,{2}) is p {@}-QHC.
Let {Va},ca be a U*-open cover of X. There exists ag € A such that
0 € V,,. Let B be an element of B with 0 € B C V.
(i) If B € U then there exists r € (0,1)\F with [0,7) C B. Then [0,r]
C adhy+ (B) C adhy+ (Vayg)-
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The set F'\ [0, r] is finite. Suppose that F\ [0,7] = {f1, fo, ..., fn}, and that
hi<fo< - < fono= % < fn=1. Forall j € {1,2,...,n} there exists a;
€ A with f; € Va , and there exists ¢; > 0 such that (f; —¢j, fj +¢;) C Vi,
if j € {1,2,....,n =1}, (fn — €n, fn] € Vo, and (fj —¢€;, f; +€¢;) N F = {f;} for
each j € {1,2,..., n}.

Let F; = [fj — €, fi +€6, T = (fj — €, fj +¢) if j € {1,2,...,

n— 1}7 F, = [fn - enafn] andnTn = (f?;bl_ enafn]-

Clearly {f1, fo, -, fa} € U Fr € U adhy- (Va,).
k=1 k=1

n
Now, [0, 1]\ ([O,T) uyT k.> is a finite union of closed intervals, each of
k=1
m
which disjoint of F. Suppose that [0, 1]\ <[0 r)U U Tk> = U [ai,bi]. It is
1=1
easy to see that for every ¢ € {1,2,...,m} there ex1sts A C A, finite, such that

[ai,bi] Q U adhu* (Va).
OéGAi

Therefore X = <U adhy (Vi )) (U U adhy- (V, )).

k=0 =1 a€l;

(i4) If there exists V € U with B = V\F, then there exists r € (0,1) \F such
that [0,7) C V, and so [0,7] = adhy~ ([0,7) \F) C adhy~ (B) C adhy+ (Va,)-
Now we proceed as in case (i).

In conclusion, the space (X,U*) is QHC.

Theorem 3.1 If the space (X, 7,Z) is pZ-compact then (X, 7,7) is pC(T)-
compact.
Proof. Suppose that K is a closed subset of X, and that {V4},c, is a family

of open subsets of X with K\ |J V, € Z, this is, X\ [(X\K) Uy Va} €T
acA acA

By hypothesis, there exists Ag C A, finite, such that X'\ [(X\K) U Uy Va
aclNg

7, thisis, K\ U V. € Z. Hence K\ |J V, € T.
a€lg a€Ng

The converse of this theorem, in general, is not true.

Example 3.2 If X = [0,00), 7 = {(r,00) : 7 >0} U {2, X}, and T = Iy
then we know that (X, 7,Z) is not pZ-compact [9].

However, (X, 7,7) is pC(Z)-compact, and so pZ-QHC, since if V' € 7\ {@},
V=X.
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The following example shows that QHC and pZ-QHC are independent con-
cepts, as well as C-compact and pC(Z)-compact.

Example 3.3 1) The space (Z,7,Z) of Example 2.1 is not pZ-QHC, but
(Z,7) is compact. This implies that Compact % pZ-compact, C-compact
pC(Z)-compact and QHC= pZ-QHC.

2) If U is the usual topology for R, then clearly (R,U,P(R)) is pP(R)-
compact, but (R,U) is not QHC. This implies that pZ-compact # compact,
pC(Z)-compact # C-compact and pZ-QHC % QHC.

Then we have the following diagram:

Compact —-—- T — Compact «————— p7 — Compact

C — Compact ——— C(I) — Compact «———— pC(Z) — Compact

QHC - QHC pI —QHC
Theorem 3.2 The ideal space (X,7,7) is pC(Z)-compact if and only if,
for each closed subset F of X, and each open filter base Q0 on X such that
{VNnF:VeQ} CPX)\Z, one has ﬂ VNF¢LT.

