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1. Introduction

Molodtsov [18] introduced a completely new concept called soft set theory to
model uncertainty, which associates a set with a set of parameters. Pei and Miao
[19] showed that soft sets are a class of special information systems. Later, Maji
et al. [15] introduced the concept of a fuzzy soft set which combines a fuzzy set
and a soft set. Presently, the soft set theory is making progress rapidly [1,2,6,15-
19,26,28,31,32]. The topological structures of soft sets have been developed by
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many researchers [3,5,8,23,27,29,30,33].

Hájek [9] introduced a complete residuated lattice which is an algebraic
structure for many valued logic. Bělohlávek [4] investigated information sys-
tems and decision rules in complete residuated lattices. Höhle [10] introduced
L-fuzzy topologies with algebraic structure L(cqm, quantales, MV -algebra).
Uniformities in fuzzy sets, have the following approach of Lowen [14] based
on powersets of the form LX×X as a viewpoint of the enourage approach, the
uniform covering approach of Kotzé [13], the uniform operator approach of Rod-
abaugh [25] as a generalization of Hutton [11] based on powersets of the form

(LX)(L
X), the unification approach of Gutiérrez Garćıa [7]. Recently, Gutiérrez

Garćıa introduced L-valued Hutton uniformity where a quadruple (L,≤,⊗, ⋆)
is defined by a GL-monoid (L, ⋆) as an extension of a completely distrbutive
lattice L. Kim [12] introduced the notion of L-fuzzy uniformities as an ex-
tension of Lowen in a strictly two-sided, commutative quantale. Moreover, he
investigated the relations between L- fuzzy topological spaces and L- fuzzy
uniform spaces. Ramadan et.al [23] introduced the notion of L-fuzzy (K,E)-
soft topogenous orders and L-fuzzy (K,E)- soft quasi uniformities in complete
residuated lattices.

The goal of this paper is to focus on the relationships between L-fuzzy
(K,E)- soft quasi uniformities and L-fuzzy (K,E)- soft topogenous orders
in complete residuated lattices. As main results, we investigate the L-fuzzy
(K,E)- soft quasi uniformities induced by L-fuzzy (K,E)- soft topogenous or-
ders. Moreover, we study the L-fuzzy (K,E)- soft topogenous orders induced
by L-fuzzy (K,E)- soft uniformities. We give their examples.

2. Preliminaries

Let L = (L,≤,∨,∧, 0, 1) be a completely distributive lattice with the least
element 0 and the greatest element 1 in L.

Definition 2.1. [4,9,11] An algebra (L,∧,∨,⊙,→, 0, 1) is called a complete
residuated lattice if it satisfies the following conditions:

(C1) L = (L,≤,∨,∧, 1, 0) is a complete lattice with the greatest element 1
and the least element 0;

(C2) (L,⊙, 1) is a commutative monoid;

(C3) x⊙ y ≤ z iff x ≤ y → z for x, y, z ∈ L.

Remark 2.2. Every completely distributive lattice (L,≤,∧,∨,∗ ) with or-
der reversing involution ∗ is a complete residuated lattice (L,≤,⊙,⊕,∗ ) with a
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strong negation ∗ where ⊙ = ∧ , ⊕ = ∨ and

x → y =

{

1, if x ≤ y,

y, otherwise.

In this paper, we assume that (L,≤,⊙,→,⊕,∗ ) is a complete residuated
lattice with an order reversing involution x∗ = x → 0 which is defined by
x⊕ y = (x∗ ⊙ y∗)∗.

Lemma 2.3. [4,9,11] For each x, y, z, xi, yi, w ∈ L, we have the following
properties.

(1) 1 → x = x, 0⊙ x = 0,
(2) If y ≤ z, then x ⊙ y ≤ x ⊙ z, x ⊕ y ≤ x ⊕ z, x → y ≤ x → z and

z → x ≤ y → x,
(3) x ≤ y iff x → y = 1.
(4) (

∧

i yi)
∗ =

∨

i y
∗
i , (

∨

i yi)
∗ =

∧

i y
∗
i ,

(5) x → (
∧

i yi) =
∧

i(x → yi),
(6) (

∨

i xi) → y =
∧

i(xi → y),
(7) x → (

∨

i yi) ≥
∨

i(x → yi),
(8) (

∧

i xi) → y ≥
∨

i(xi → y),
(9) (x⊙ y) → z = x → (y → z) = y → (x → z),
(10) x⊙ y = (x → y∗)∗ and x⊕ y = x∗ → y,
(11) (x → y)⊙ (z → w) ≤ (x⊙ z) → (y ⊙ w),
(12) x → y ≤ (x⊙ z) → (y ⊙ z) and (x → y)⊙ (y → z) ≤ x → z,
(13) (x → y)⊙ (z → w) ≤ (x⊕ z) → (y ⊕ w).
(14) x → y = y∗ → x∗.
(15) (x ∨ y)⊙ (z ∨ w) ≤ (x ∨ z) ∨ (y ⊙ w) ≤ (x⊕ z) ∨ (y ⊙w).
(16)

∨

i∈Γ xi →
∨

i∈Γ yi ≥
∧

i∈Γ(xi → yi) and
∧

i∈Γ xi →
∧

i∈Γ yi ≥
∧

i∈Γ(xi
→ yi),

Throughout this paper, X refers to an initial universe, E and K are the
sets of all parameters for X, and LX is the set of all L-fuzzy sets on X.

