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Abstract: The problem of disturbance decoupling with stability consists in finding a com-

pensator that renders the output of a dynamical system insensitive to undesired inputs, while

assuring stability, in a suitable sense, of the compensated dynamics. Disturbance decoupling

is a classic problem in control theory as well as a primary concern in control system design.

This work deals with disturbance decoupling in discrete-time switching linear systems subject

to arbitrary switching. Inaccessible and measurable disturbances are considered in a unified

setting. Different problem formulations are investigated, with progressively more severe stabil-

ity requirements: namely, the study starts from structural decoupling and ends to decoupling

with input-to-state stability. Solvability conditions for the stated problems are proven. In

particular, necessary conditions for stabilization of the inner and outer switching dynamics of

the resolving subspace are shown. A convex procedure for the computation of the switching

state feedback which simultaneously achieves disturbance decoupling and closed-loop stabil-

ity is presented. The proposed methodology is illustrated through a worked out numerical

example.
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1. Introduction

The problem of disturbance decoupling was first solved for linear time-invariant
systems in the framework of the geometric approach [1, 2]. Various formulations
of the problem, depending on the information available on the to-be-decoupled
signals have also been considered in the same framework for linear systems
[3, 4, 5, 6]. Disturbance decoupling has been studied for various other classes of
dynamical systems and, because of the peculiarities arising in each context, it
still attracts the interest of the research community. Indeed, disturbance decou-
pling has recently been considered for nonlinear systems [7], descriptor systems
and systems over rings [8], time-delay systems [9, 10], linear parameter varying
systems [11, 12], hybrid linear systems with state jumps [13, 14], and switching
linear systems [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. The motivation
for investigating possible solutions of the disturbance decoupling problem for
more general classes of dynamical systems than linear time-invariant systems is
not only the intrinsic theoretic interest of finding relaxed solvability conditions,
but also the need to find powerful tools to solve more intricate problems like,
for instance, model matching [28, 29, 30, 31].

As to disturbance decoupling in switching linear systems, the complexity
of such dynamical systems gives rise to a variety of problem formulations. In
fact, switching linear systems — which are the object of a wide literature (see,
e.g., the books [32, 33, 34]) — consist of a set of linear time-invariant systems,
the so-called modes, and a signal designating the active mode at each instant
of time, the switching signal . Therefore, many approaches are possible de-
pending on several aspects: for instance, i) the manipulable variables (namely,
the switching signal, the control input, or both); ii) the type of the admissible
switching signals (i.e., arbitrary or constrained ones); iii) the stability requisites
for the compensated switching system (i.e., quadratic, exponential, or asymp-
totic stability).

Concerning the manipulable variables, in [15, 17] the manipulable variable
is the control input, while the switching signal is regarded as a disturbance the
same way as the exogenous input. In [23, 16] both the switching signal and the
control input are to be designed so as to achieve decoupling of the exogenous
disturbance. In [18, 19, 20, 21, 22, 24, 25, 26, 27], the manipulable variable
is the control input, but the switching signal is assumed to be measurable —
hence, available to the compensator.

As mentioned above, another relevant distinction concerns the admissible
class of switching signals. In [21, 22, 26, 27], the switching signals are assumed
to be subject to a constraint on the minimum dwell-time: i.e., the length of the
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time interval between two consecutive switches must be greater than or equal
to a positive real constant. In [18, 19, 20, 24, 25], the admissible switching
signals are assumed to be arbitrary, under the only provision that the number
of switches in any finite time interval is finite, so as to avoid possible Zeno
behaviors.

Strictly related to the nature of the admitted switching signals, there is the
stability requisite on the compensated switching system. Altough some of the
abovementioned papers do not take stability into consideration — this is the
case of [15, 17] — the others can be roughly classified as follows. In [23, 16],
quadratic stability is sought for a suitable choice of the switching signal. In
[18, 19, 20, 24, 25], quadratic stability is required for all the switching signals
satisfying the only constraint that the number of switches they cause is finite
in any finite time interval. In [21, 22, 26, 27], asymptotic stability is demanded
for all the switching signals in a class characterized by a minimum dwell-time.

In particular, this work addresses switching linear systems subject to arbi-
trary switching and the stability requirement is that of quadratic stability of
the compensated switching linear system, like in [18, 19, 20, 24, 25]. However,
this work differs from the previous ones in several aspects and it introduces
new contributions as explained below. In the first place, [18, 19] are focused
on decoupling of disturbances accessible for measurement — in discrete-time
and continuous-time, respectively — and present solutions based on switching
dynamic feedforward compensators. Meanwhile, [20, 24] consider decoupling of
inaccessible signals in the discrete-time case and propose switching state feed-
back solutions — for systems without the feedthrough term from the control
input to the output and, respectively, for systems with such feethrough term.
Instead, this work, like [25], deals with decoupling of measurable and inaccessi-
ble disturbance in a unified framework, on the basis of a compensation scheme
which includes a switching state feedback and a switching algebraic feedward
action.

