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Abstract: The paper deals with a special class of neutral functional diﬀerential equations
(FDE): the so called FDE with iterated delay. They are special equations of superneutral
type. Equations with iterated delay had been introduced and studied by Prof. D.D. Bainov
(1933–2011) and the author of this paper in the period 1972–1978. As a result a number of
papers in this area had been published and the term “FDE with iterated delay” was accepted
in the literature.
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1. Introduction and Notation
FDE with complex dependence of the delay on the solution and its derivatives
arise in many areas of science and engineering. To define a general vector
functional differential equation with retarded argument we shall introduce some
standard notations as follows, see also [4].
Let R = (−∞, +∞), R+ = [0, +∞), Rn×m be the space of (n × m)–matrices
over R, Rn = Rn×1 and || · || : Rn → R+ be a norm in Rn . For a closed
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interval J ⊂ R we denote by C(J, Rn ) the Banach space of continuous functions
J → Rn with topology of uniform convergence. In particular, given any two
numbers r, a ∈ R+ we use the notation
C[−r, a] = C([−r, a], Rn )
for the Banach space of continuous functions ϕ : [−r, a] → Rn with norm
kϕkC = max{||ϕ(s)|| : s ∈ [−r, a]}
For fixed t ∈ [−r, a] and x ∈ C[−r, a] we define xt ∈ C[−r, 0] by
xt (s) = x(t + s), s ∈ [−r, 0]
Let finally D[−r, 0] be a subset of R × C[−r, 0] and f : D[−r, 0] → Rn be a given
function.

2. Problem Statement
2.1. Functional Differential and Difference Equations
A pretty general functional differential equation has the form
x′ (t) = f (t, xt ), t > 0

(1)

In turn, a functional difference equation may be written as
x(t) = f (t, xt )
Particular cases of the right hand side f (t, xt ) are
f (t, xt ) = F(t, x(t))
f (t, xt ) = F(t, x(h1 (t)), x(h2 (t)), . . . , x(hp (t)))

 Z 0
g(t, s, x(t + s))ds)
f (t, xt ) = F t,
−r

t − r ≤ hj (t) ≤ t (j = 1, 2, . . . , p)
We may also define equations with more complex delays such as
f (t, xt ) = F(t, x(h1 (t, x(t))), x(h2 (t, x(t))), . . . , x(hp (t, x(t))))

(2)
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An interesting class of functional differential and difference equations are
equations with iterated delay, e.g.
f (t, xt ) = F(t, x(t), x(τ0 ))
where
τk = τk (t, x(t), x(τk+1 ))
(k = 0, 1, . . . , m − 1)
τm = τm (t, x(t))
When dealing with such equations it is convenient to suppose that the solution is Lipschitz continuous. To guarantee that such a solution exists and/or
that it is unique, we suppose that all functions are Lipschitz continuous in all
their arguments and that the corresponding Lipschitz constants satisfy a set of
restrictions.
For equations (1) and (2) we may define initial or boundary conditions. An
initial condition is x0 = ϕ, or, equivalently
x(t) = ϕ(t), t ∈ [−r, 0]

(3)

where ϕ ∈ C[−r, 0] is a given initial function. The initial value problem (1), (3)
may be written as an integral equation
x0 = ϕ
x(t) = ϕ(0) +

Z

t

f (s, xs )ds, t > 0

0

For a given T > 0 a boundary condition may be defined as
b(xT ) = 0

(4)

where b : C[0, T ] → Rn . In this case (4) is an equation for determining the
vector ϕ(0). Particular cases of (4) considered later on are the two–point
A0 x(0) + A1 x(T ) = 0
and the multi–point
p
X

Ai x(ti ) = b(x(t0 ), x(t1 ), . . . , x(tp ))

i=0

boundary conditions, where
0 = t0 < t1 < · · · < tp = T, A0 , A1 , . . . , Ap ∈ Rn×n
and b : (Rn )p+1 → Rn .
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2.2. Neutral Functional Differential Equations
Neutral functional differential equations depend on past states of the derivative
of the solution. An example of such equation is
x′ (t) = F(t, x(t), x(τ ), x′ (t), x′ (δ)),

(5)

where
τ = τ (t), δ = δ(t)
The transformed arguments may depend also on the solution, e.g.
τ = τ (t, x(t)), δ = δ(t, x(t))
In a more involved statement the transformed arguments depend on the
derivative as well,
τ = τ (t, x(t), x′ (t)), δ = δ(t, x(t), x′ (t))

(6)

Relations (5) and (6) define a functional differential equation of superneutral
type.
A rather general neutral functional differential equation may be written in
the form [4]
d
D(t, xt ) = f (t, xt )
dt
where D, f ∈ D[−r, 0]. For such equations we may define initial and boundary value problems as in Section 2.1. We also stress that functional difference
equations are in fact particular cases of neutral functional differential equations.
Interesting case of superneutral functional differential equations are equations with iterated delay such as
x′ (t) = F(t, x(t), x(τ0 ), x′ (t), x(δ0 ))