Definition 2.4. [3,5,23] A map f is called an L- fuzzy soft set on X, where
f is a mapping from E into LX , i.e., fe := f(e) is an L- fuzzy set on X, for
each e ∈ E. The family of all L- fuzzy soft sets on X is denoted by (LX)E . Let
f and g be two L- fuzzy soft sets on X.

(1) f is an L-fuzzy soft subset of g and we write f ⊑ g if fe ≤ ge, for each
e ∈ E. f and g are equal if f ⊑ g and g ⊑ f.

(2) The intersection of f and g is an L- fuzzy soft set h = f ⊓ g, where
he = fe ∧ ge, for each e ∈ E.
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(3) The union of f and g is an L- fuzzy soft set h = f⊔g, where he = fe∨ge,
for each e ∈ E.

(4) An L- fuzzy soft set h = f ⊙ g is defined as he = fe⊙ ge, for each e ∈ E.
(5) An L- fuzzy soft set h = f ⊕ g is defined as he = fe⊕ ge, for each e ∈ E.

(6) The complement of an L- fuzzy soft sets on X is denoted by f∗, where
f∗ : E → LX is a mapping given by f∗

e = (fe)
∗, for each e ∈ E.

(7) f is called a null L- fuzzy soft set and is denoted by 0X , if fe(x) = 0,
for each e ∈ E , x ∈ X.

(8) f is called an absolute L- fuzzy soft set and is denoted by 1X , if
fe(x) = 1, for each e ∈ E , x ∈ X.

Definition 2.5. [3,5,23] A mapping T : K → L(LX)E (where Tk := T (k) :
(LX)E → L is a mapping for each k ∈ K) is called an L-fuzzy (K,E)-soft
topology on X if it satisfies the following conditions for each k ∈ K.

(O1) Tk(0X) = Tk(1X) = 1,

(O2) Tk(f ⊙ g) ≥ Tk(f)⊙ Tk(g) ∀ f, g ∈ (LX)E ,
(O3) Tk(

⊔

i fi) ≥
∧

i∈I Tk(fi) ∀ fi ∈ (LX)E , i ∈ I.
The pair (X,T ) is called an L-fuzzy (K,E)-soft topological space.

Definition 2.6. [23] An L- fuzzy (K,E)-soft quasi uniformity is a mapping

U : K → L(LX×X)E which satisfies the following conditions .
(SU1) There exists u ∈ (LX×X)E such that Uk(u) = 1.
(SU2) If v ⊑ u, then Uk(v) ≤ Uk(u).
(SU3) For every u, v ∈ (LX×X)E ,Uk(u⊙ v) ≥ Uk(u)⊙ Uk(v).

(SU4) If Uk(u) 6= 0 then ⊤△ ⊑ u where, for each e ∈ E,

(⊤△)e(x, y) =

{

1, if x = y,
0, if x 6= y.

(SU5) Uk(u) ≤
∨

{Uk(v)⊙ Uk(w) | v ◦ w ⊑ u}.
The pair (X,U) is called an L-fuzzy (K,E)-soft quasi-uniform space.
An L-fuzzy (K,E)-soft quasi-uniform space (X,U) is said to be an L-fuzzy

(K,E)-soft uniform space if
(U) Uk(u) ≤ Uk(u

−1), where (u−1)e(x, y) = ue(y, x) for each k ∈ K and
u ∈ (LX×X)E .

Remark 2.7. Let (X,U) be an L-fuzzy (K,E)-soft uniform space.

(1) By (SU1) and (SU2), we have Uk(1X×X) = 1 because u ⊑ 1X×X for all
u ∈ (LX×X)E .

(2) Since Uk(u) ≤ Uk(u
−1) ≤ Uk((u

−1)−1) = Uk(u), then Uk(u) = Uk(u
−1).
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The proof of the next lemma is similar to Lemma 3.6 [12].
Lemma 2.8. Let (X,U) be an L-fuzzy (K,E)-soft quasi-uniform space.

For each u ∈ (LX×X)E and f ∈ (LX)E, the image u[f ] of f with respect to u

is the fuzzy soft subset of X defined by

ue[fe](x) =
∨

y∈X

(fe(y)⊙ ue(y, x)), ∀ x ∈ X, e ∈ E.