Proof. (=) Suppose that (X, 7 I) is pC( )-compact and that there are F'
C X, closed, and an open ﬁlter base 2 on X such that {VNF:V e Q} C
P(X)\Zand (| VNF eT.
VeQ

Since F\ J (X\V) € Z, there is, {Vi,Va,...,V,} C Q with F\ |J X\V; €
VeQ i

n 0
Z, or equivalently, F'\ | (X \Vi
n n i
Since F\ J (X\V;) € F\ U | X\V; |, we have that
i=1

=1
<ﬁv> ﬂF:F\O(X\V;) €T
=1 =1

n
But there exists V € Q with V C (| V;, and so VN F € Z. This contradicts
that {VNF:V e Q} C P(X)\Z.
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(<) Suppose that (X,7,Z) is not pC(Z)-compact. There exist F' C X,

closed, and a family {V,},c, of open subsets of X, such that F'\ |J V, € Z,
aEA

but for each Ag C A, finite, F\ |J V, ¢ Z. In particular, for all a € A,
aElNg

F\V, ¢ . We may assume that {V,},c, is closed for finite unions, because
otherwise we can replace {V,},c, by the family of all finite unions of elements
in {Va}aen- o

Then the set B = {X\Va fa € A} is an open filter base on X, and

{BNF:BeB}CPXN\L.

The hypothesis implies that (| BNF ¢ Z, thisis (| X\V.NF ¢ Z. But for
BeB agl
0

each a € A, X\V, = X\V; € X\V,,andso F\ U Vo= N (X\Vo)NF ¢ 7T,
acl acA

contradiction.
Next we present other interesting characterizations of pC(Z)-compactness.

Theorem 3.3 For an ideal space (X,7,T), the following statements are
equivalents:

1) (X,71,Z) is pC(T)-compact.

2) For all closed subset F and all family {Fu},cp of closed subsets of X, if

0
N (FNEF,) € Z, there is Ag C A, finite, such that () (FNF,) € L.
a€eA a€lg
8) For each closed subset F and each family {Fu} . of closed subsets of

0
X, if {FﬁFa o€ A} has the finite-intersection property modulo I, then

N(FAF)¢T.
acA

4) For all closed subset F' and all family {Vo} e of reqular open subsets of

X, if F\ | Va € Z, there is Ag C A, finite, such that F\ |J V, € T.
a€eN a€lg
5) For each closed subset F of X and each family {Fy},cp of regular closed

0
subsets of X, if () (FNF,) € I, thereis Ag C A, finite, such that () (FNFEFy)
a€eN a€lg
eI

6) For each closed subset F' and each family {F,},cn of regular closed
0
subsets of X, if {FNFy:aé€ A} has the finite-intersection property modulo

Z, then ((FNF,) ¢T.
acA
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7) If F C X is closed, W C X is open with F\W € T, and if {Va},cnp 15

a family of open subsets of X, such that (X\F)\ | Va € Z, then there exists
acA

Ao C A, finite, with X\ (WU U E) el
aclNg

Proof. The implications 1)=2), 2)=-3), 5)=-6) are easy to be established.

3)=4) Let F' a closed subset of X and {V,},c, a family of regular open sub-

sets of X with F'\ |J V, € Z, or equivalently, () (F'N(X\V,)) € Z. Then the
acA acA
family {F Nint (X\V,): @ € A} has no the finite-intersection property mod-

ulo Z, and so there exists Ag C A, finite, with [ (F Nint(X\Vy)) € Z, or
aclNg

equivalently, F\ |J V, € T.
aENg

4)=5) It is sufficient to note that the complement of a regular closed subset
of X is regular open.

6)=1) Let F' a closed subset of X and {V,},c, a family of open subsets
of X with F\ U Va € Z, that is, ) (F N (X\Va)) € Z. Since int (X\V,) C

acA acA
X\V,, for all @ € A, then [ (FNint(X\Vy)) € Z. But int (X\V,) is regular

aE
closed, for all & € A. By the hypothesis there exists Ag C A, finite, such that
N (F N int (int(X\Va))) € 7, and so () (F Nint(X\Va)) € Z, that is,
aclg o aelg
F\ U Vo el
aclNg
7)=1) Suppose that F' C X is closed and that {V,},c, is a family of open

subsets of X, with F\ | Vo, € Z. Let W = |J V, and K = X\W. We
aEA aEA
have that K\ (X\F) = (X\W)\(X\F) = F\W € Z, and that (X\K)\ U Va
a€A
= & € Z. The hypothesis implies that there exists Ag C A, finite, such that

X\ |(X\F)U U Va| €Z,thisis, F\ U Va €.
a€lg a€Ng
1)=-7) Suppose that F' C X is closed, W C X is open with F\W € Z, and

that {Va},ca is a family of open subsets of X, with (X\F)\ | V. € Z.
a€cl

Since (X\W)\ U Vo= X\ [W vy va] c [(X\F) U va] U(F\W) €

T, and X\W is closed, there exists Ag C A, finite, with (X\W)\ U Va € Z,
aElNg
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this is, X\ |[WU U Va
aENg

In the following theorem we review the behavior of pC(Z)-compact spaces
under continuous or open functions.