(7)

τk = τk (t, x(t), x(τk+1 ), x′ (t), x(δk+1 ))

(8)

where
′

δk = δk (t, x(t), x(τk+1 ), x (t), x(δk+1 ))
(k = 0, 1, . . . , m − 1)
τm = τm (t, x(t), x′ (t)), δm = δm (t, x(t), x′ (t))
In what follows a survey is given on published existence and uniqueness
results for initial and boundary value problems for superneutral functional differential equations with iterated delay of the form (7), (8). The first papers
devoted to such equations are [8, 9].
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3. Initial Value Problems
In this section we describe existence and uniqueness results concerning initial
value problems (IVB) for functional differential and functional difference equations. With exception of Section 3.1 we consider vector equations.
3.1. Scalar Equations with Extremes
The first papers dealing with such equations had been [8, 9]. The initial value
problem considered in [8] is scalar and contains ’maxima’ as follows.
e(t), x(τ0 ), x′ (t), x′ (t), x
e′ (t), x′ (δ0 )), t > 0
x′ (t) = f (t, x(t), x(t), x

(9)

x(t) = ϕ(t), x′ (t) = ϕ′ (t), t ≤ 0

where
x(t) = sup{x(u) : 0 ≤ u ≤ t}, x
e(t) = sup{x(u) : t − h ≤ u ≤ t}

and h > 0 is a given constant.
The interesting part of the above problem are the iterated delays τk and δk
defined by the recurrence relations
τk = τk (t, x(t), x(t), x
e(t), x(τk+1 ), x′ (t), x′ (t), x
e′ (t), x′ (δk+1 ))
′

′

′

(10)

′

e(t), x(τk+1 ), x (t), x (t), x
e (t), x (δk+1 ))
δk = δk (t, x(t), x(t), x
(k = 0, 1, . . . , m − 1)

τm = τm (t, x(t), x(t), x
e(t), x′ (t), x′ (t), x
e′ (t))

e(t), x′ (t), x′ (t), x
e′ (t)))
δm = δm (t, x(t), x(t), x

for some integer m ≥ 1.
For simplicity, consider the above class of FDE without maxima, namely
x′ (t) = f (t, x(t), x(τ0 ), x′ (t), x′ (δ0 )), t > 0

(11)

x(t) = ϕ(t), x′ (t) = ϕ′ (t), t ≤ 0
and
τk = τk (t, x(t), x(τk+1 ), x′ (t), x′ (δk+1 ))
′

′

δk = δk (t, x(t), x(τk+1 ), x (t), x (δk+1 ))
(k = 0, 1, . . . , m − 1)

(12)
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τm = τm (t, x(t), x′ (t))
δm = δm (t, x(t), x′ (t))
It is supposed that the functions involved in the above relations are continuous
in t and Lipschitz continuous in all other arguments.
Three theorems have been proven in [8] for the system (11), (12): for existence of at least one solution on a finite interval [0, T ], for existence of unique
solution on another finite interval [0, T ∗ ], and for existence of unique solution
on the infinite interval [0, ∞). In all cases the derivative of the solution is Lipschitz continuous. The first and second theorems are proved using the Schauder
and Banach fixed point principles, respectively. The third theorem is proved by
a recurrent process of constructing the solution on a system of finite intervals
whose union is the whole semi–axis [0, ∞).
Another type of extremal systems governed by FDE with iterated delay has
been considered in [9], namely
x′ (t) = min max f (p, q, t, x(t), x(τ0 ), x′ (t), x′ (δ0 )), t > 0
q∈R p∈R
′

x(t) = ϕ(t), x (t) = ϕ′ (t), t ≤ 0
where
τk = τk (t, x(τk+1 , x′ (t), x′ (δk+1 ))
δk = δk (t, x(τk+1 , x′ (t), x′ (δk+1 ))
(k = 0, 1, . . . , m − 1)
τm = τm (t, x(t), x′ (t))
δm = δm (t, x(t), x′ (t))
3.2. Functional Difference Equations
An initial value problem for a class of functional–difference equations is considered in [6]. It is of the form
x(t) = f (t, x(t), x(τ0 )), t > 0
x(t) = ϕ(t), t < 0
where x(t) ∈ Rn and f : R × (Rn )2 . The delay τ0 is defined by
τk = τk (t, x(t), x(τk+1 )), (k = 0, 1, . . . , m − 1)
τm = τm (t, x(t))
Theorems for existence and for existence and uniqueness of the solutions are
proved.
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3.3. Functional Differential Equations
In [13] a general type initial value problem for vector differential–functional
equations of superneutral type with iterated delay is considered, namely

f (t, xt , x(τ0 ), y(t), y(δ0 )) t > 0
y(t) =
ψ(t)
t≤0
where y(t) ∈ En (E is a numeral field) and
Z t
y(s)ds
x(t) = ξ0 +
0