For each u, v, u1, u2 ∈ (LX×X)E and f, f1, f2, fi ∈ (LX)E , we have
(1) f ⊑ u[f ], for each U(u) > 0,
(2) u ⊑ u ◦ u, for each U(u) > 0,
(3) (v ◦ u)[f ] = v[u[f ]],
(4) u[

∨

i fi] =
∨

i u[fi],
(5) (u1 ⊙ u2)[f1 ⊙ f2] ⊑ u1[f1]⊙ u2[f2],
(6) (u1 ⊙ u2)[f1 ⊕ f2] ⊑ u1[f1]⊕ u2[f2].

Definition 2.9. [5,23] A mapping ξ : K → L(LX)E×(LX)E is called an
L-fuzzy (K,E)-soft semi-topogenous order on X if it satisfies the following
axioms.

(ST1) ξk(1X , 1X) = ξk(0X , 0X ) = 1,
(ST2) ξk(f, g) ≤

∧

x∈X

∧

e∈E(fe(x) → ge(x)),
(ST3) If f1 ⊑ f, g ⊑ g1, then ξk(f, g) ≤ ξk(f1, g1).
An L-fuzzy (K,E)-soft semi-topogenous order ξ is called: for every f1, f2,

g1, g2 ∈ (LX)E ,
(1) topogenous if
(T) ξk(f1 ⊙ f2, g1 ⊙ g2) ≥ ξk(f1, g1)⊙ ξk(f2, g2).
(2) cotopogenous if
(CT) ξk(f1 ⊕ f2, g1 ⊕ g2) ≥ ξk(f1, g1)⊙ ξk(f2, g2),
(3) bitopogenous if ξ are L-fuzzy (K,E)-soft topogenous and L-fuzzy (K,E)-

soft cotopogenous.
An L-fuzzy (K,E)-soft topogenous (resp. cotopogenous) order ξ on X is

said to be L-fuzzy (K,E)-topogenous (resp. cotopogenous) space if
(TS) ξ ◦ ξ ≥ ξ, where

(ξk ◦ ξk)(f, g) =
∨

h∈(LX)E

(ξk(f, h)⊙ ξk(h, g)).

Let ξ be an L-fuzzy (K,E)-soft semi-topogenous order on X and let the

mapping ξs : K → L(LX)E×(LX )E defined by ξsk(f, g) = ξk(g
∗, f∗). Then

ξs is an L-fuzzy semi-topogenous order on X. An L-fuzzy (K,E)-soft semi-
topogenous order ξ on X is called symmetric if
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(ST4) ξ = ξs.

Remark 2.10. If ξ is an L-fuzzy (K,E)-soft semi-topogenous order on X.

(1) If ξk(f, g) = 1, then f ⊑ g.

(2) ξk(1X , f) ≤
∧

x∈X

∧

e∈E fe(x) and ξk(f, 0X) ≤
∧

x∈X

∧

e∈E f∗
e (x).

(3) If the parameters sets E,K are both one-pointed sets, then L-fuzzy
(K,E)-soft semi-topogenous order is the concept of Ramadan et al.[22].

3. L-Fuzzy (K,E)-Soft Quasi-Uniform Spaces and L-Fuzzy
(K,E)-Soft Topogenous Spaces

Theorem 3.1. Let (X,U) be an L-fuzzy (K,E)-soft quasi-uniform space.

Define a mapping ξU : K → L(LX×LX)E by

ξUk (f, g) =
∨

{Uk(u) | u[f ] ⊑ g}.

Then (X, ξU ) is an L-fuzzy (K,E)-soft topogenous space.

Proof. (ST1) Since u[0X ] = 0X and u[1X ] = 1X , for Uk(u) = 1, we have
ξUk (1X , 1X) = ξUk (0X , 0X) = 1.

(ST2) Since for all Uk(u) > 0, we have f ⊑ u[f ]. Then if ξUk (f, g) = 1, we
have f ⊑ g.

(ST3) If f1 ⊑ f, g ⊑ g1, then

ξUk (f, g) =
∨

{Uk(u) | u[f ] ⊑ g} ≤
∨

{Uk(u) | u[f ] ⊑ g1}

≤
∨

{Uk(u) | u[f1] ⊑ g1} = ξUk (f1, g1).

(ST5)

ξUk (f1, g1)⊙ ξUk (f2, g2)
=

∨

{Uk(u) | u[f1] ⊑ g1} ⊙
∨

{U(v) | v[f2] ⊑ g2}
≤

∨

{Uk(u)⊙ U(v) | u[f1]⊙ v[f2] ⊑ g1 ⊙ g2}
≤

∨

{Uk(u⊙ v) | (u⊙ v)[f1 ⊙ f2] ⊑ g1 ⊙ g2}
≤

∨

{Uk(w) | w[f1 ⊙ f2] ⊑ g1 ⊙ g2} = ξUk (f1 ⊙ f2, g1 ⊙ g2).
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(ST6)

ξUk (f1, g1)⊙ ξUk (f2, g2)
=

∨

{Uk(u) | u[f1] ⊑ g1} ⊙
∨

{Uk(v) | v[f2] ⊑ g2}
≤

∨

{Uk(u)⊙ U(v) | u[f1]⊕ v[f2] ⊑ g1 ⊕ g2}
≤

∨

{Uk(u⊙ v) | u⊙ v[f1 ⊕ f2] ⊑ g1 ⊕ g2}
≤ ξUk (f1 ⊕ f2, g1 ⊕ g2).