Theorem 3.4 1) If (X,7,Z) is pC(Z)-compact and if f:(X,7) — (Y,5)
is a continuous biyective function, then (Y, 5, f (Z)) is pC( f((Z))-compact.

2) If (X,7,7) is pC(T)-compact, f : ( 7) = (Y, B) is a continuous func-
tion and if j is the ideal {V CY : f~1(V) €I}, then (Y,3,7) is pC(T)-
compact.

3) If (Y,5,T) is pC(T)-compact and if f : (X,7) — (Y,5) is an open
and biyective function, then (X,7,f 1 (7)) is pC(f~(J))-compact, where
f71(T) is the ideal {ffl (J):J e j}.

Proof. 1) Let B a closed subset of Y, and {V,},c, a family of open subsets

of Y, with B\ |J Vi, € f(Z). There exists I € Z such that B\ |J V, = f(I).
ach aEN

Since f~!(B )\Uf (Vo) = f7H(f(I)) = I € I, there exists Ag C A,
finite, with f=! (B )\ U (Vo) e

aENg
But f~1(B)\ g 1V € f~4(B)\ g\ F~1(V,), and this implies that
B\ U ) €
aElNg
Then B\ U E—f(fl(B)\ y s (%)) )

2) Suppose that B C Y is closed and that {V,},c, is a family of open

subsets of Y, with B\ | V, € J.
a€cl

Given that f~1(B)\ U f1(Vh) = f7! <B\ U Va) € Z, there exists Ag
a€cl

a€cl
C A, finite, such that f='(B)\ U f~!(V,) € Z, and given that for all a €
aENg
Ao, 71 (Va) C f71(Va), we have that f~1(B)\ U f~'(V.) € Z, this is,
aclNg

1<B\ U Va| €Z. Hence B\ U V, € J.

a€lg a€Ng
3) Note that since f is biyective and open then f is closed. Suppose that
A C X is closed and that {V,},c, is a family of open subsets of X, with
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A\ U Va € f71(J). Thereexists J € J such that A\ |J Vo = f~!(J), and so

acA a€eN
AN U fVa)=f <A\ U Va> =f(f'(J))=J€J. Since f (A) is closed
acA acA
in Y, there is Ag C A, finite, with f(A)\ U f(Va) € J. Given that f is closed,
aElNg

f(Va)gf(va) for all « € Ag, and so f | A\ U Va =fA\ U f(va)e

aclNg aElNp

J. Then A\ U Vo =f" (f <A\ U Va>> e fH).

a€lg a€Ng
Next we consider some special subsets of pC(Z)-compact spaces.

Definition 3.2 If (X, 7,7) is an ideal space and A C X, A is said to be
pC (I)-compact if for each F' C A, closed in A, and for each family {Va},cx of

open subsets of X, if F'\ |J Vi € Z, there exists Ag C A, finite, with F\ | V4
acA aclg
cZ.

Example 3.4 In the following ideal spaces, each subset it is pC(Z)-compact.

1) (X,7,P(X)), where (X, ) is any topological space.

2) (X, ,Z), where X is an infinite set, [ is the cofinite topology on X, and
7 is any ideal in X.

3) (Z,7,T), where T = P(2Z + 1) and 7 is the topology on Z given by: V
€ 7 & [for each n € Z, if n € V then [n], € V]. Here [n], = { (1) EZ i: (c;\éi?

Theorem 3.5 1) If (X,7,7) is pC(Z)-compact and A C X is closed, then
A is pC(Z)-compact.

2) If (X,7,7) is an ideal space and Ay C X and Ay C X are pC(Z)-
compact, then Ay U As is pC(Z)-compact.