Here xt is a restriction of the function x on the interval (−∞, t]. The arguments
τ0 and δ0 are defined via the recurrent relations
τk = τk (t, xt , x(τk+1 ), y(t), y(δk+1 ))
δk = δk (t, xt , x(τk+1 ), y(t), y(δk+1 ))
(k = 0, 1, . . . , m − 1)
τm = τm (t, xt , y(t))
δm = δm (t, xt , y(t))
Two theorems are stated: for existence and for existence and uniqueness of the
solution. Full proofs of these results is published in [14].
Other initial value problems for superneutral functional differential equations are stutdied in [12, 16].
3.4. Functional Integro–Differential Equations
Functional integro–differential equations with iterated delay had been considered for the first time in [21]. The problem under consideration is
x′ (t) = f (t, x(t), x(δ0 ), x(τ0 ), x′ (t), x′ (δ0 ), W[t, x, x′ ]), t > c
x(t) = ϕ(t), x′ (t) = ϕ′ (t), t ≤ c
where
W[t, x, x′ ] =

Z

t

F(t, s, x(s), x(δ0 ), x(τ0 ), x′ (s), x′ (δ0 )) ds
c

and
τk = τk (t, x(t), x(δk+1 ), x(τk+1 ), x′ (t), x′ (δk+1 ))
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δk = δk (t, x(t), x(δk+1 ), x(τk+1 ), x′ (t), x′ (δk+1 ))
(k = 0, 1, . . . , m)
τm+1 = δm+1 = t
Three theorems for existence and uniqueness of the solution are proved and an
example is considered. The norm of Bielecki [2] has been used, see also [3, 20].

4. Boundary Value Problems
The first paper dealing with boundary value problems for FDE of superneutral
type is [5]. Here the differential equation
x′ (t) = f (t, x(t), x′ (t), x(τ0 ), x′ (τ0 )), t ∈ [0, T ]
is subject to the two-point boundary condition
Ax(0) + Bx(T ) = 0
where x(t) ∈ Rn , f : [0, T ] × (Rn )4 → Rn and
τk = τk (t, x(t), x′ (t), x(τk+1 ), x′ (τk+1 ))
(k = 0, 1, . . . , m − 1)
τm = τm (t, x(t), x′ (t))
It is supposed that the matrix A+B is invertible. Three theorems are proved. In
the first one sufficient conditions for existence of the solution are given without
restrictions on T . In the next two theorems existence and uniqueness of the
solution studied. An illustrative example is also considered.
Another type of BVP is considered in [11]:
x′′ (t) = f (t, x(t), x′ (t), x′′ (t), x(τ0 ), x′ (τ0 ), x′′ (τ0 ))
A0 x(0) + A1 x(T ) + B0 x(0) + B1 x1 (T ) = 0
C0 x(0) + C1 x(T ) + D0 x(0) + D1 x1 (T ) = 0
where x(t) ∈ Rn , f : [0, T ] × (Rn )6 → Rn and
τk = τk (t, x(t), x′ (t), x′′ (t), x(τk+1 ), x′ (τk+1 ), x′′ (τk+1 ))
(k = 0, 1, . . . , m − 1)
τm = τm (x(t), x′ (t), x′′ (t))
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Two theorems are given: for existence and for existence and uniqueness of the
solution.
A multi–point nonlinear BVP is considered in [15] for the vector differential
equation
x′ (t) = f (t, x(t), x′ (t), x(τ0 ), x′ (τ0 )), t ∈ [t1 , t2 ]
with nonlinear boundary condition
N
X

Ai x(ti ) = Γ(x(t1 ), x(t2 ), . . . , x(tN ))

i=1

where
τk = τk (t, x(t), x′ (t), x(τk+1 ), x′ (τk+1 ))
(k = 0, 1, . . . , m − 1)
τm = τm (t, x(t), x′ (t))
Theorems for existence and for existence and uniqueness are proved. It is
stressed that the conditions for existence of a unique solution can slightly be
weakened by using an appropriate Bielecki’s norm [2].
Boundary value problems for superneutral functional differential equations
are also considered in [1, 17, 18, 19].

5. Periodic Solutions
Paper [10] deals with periodic solutions of functional differential equations
x′′ (t) + Ω2 x(t) = f (t, x(t), x′ (t), x′′ (t), x(τ0 ), x′ (τ0 ), x′′ (τ0 ))
where x(t) ∈ Rn , f : [0, T ] × (Rn )6 → Rn , the function f is T –periodic in t, and
τk = τk (t, x(t), x′ (t), x(τk+1 ), x′ (τk+1 ))
(k = 0, 1, . . . , m − 1)
τm = τm (x(t), x′ (t))
Conditions for existence and uniqueness of the periodic solution are established
and element-wise estimates for the solution and its derivatives are found. The
results are formulated in five theorems. An example is considered.
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[2] A. Bielecki. Une remarque sur la méthode de Banach–Cacciopoli–Tikhonov dans la
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