(TS) For each u ∈ (LX×X)E such that u[f ] ⊑ g, by (SU5), we have

Uk(u) =
∨

{Uk(v)⊙ Uk(w) | v ◦ w ⊑ u}.

Thus,
∨

{Uk(u) | u[f ] ⊑ g}
≤

∨

{Uk(v)⊙ Uk(w) | v ◦ w[f ] = v[w[f ]] ⊑ g}
≤

∨

h∈(LX)E{
∨

{Uk(v)⊙ U(w) | w[f ] ⊑ h, v[h] ⊑ g}}

≤
∨

h∈(LX)E{
∨

{Uk(v) | v[h] ⊑ g} ⊙
∨

{Uk(w) | w[f ] ⊑ h}}

=
∨

γ∈LX ξUk (f, h)⊙ ξUk (h, g).

Lemma 3.2. For every f, g ∈ (LX)E , we define uf,g, u
−1
f,g ∈ (LX×X)E by

(uf,g)e(x, y) = fe(x) → ge(y) ∀e ∈ E,

(u−1
f,g)e(x, y) = (uf,g)e(y, x).

Then we have the following statements
(1) 1X×X = u0X ,0X = u1X ,1X ,

(2) If f1 ⊑ f2 and g1 ⊑ g2, then uf2,g1 ⊑ uf1,g2,

(3) If f ⊑ g, then 1△ ⊑ uf,g,

(4) For ug,h ∈ (LX×X)E and f ∈ (LX)E , uh,g ◦ uf,h ⊑ uf,g,

(5) uf1,g1 ⊙ uf2,g2 ⊑ uf1⊙f2,g1⊙g2 ,

(6) uf1,g1 ⊙ uf2,g2 ⊑ uf1⊕f2,g1⊕g2 ,

(7)u−1
f,g = ug∗,f∗ ,

(8)u−1
f1⊙f2,g1⊙g2

= ug∗
1
⊕g∗

2
,f∗

1
⊕f∗

2
,

(9)u−1
f1⊕f2,g1⊕g2

= ug∗
1
⊙g∗

2
,f∗

1
⊙f∗

2
.

(10) u[f ] ⊑ g iff u ⊑ uf,g.
(11) uf,g =

∨

{u ∈ (LX×X)E |u[f ] ⊑ g}.
(12) uf,g[f ] ⊑ g and uf,f [f ] = f .

Proof. (1) (1X×X)e(x, y) = 1 = (u0X ,0X )e(x, y) = (0X)e(x) → (0X)e(y) =
(1X)e(x) → (1X)e(y) = (u1X ,1X )e(x, y).
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(2) Let f1 ⊑ f2 and g1 ⊑ g2, then

(uf2,g1)e(x, y) = (f2)e(x) → (g1)e(y)
≤ (f1)e(x) → (g2)e(y) = (uf1,g2)e(x, y).

(3) Since 1△[f ] = f ⊑ g, then 1△ ⊑ uf,g.

(4)

(uh,g)e(x, z) ◦ (uf,h)e(x, z)
=

∨

y∈X((he(y) → ge(z))⊙ (fe(x) → he(y)))

≤ fe(x) → ge(z) = (uf,g)e(x, z).

(5)

(uf1,g1 ⊙ uf2,g2)e(x, y) = (uf1,g1)e(x, y)⊙ (uf2,g2)e(x, y)
= ((f1)e(x) → (g1)e(y))⊙ ((f2)e(x) → (g2)e(y))
≤ (f1)e(x)⊙ (f2)e(x) → (g1)e(y)⊙ (g2)e(y)
= (uf1⊙f2 , ug1⊙g2)e(x, y).

(6)

(uf1,g1 ⊙ uf2,g2)e(x, y) = (uf1,g1)e(x, y)⊙ (uf2,g2)e(x, y)
≤ ((f1)e(x) → (g1)e(y))⊙ ((f2)e(x) → (g2)e(y))
≤ (f1)e(x)⊕ (f2)e(x) → (g1)e(y)⊕ (g2)e(y)
= (uf1⊕f2 , ug1⊕g2)e(x, y).

(7)

(u−1
f,g)e(x, y) = (uf,g)e(y, x) = fe(y) → ge(x)

= g∗e(x) → f∗
e (y) = (ug∗,f∗)e(x, y).