Nonetheless, the most relevant aspect that distinguishes this work from
[18, 19, 20] is considering not only (zero-input) state stability, but also the so-
called input-to-state stability [35]. In fact, as pointed out, e.g., in [34], switching
linear systems enjoying some zero-input state stability properties are not guar-
anteed to have good input-to-state stability properties, such as bounded inputs
resulting in bounded state trajectories or inputs converging to zero resulting in
state trajectories converging to zero. Nonetheless, quadratic stability — which
is a conservative requisite with respect, e.g., to asymptotic stability — has the
advantage of assuring, at the least, local input-to-state stability [36].

For these reasons, this work takes input-to-state stability into consideration,
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in connection with quadratic stability under arbitrary switching. However, in
comparison with [24, 25] — which also consider input-to-state stability — the
discussion on quadratic stability under arbitrary switching is deepened and
specific new results are presented. In particular, this work provides necessary
conditions for quadratic stabilizability under arbitrary switching of the inner
and outer switching dynamics associated to the maximal robust controlled in-
variant subspace contained in the null space of the plant output. Such subspace
plays a key role in the conditions for solvability of the disturbance decoupling
problem and the abovementioned conditions are crucial to check on the exis-
tence of a solution based on that maximal subspace. In addition, this work gives
prominence to the computational procedure for the synthesis of the switching
compensator and illustrates each step through a worked-out non-trivial numer-
ical example.

This work is organized as follows. Sections 2 and 3 introduce the method-
ological tools — namely, the further elaboration upon notions of the geometric
approach needed to deal with switching linear systems. Section 4 deals with
structural disturbance decoupling. Section 5 considers disturbance decoupling
with stability. Section 7 shows a numerical example. Section 8 collects the
concluding remarks.

Notation: Z+, R, and C
⊙ stand for the sets of nonnegative integer numbers,

real numbers, and complex numbers with module smaller than 1, respectively.
Matrices and linear maps are denoted by slanted upper-case letters, like A. The
image, the kernel, and the transpose of A are denoted by ImA, KerA, and A⊤,
respectively. The spectrum of a square matrix A is denoted by λ(A). Vector
spaces and subspaces are denoted by calligraphic letters, like V. The quotient
space of a vector space V over a subspace W ⊆V is denoted by V/W. The
restriction of a linear map A to an A-invariant subspace J is denoted by A|J .
The inverse image of a subspace V through a linear map B is denoted by B−1V
(note that B is not necessarily invertible). The inverse of a nonsingular square
matrix T is denoted by T−1. The dimension of a subspace V is denoted by
dimV. The symbol I stands for an identity matrix of appropriate dimension.
The symbol ⊎ is used for union with repetition count.

2. Geometric Approach to

Arbitrary Switching Linear Systems – Structure

The aim of this section is to introduce the structural geometric notions needed
to deal with switching linear systems subject to arbitrary switching — some
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of these notions were first presented for parameter-dependent linear systems in
[37]. The discrete-time switching linear system Σσt

is defined as

Σσt
≡

{

xt+1 = Aσt
xt +Bσt

ut +Hσt
ht,

yt = Cσt
xt,

where t∈Z
+ is the time variable, x∈X =R

n is the state, u∈R
p is the con-

trol input, h∈R
m is the disturbance input, and y ∈R

q is the output, with
p,m, q≤n. The switching signal σt is defined as the arbitrary, measurable and
not a-priori known correspondence σ :Z+→I, where I = {1, 2, . . . , N} is the fi-
nite index set of the modes of Σσt

. With a slight abuse of notation, the set of the
modes of Σσt

, which are linear time-invariant systems whose input and output
distribution matrices are assumed to be full-rank, is denoted by {Σσ, σ ∈I}.