Proof. 1) Tt is clear because if B is closed in A, then B is closed in X.
2) Suppose that B is closed in Ay U As, and that {V,},c, is a family of

open subsets of X with B\ |J V, € Z. There exists G C X, closed, such that
acl
B=(AUA)NG=(A1NG)U(A2NG). Since A; NG is closed in A; and
(A;NG)\ U Vq € Z, for each i € {1,2}, there exists A; C A, finite, with
acl
(A;NG)\ U Vi €T, for each i € {1,2}.
OéGAi



212 N.R. Pachén

Thus (A4, NG)\ U Va€Z,and [(A1UA)NG]\ U Vi €7Z, this
a€A1UA2 a€A1UA2

isB\ U VaeZ
a€N1UA2

In the next result we present a new characterization of pC(Z)-compactness,
in terms of some special open subsets.

Definition 3.3 If (X,7,7) is an ideal space and Y C X, then Y is clo-
sure pC(T)-compact if for all K C Y, closed in Y, and all family {Va},ep
of open subsets of X, if K\ |J Vi, € Z, there exists Ag C A, finite, with

a€eA
K\ U adhn, (VaNY) € T.
aclNg

Example 3.5 Let U the usual topology for X = [0,1], Y = (0,1] and K C
Y, closed in Y.

(i) Suppose that {Vo},ca is a U-open cover of K. Since K is compact in
X, there exists Ag C A, finite, with K € |J Vg, and so K C |J (Kﬁ Y).

aclMg aENp

But, for all a € Ag, adhyy, (Vo NY)=V,NYNY =V,NY, because Y is open.
Therefore Y is closure pC({@})-compact.

(79) Y is not pC({@})-compact, because Y C J (r,1], butif 0 < r; < ro

o<r<1

<~-'<rn<1thenY§Z U (ri, 1] = U [r4, 1] = [r1,1].
=1

=1

Theorem 3.6 The ideal space (X,7,Z) is pC(ZI)-compact if and only if
each Y € T is closure pC(T)-compact .
Proof. (=) Suppose that (X,7,7) is pC(Z)-compact and that Y € .
Let K C Y, closed in Y, and {V4},ca & family of open subsets of X with
K\ U Vi, € Z. Since K is closed in X and (X,7,Z) is pC(Z)-compact, there
acA
exists Ag C A, finite, with K\ |J Va € Z, and so K\ |J V, € Z. Given that
a€lg a€ENo
Y is open in X, adhy, (V,NY) =V, NY, for all a € Ay.
But K\ U VanY)=K\ U Vo eT.

aclNg aelg
Thus K\ U adh., (VoNY) €.
aclMg

(<) Suppose that F is closed in X, and that {V,}c, is a family of open

subsets of X with F\ |J V, € Z. Let ap € A. The set Y = X\Vj, is open in
acl
X and FNY is closed in Y.
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Since FNY C F we have that FNY\ |J V, € Z.

a€gl
Now, FNY\ U Va=FNY\ | V,. Thusthereexists Ag C A\ {ao},
acA aceA\{ao}
finite, such that (FNY)\ U adh, (VoNY) € 1.
aElNg
Given that Y € 7, adhn, (Vo NY) =VoNY CV,, andso (FNY)\ U Va
aENg
€ Z, thisis, [FN (X\Va)]\ U Va €T
aENg
Therefore F\ | V, €Z.

OlGAQU{OlQ}

Finally, we show an additional characterization of pC(Z)- compactness, by
means of pre-open and a-open subsets.

Theorem 3.7 If (X,7,7) is an ideal space, the following statements are
equivalents:
1) (X,7,2) is pC(I)-compact.
2) For each FCX, closed, and each family {Vo},cp of pre-open subsets of
X, if F\ U Va € T then there exists Ao C A, finite, with F\ | Vo € .
a€eN a€lg
8) For each FCX, closed, and each family {V,},cp of ca-open subsets of

X, if F\ U Va € T then there exists Ag C A, finite, with F\ |J Va € T.
acl a€lo

Proof. 1t is sufficient to show that 1)=-2), since open=- a-open=-pre-open.
1) = 2) Suppose that I’ C X is closed and that {V,} c, is a family of
0

pre-open subsets of X, with F\ |J V,, € Z. Given that V, C V,, for each a €
acA
0

A, we have that F\ |J V, € Z, and then there exists Ag C A, finite, such that
a€EA
0 o _
F\ U Voa€Z ButV, CV,, foral a € Ag. Thus F\ |J V, € Z.
a€lg a€lo
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