(8),(9) are similarly proved

(10)

ue[fe](x) =
∨

y∈X(fe(y)⊙ ue(y, x)) ≤ ge(x)

iff ue(y, x) ≤ fe(y) → ge(x) = (uf,g)e(y, x).

(11) Since ue[fe](x) =
∨

y∈X(fe(y) ⊙ ue(y, x)) ≤ ge(x), then ue(y, x) ≤
fe(y) → ge(x) = (uf,g)e(y, x). Moreover, (uf,g)e(y, x) ⊙ fe(y) = (fe(y) →
ge(x))⊙ fe(y) ≤ ge(x). Hence uf,g =

∨

{u ∈ (LX×X)E |u[f ] ⊑ g}.

(12) Since (uf,g)e[fe](y) =
∨

x∈X((fe(x) → ge(y)) ⊙ fe(x)) ≤ ge(y), then
uf,g[f ] ≤ g. Moreover,

(uf,f )e[fe](y) ≥ (uf,f )e(y, y)⊙ fe(y)
= (fe(y) → fe(y))⊙ fe(y) = fe(y).
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In the following theorem, we obtain an L-fuzzy (K,E)-soft quasi uniform
space from an L-fuzzy (K,E)-soft topogenous order.

Theorem 3.3. Let (X, ξ) be an L-fuzzy (K,E)-soft topogenous space.
Define Uξ : K → L(LX×X)E by

Uξ
k(u) =

∨

{⊙n
i=1ξk(fi, gi) | ⊙n

i=1 ufi,gi ⊑ u},

where
∨

is taken over every finite family {ufi,gi | i = 1, 2, 3, ...., n}. Then

(1) Uξ
k(u⊙n

i=1
fi,⊙

n
i=1

gi) = ξk(⊙
n
i=1fi,⊙

n
i=1gi)

(2) Uξ is an L-fuzzy (K,E)-soft quasi uniformity on X,

(3) ξU
ξ

= ξ.

(4) Uξs(u) = Uξ(u−1)

Proof. (1) Since ⊙n
i=1ufi,gi ⊑ u⊙n

i=1
fi,⊙

n
i=1

gi , from Lemma 2.3 (14) and by
(T ), ⊙n

i=1ξk(fi, gi) ≤ ξk(⊙
n
i=1fi,⊙

n
i=1gi), then

Uξ
k(u⊙n

i=1
fi,⊙

n
i=1

gi) = ξk(⊙
n
i=1fi,⊙

n
i=1gi).

(2) (SU1) Since ξk(0X , 0X) = ξk(1X , 1X) = 1, there exists 1X×X = u0X ,0X =

u1X ,1X ∈ (LX×X)E . It follows Uξ
k(1X×X) = 1.

(SU2) It is trivial from the definition of Uξ.

(SU3) For every u, v ∈ (LX×X)E , each two families {ufi,gi | ⊙
n
i=1ufi,gi ⊑ u}

and {uhj ,wj
| ⊙k

j=1 uhj ,wj
⊑ v}, we have

Uξ
k(u)⊙ Uξ

k(v) =
(
∨

{⊙n
i=1ξk(fi, gi) | ⊙n

i=1 ufi,gi ⊑ u}
)

⊙
(
∨

{⊙k
j=1ξk(hi, wi) | ⊙k

j=1 uhi,wi
⊑ v}

)

≤
∨

{⊙n
i=1ξk(fi, gi)⊙⊙k

j=1ξk(hi, wi) |

⊙n
i=1ufi,gi ⊑ u, ⊙k

j=1 uhi,wi
⊑ v}

≤
∨

{⊙n
i=1ξk(fi, gi)⊙⊙k

j=1ξk(hi, wi) |

⊙n
i=1ufi,gi ⊙⊙k

j=1uhi,wi
⊑ u⊙ v}

≤ Uξ
k(u⊙ v).

(SU4) If Uk(u) 6= 0, there exists a family {ufi,gi | ⊙m
i=1 ufi,gi ⊑ u} such

that ⊙m
j=1ξk(fi, gi) 6= 0. Since ξk(fi, gi) 6= 0, for i = 1, 2, ...,m, then fi ⊑ gifor

i = 1, 2, ...,m, i.e. 1△ ⊑ ufi,gi . Thus 1△ ⊑ ⊙m
i=1ufi,gi ⊑ u.

(SU5) Suppose there exists u ∈ LX×X such that

∨

{Uξ
k (v)⊙ Uξ

k(w) | v ◦ w ≤ u} 6≥ Uξ
k(u).
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Put t =
∨

{Uξ
k(v)⊙Uξ

k (w) | v ◦w ≤ u}. From the Definition of Uξ
k(u), there

exists family {ufi,gi | ⊙m
i=1 ufi,gi ⊑ u} such that

t 6≥ ⊙m
i=1ξk(fi, gi).

Since ξk ◦ ξk ≥ ξk,

t 6≥ ⊙m
i=1ξk ◦ ξk(fi, gi) = ⊙m

i=1{
∨

h∈(LX)E{(ξk(h, gi)⊙ (ξk(fi, h))}.

Since L is a stsc-quantel, there exists hi ∈ (LX)E such that

t 6≥ ⊙m
i=1(ξk(hi, gi)⊙ ξk(fi, hi)).

On the other hand, put vi = uhi,gi , wi = ufi,hi
, then from Lemma 3.1 (4),

it satisfies vi ◦ wi ⊑ uhi,gi ◦ ufi,hi
⊑ ufi,gi ,

Uξ
k(vi) ≥ ξk(hi, gi), Uξ

k(wi) ≥ ξk(fi, hi).

Let v = ⊙m
i=1vi and w = ⊙m

i=1wi be given . Since vi ◦wi ⊑ ufi,gi , for each
i = 1, 2, 3, ......,m, we have

(

⊙m
i=1vi

)

◦
(

⊙m
i=1vi

)

= ⊙m
i=1(vi◦wi) ⊑ ⊙m

i=1ufi,gi ⊑ u.

Then we have v◦w ⊑ u and Uξ
k(v) ≥ ⊙m

i=1U
ξ
k(vi) and Uξ

k(w) ≥ ⊙m
i=1U

ξ
k(wi).

Thus,

t =
∨

{Uξ
k(v)⊙ Uξ

k(w) | v ◦ w ⊑ u}

≥ Uξ
k(v)⊙ Uξ(w) ≥ ⊙m

i=1(ξk(hi, gi)⊙ ξk(fi, hi)).

It is a contradiction. Then Uξ is an L-fuzzy (K,E)-soft quasi uniformity on
X.

(3) Since u[f ] ⊑ g, by Lemma 3.2(10), u ⊑ uf,g. Hence, ξU
ξ

k (f, g) =
∨

{Uξ
k(u) | u[f ] ⊑ g} = Uξ

k(uf,g) = ξk(f, g).

(4)

Uξs

k (u) =
∨

{⊙n
i=1ξ

s
k(fi, gi) | ⊙n

i=1 ufi,gi ⊑ u}

=
∨

{⊙n
i=1ξk(g

∗
i , f

∗
i ) | ⊙n

i=1 u
−1
fi,gi

⊑ u−1}

=
∨

{⊙n
i=1ξk(g

∗
i , f

∗
i ) | ⊙n

i=1 ug∗i ,f
∗

i
⊑ u−1} = Uξ

k(u
−1).

The following corollary is similarly proved as Theorem 3.3.

Corollary 3.4. Let (X, ξ) be an L-fuzzy (K,E)-soft cotopogenous space.
Define Uξ : K → L(LX×X)E by

Uξ
k(u) =

∨

{⊙n
i=1ξk(fi, gi) | ⊙n

i=1 ufi,gi ⊑ u},
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where
∨

is taken over every finite family {ufi,gi | i = 1, 2, 3, ...., n}. Then

(1) Uξ
k(u⊕n

i=1
fi,⊕

n
i=1

gi) = ξk(⊕
n
i=1fi,⊕

n
i=1gi)

(2) Uξ is an L-fuzzy (K,E)-soft quasi uniformity on X,

(3) ξU
ξ

= ξ.
(4) Uξs(u) = Uξ(u−1)

Definition 3.5. An L- fuzzy (K,E)-soft uniform structure U on X is
said to be compatible with an L- fuzzy (K,E)-soft topogenous order ξ on X if
ξU = ξ. The class

∏

(ξ) denotes the family of all L- fuzzy (K,E)-soft uniform
structure which are compatible with a given L- fuzzy (K,E)-soft topogenous
structure ξ.

Theorem 3.6. Let ξ be an L- fuzzy (K,E)-soft topogenous order on X

and the L- fuzzy (K,E)-soft topogenous order ξU
ξ
induced by Uξ. Then

(1) ξU
ξ
= ξ, that is Uξ ∈

∏

(ξ),
(2) Uξ is the coarsest member of

∏

(ξ), i.e.,Uξ ≤ U .

Proof. (1) is easily proved from Theorem 3.3.

(2) Let U be an arbitrary member of
∏

(ξ). We will show that Uξ
k(u) ≤

Uk(u), for all u ∈ (LX×X)E .
Suppose that there exists u ∈ (LX×X)E such that

Uξ
k(u) 6≤ Uk(u).

There exists a family {ufi,gi | ⊙
m
i=1ufi,gi ⊑ u} such that ⊙m

j=1ξk(fi, gi) 6≤ Uξ
k(u).

Since Uξ ∈
∏

(ξ), that is ξk(fi, gi) = ξUk (fi, gi) for each i = 1, 2, ...,m, by
the definition of ξU , there exists vi ∈ (LX×X)E with vi[fi] ⊑ gi such that

⊙m
j=1U

ξ
k(vi) 6≤ Uk(u)..

On the other hand, put v = ⊙m
i=1vi . Since vi[fi] ⊑ gi by the definition of

ufi,gi , we have vi ⊑ ufi,gi. It follows that

v = ⊙m
i=1vi ⊑ ⊙m

i=1ufi,gi ⊑ u.

Hence, Uk(u) ≥ Uξ
k(⊙

m
i=1ufi,gi) ≥ Uξ

k(v) ≥ ⊙m
i=1U

ξ
k(vi). It is a contradiction.

Example 3.7. Let X = {hi | i = {1, 2, 3}} with hi=house and E = {e, b}
with e=expensive, b= beautiful. Define a binary operation ⊙ on [0, 1] by

x⊙ y = max{0, x+ y − 1}, x → y = min{1 − x+ y, 1}
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x⊕ y = min{1, x+ y}, x∗ = 1− x

Then ([0, 1],∧,→, 0, 1) is a complete residuated lattice (ref. [4,9]).

(1) Put v, v ⊙ v,w ∈ ([0, 1]X×X )E as

ve =





1 0.6 0.5
0.3 1 0.5
0.4 0.6 1



 vb =





1 0.5 0.3
0.7 1 0.5
0.6 0.6 1





(v ⊙ v)e =





1 0.2 0
0 1 0
0 0.2 1



 (v ⊙ v)b =





1 0 0
0.4 1 0
0.2 0.2 1





we =





1 0.4 0.5
0.4 1 0.5
0.4 0.6 1



 vb =





1 0.5 0.3
0.3 1 0.5
0.2 0.3 1





We define U : E → [0, 1]([0,1]
X×X )E as follows:

Ue(u) =















1, if u = 1Y×Y

0.6, if v ⊑ u 6= 1Y×Y ,

0.3, if v ⊙ v ⊑ u 6⊒ v,

0, otherwise.

Ub(u) =







1, if u = 1Y×Y

0.5, if w ⊑ u 6= 1Y×Y ,

0, otherwise.

Since v ◦ v = v, w ◦ w = w and (v ⊙ v) ◦ (v ⊙ v) = (v ⊙ v), U is a [0, 1]-fuzzy
soft (E,E)-quasi-uniformity on X.

From Theorem 3.1, we obtain a [0, 1]-fuzzy soft (E,E)-topogenous order

ξU : E → [0, 1]([0,1]
X )E×([0,1]X)E as follows

ξUe (f, g) =















1, if [1X×X ](f) ⊑ g 6⊒ v[f ],
0.6, if v[f ] ⊑ g 6⊒ (v ⊙ v)[f ],
0.3, if (v ⊙ v)[f ] ⊑ g

0, otherwise,

ξUb (f, g) =







1, if [1X×X ](f) ⊑ g 6⊒ w[f ],
0.5, if w[f ] ⊑ g,

0, otherwise,
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From Theorem 3.3, we obtain UξU : E → [0, 1]([0,1]
X×X )E as follows:

UξU

e (u) =















1, if u = 1X×X

0.6, if uv[f ],v[f ] ⊑ u 6= 1Y×Y ,

0.3, if u(v⊙v)[f ],(v⊙v)[f ] ⊑ u 6⊒ uv[f ],v[f ],

0, otherwise.

UξU

b (u) =







1, if u = 1X×X

0.5, if uv[f ],v[f ] ⊑ u 6= 1Y×Y ,

0, otherwise.

Since
∨

x∈X(ve(x, y)⊙ fe(x)) →
∨

x∈X(ve(x, z) ⊙ fe(x))
≥

∧

x∈X((ve(x, y)⊙ fe(x)) → (ve(x, z)⊙ fe(x))
≥

∧

x∈X(ve(x, y) → ve(x, z)) ≥ ve(y, z),

uv[f ],v[f ] ⊑ v and u(v⊙v)[f ],(v⊙v)[f ] ⊑ v. Hence UξU ≤ U .

(2) Put l,m ∈ (LX)E such that

le(h1) = 0.3, le(h2) = 0.5, le(h3) = 0.6,
lb(h1) = 0.6, lb(h2) = 0.3, lb(h3) = 0.6,
me(h1) = 0.4,me(h2) = 0.3,me(h3) = 0.5,
mb(h1) = 0.2,mb(h2) = 0.6,mb(h3) = 0.6.

We define a [0, 1]-fuzzy soft (E,E)-topogenous order ξ : E → [0, 1]([0,1]
X )E×([0,1]X)E

as follows

ξe(f, g) =















1, if f = 0X or g = 1X ,

0.6, if f ⊑ l ⊑ g,

0.3, if 0X 6= f ⊑ l ⊙ l ⊑ g, l 6⊑ g

0, otherwise,

ξb(f, g) =







1, if f = 0X or g = 1X ,

0.5, if 0X 6= f ⊑ l ⊑ g 6= 1X ,

0, otherwise,

We obtain ul,l, ul⊙l,l⊙l, um,m ∈ ([0, 1]X×X )E as follows

ul,l(e) =





1 1 1
0.8 1 1
0.7 0.9 1



 , ul,l(b) =





1 0.7 1
1 1 1
1 0.7 1





ul⊙l,l⊙l(e) =





1 1 1
1 1 1
0.8 0.8 1



 , ul⊙l,l⊙l(b) =





1 0.8 1
1 1 1
1 0.8 1
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um,m(e) =





1 0.9 1
1 1 1
0.9 0.8 1



 , um,m(b) =





1 1 1
0.6 1 1
0.6 1 1





By Theorem 3.3, we obtain a [0, 1]-fuzzy soft (E,E)- quasi- uniformity

Uξ : E → [0, 1]([0,1]
X×X )E as follows

Uξ
e (u) =























1, if u = 1X×X ,

0.6, if ul,l ⊑ u 6= 1X×X ,

0.3, if ul⊙l,l⊙l ≤ u 6⊒ ul,l,

0.2, if ul,l ⊙ ul,l ⊑ u 6⊒ ul⊙l,l⊙l,

0, otherwise.

Uξ
b (u) =







1, if u = 1X×X ,

0.5, if um,m ⊑ u 6= 1X×X ,

0, otherwise.

Since uf,f [f ] = f and uf⊙f,f⊙f [f ⊙ f ] = f ⊙ f from Lemma 3.2 (12), by

Theorems 3.1 and 3.3(3), we have ξU
ξ

= ξ, that is, Uξ ∈ Π(ξ).
(3) By Definition 2.9 and (1), we obtain a [0, 1]-fuzzy soft (E,E)-cotopogenous

order ξs : E → [0, 1]([0,1]
X )E×([0,1]X)E as follows

ξse(f, g) =















1, if f = 0X or g = 1X ,

0.6, if f ⊑ l∗ ⊑ g,

0.3, if 0X 6= f ⊑ l∗ ⊕ l∗ ⊑ g, l∗ 6⊑ g

0, otherwise,

ξsb (f, g) =







1, if f = 0X or g = 1X ,

0.5, if 0X 6= f ⊑ l∗ ⊑ g 6= 1X ,

0, otherwise,

We obtain ul∗,l∗ , ul∗⊕l∗,l∗⊕l∗ , um∗,m∗ ∈ ([0, 1]X×X )E as follows

ul∗,l∗(e) =





1 0.8 0.7
1 1 0.9
1 1 1



 , ul∗,l∗(b) =





1 1 1
0.7 1 0.7
1 1 1





ul∗⊕l∗,l∗⊕l∗(e) =





1 1 0.8
1 1 0.8
1 1 1



 ,

ul∗⊕l∗,l∗⊕l∗(b) =





1 1 1
0.8 1 0.8
1 1 1
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um∗,m∗(e) =





1 1 0.9
0.9 1 0.8
1 1 1



 , um∗,m∗(b) =





1 0.6 0.6
1 1 1
1 1 1





By Corollary 3.4, we obtain a [0, 1]-fuzzy soft (E,E)- quasi-uniformity Uξs :

E → [0, 1]([0,1]
X×X )E as follows

Uξs

e (u) =























1, if u = 1X×X ,

0.6, if ul∗,l∗ ⊑ u 6= 1X×X ,

0.3, if ul∗⊕l∗,l∗⊕l∗ ≤ u 6⊒ ul∗,l∗ ,

0.2, if ul∗,l∗ ⊙ ul∗,l∗ ⊑ u 6⊒ ul∗⊕l∗,l∗⊕l∗ ,

0, otherwise.

Uξs

b (u) =







1, if u = 1X×X ,

0.5, if um∗,m∗ ⊑ u 6= 1X×X ,

0, otherwise.

Since ul∗,l∗ [l
∗] = l∗ and ul∗⊕l∗,l∗⊕l∗ [l

∗ ⊕ l∗] = l∗ ⊕ l∗ from Lemma 3.2 (12),

by Corollary 3.4, we have ξU
ξs

= ξs, that is, Uξs ∈ Π(ξs).

References
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[10] U. Höhle, S.E. Rodabaugh, Mathematics of Fuzzy Sets: Logic, Topology, and Measure

Theory, The Handbooks of Fuzzy Sets Series 3, Kluwer Academic Publishers, Boston,
1999 doi: 10.1007/978-1-4615-5079-2.



846 J.-M. Oh, Y.C. Kim, A.A. Ramadan

[11] B. Hutton, Uniformities in fuzzy topological spaces, J. Math. Anal. Appl., 58 (1977),
74-79.

[12] Y.C. Kim, A.A. Ramadan, M. A. Usama, L-fuzzy Uniform Spaces, The Journal of Fuzzy

Mathematics, 14 (2006), 821-850.
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