The symbols Bσ, Hσ, and Cσ respectively stand for ImBσ, ImHσ, and
KerCσ, with σ ∈I. The symbol C stands for

⋂

σ∈I Cσ. A subspace J ⊆X is
said to be a robust Aσ-invariant subspace if Aσ J ⊆J for all σ∈I. A sub-
space V ⊆X is said to be a robust (Aσ ,Bσ)-controlled invariant subspace if
Aσ V ⊆V +Bσ for all σ∈I. Moreover, a subspace V ⊆X is a robust (Aσ,Bσ)-
controlled invariant subspace if and only if a set {Fσ :R

p→R
n, σ ∈I} exists,

such that (Aσ +Bσ Fσ)V ⊆V for all σ∈I. Any such set of linear maps is called
a friend of V. The same name is also used to address the associated switching
state feedback Fσt

. The set of all robust (Aσ ,Bσ)-controlled invariant subspaces
contained in a given subspace is an upper semilattice with respect to the sum
and the inclusion of subspaces. In particular, the maximal robust (Aσ,Bσ)-
controlled invariant subspace contained in C is denoted by V∗

R. The subspace
V∗
R, which, as will be shown in the remainder of the work, plays a key role

in the solution of the disturbance decoupling problem, can be computed with
Algorithm 1 in [37].

The following lemma — whose proof is omitted since it is a matter of simple
linear algebra — is aimed at introducing the notions of inner and outer switching
dynamics associated to the subspace V∗

R by a friend Fσt
.

Lemma 1. Consider the modes {Σσ, σ ∈I}, the subspace V∗
R, and a

friend {Fσ , σ ∈I}. Perform a state space basis transformation T = [T1 T2 ],
where ImT1=V∗

R. Then, with respect to the new coordinates,

A∗
σ +B∗

σ F
∗
σ = T−1(Aσ +Bσ Fσ)T =

[

A∗
11,σ +B∗

1,σ F
∗
1,σ A∗

12,σ +B∗
1,σ F

∗
2,σ

0 A∗
22,σ +B∗

2,σ F
∗
2,σ

]

, (1)

B∗
σ = T−1Bσ =

[

B∗
1,σ

B∗
2,σ

]

, H∗
σ = T−1Hσ =

[

H∗
1,σ

H∗
2,σ

]

, (2)
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C∗
σ = Cσ T =

[

0 C∗
2,σ

]

, (3)

for all σ ∈I.

The structural zero in A∗
σ + B∗

σ F
∗
σ , holding for all σ ∈I, shows that the

switching dynamics Aσt
+Bσt

Fσt
defines a switching dynamics restricted to

the subspace V∗
R — denoted by (Aσt

+Bσt
Fσt

)|V∗

R
— and a switching dynamics

induced on the quotient space X/V∗
R — denoted by (Aσt

+Bσt
Fσt

)|X/V∗

R
. The

former switching dynamics is called the inner switching dynamics associated to
V∗
R by Fσt

, the latter is called the outer switching dynamics associated to V∗
R

by Fσt
.

3. Geometric Approach to

Arbitrary Switching Linear Systems – Stability

The purpose of this section is to introduce the notions of inner and outer
quadratic stabilizability of V∗

R and to provide necessary conditions for V∗
R to

be inner quadratically stabilizable and outer quadratically stabilizable, respec-
tively, under arbitrary switching.

3.1. Outer Quadratic Stabilizability of

V∗

R
Under Arbitrary Switching

The subspace V∗
R is said to be outer quadratically stabilizable under arbitrary

switching if there exists a friend Fσt
such that the induced switching dynamics

(Aσt
+Bσt

Fσt
)|X/V∗

R
is quadratically stable under arbitrary switching.

A convex procedure to compute, if possible, a friend {Fσ, σ∈I} such that
V∗
R is a robust (Aσ +Bσ Fσ)-invariant subspace and is outer quadratically stable

under arbitrary switching will be presented in Section 4, as part of the solution
to the structural disturbance decoupling problem. However, at this stage, it is
important to highlight possible degrees of freedom in the choice of {Fσ , σ ∈I}
or, conversely, to find obstructions to outer quadratic stabilization of V∗

R.

The notion of reachable subspace, applied to each mode of the switching
system, allows us to define a mode-dependent state space basis transformation
such that, in the new coordinates, the assignable and the fixed outer dynamics
of V∗

R, with respect to the corresponding mode of the switching system, are
neatly detached. Then, a necessary condition for the subspace V∗

R to be outer
quadratically stabilizable under arbitrary switching is derived.
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Lemma 2. Consider the modes {Σσ, σ ∈I}, the subspace V∗
R, and a

friend {Fσ, σ∈I}. For any σ∈I, consider the reachable subspace Rσ of the

pair (Aσ, Bσ). Perform a state space basis transformation Tσ =[T1 T2,σ T3,σ],
with ImT1 =V∗

R and Im [T1 T2,σ] =V∗
R+Rσ. Also perform the control input

space basis transformation Uσ = [U1,σ U2,σ], with ImU1,σ =B−1
σ V∗

R. Then, for

any σ∈I, A′
σ +B′

σ F
′
σ =T−1

σ (Aσ +Bσ Fσ)Tσ, B′
σ =T−1

σ Bσ Uσ, H ′
σ =T−1

σ Hσ,

and C ′
σ =Cσ Tσ have the structure:

A′
σ +B′

σ F
′
σ =









A′
11,σ +B′

11,σ F
′
11,σ+

B′
12,σ F

′
21,σ

A′
12,σ +B′

11,σ F
′
12,σ+

B′
12,σ F

′
22,σ

A′
13,σ +B′

11,σ F
′
13,σ+

B′
12,σ F

′
23,σ

0 A′
22,σ +B′

22,σ F
′
22,σ A′

23,σ +B′
22,σ F

′
23,σ

0 0 A′
33,σ









,

B′
σ =





B′
11,σ B′

12,σ

0 B′
22,σ

0 0



 , H ′
σ =





H ′
1,σ

H ′
2,σ

H ′
3,σ



 , C ′
σ =

[

0 C ′
2,σ C ′

3,σ

]

.

Proof. The zero matrices in first block of columns of A′
σ +B′

σ F
′
σ are due

to V∗
R being an (Aσ +Bσ Fσ)-invariant subspace. The zero matrices in the last

block of rows of A′
σ +B′

σ F
′
σ are due to V∗

R +Rσ being an (Aσ +Bσ Fσ)-invariant
subspace. Indeed, Rσ is an (Aσ +Bσ Fσ)-invariant subspace because it is an
Aσ-invariant subspace containing Bσ. Moreover, the set of all (Aσ +Bσ Fσ)-
invariant subspaces is closed with respect to the sum. The zero matrices in the
first block of columns of B′

σ are due to Bσ (ImU1,σ)⊆V∗
R. The zero matrices in

the last block of rows of B′
σ are due to Bσ ⊆Rσ ⊆V∗

R+Rσ. The zero matrix in
C ′
σ is due to V∗

R ⊆C ⊆Cσ.

It is worthwhile observing that the new state space basis transformation is
congruent with that considered in Lemma 1, since it differs from the former only
in the finer partition of the vectors that complete the basis of V∗

R to the state
space X . Therefore, for any σ∈I, the outer dynamics of V∗

R with respect to
the mode Σσ — namely, the restriction (Aσ +Bσ Fσ)|X/V∗

R
— is represented by

the 2-by-2-block matrix in the lower right corner of A′
σ +B′

σ F
′
σ. Moreover, the

restriction (Aσ +Bσ Fσ)|X/(V∗

R
+Rσ) is represented by the matrix in the lower

right corner of A′
σ +B′

σ F
′
σ . Since the pair (A′

22,σ , B
′
22,σ) is controllable by con-

struction, the eigenvalues of the restriction (Aσ +Bσ Fσ)|(V∗

R
+Rσ)/V∗

R
can be

assigned through a suitable choice of F ′
22,σ. For this reason, the restriction

(Aσ +Bσ Fσ)|(V∗

R
+Rσ)/V∗

R
is called the assignable outer dynamics of V∗

R with
respect to Σσ. Instead, the eigenvalues of A′

33,σ are fixed and the restriction
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(Aσ +Bσ Fσ)|X/(V∗

R
+Rσ) is called the unassignable outer dynamics of V∗

R with
respect to Σσ. In light of these remarks, the following theorem gives a neces-
sary condition for the subspace V∗

R to be outer quadratically stabilizable under
arbitrary switching.

Theorem 1. The subspace V∗
R is outer quadratically stabilizable under

arbitrary switching only if λ(A′
33,σ)⊂C

⊙ for all σ ∈I, with A′
33,σ defined as in

Lemma 2.

Proof. Let Fσt
be a friend of V∗

R. Thus, the outer switching dynamics
of V∗

R is the switching dynamics (Aσt
+Bσt

Fσt
)|X/V∗

R
, associated to the set

of restrictions {(Aσ +Bσ Fσ)|X/V∗

R
, σ ∈I}. As is well known [38], a necessary

condition for a switching dynamics to be quadratically stable under arbitrary
switching is that all its modes are asymptotically stable. Hence, the outer
switching dynamics of V∗

R is quadratically stable under arbitrary switching only
if λ((Aσ +Bσ Fσ)|X/V∗

R
)⊂C

⊙, for all σ ∈I. By virtue of Lemma 2, for any
σ∈I,

λ((Aσ +Bσ Fσ)|X/V∗

R
)

= λ((Aσ +Bσ Fσ)|(V∗

R
+Rσ)/V∗

R
) ⊎ λ((Aσ +Bσ Fσ)|X/(V∗

R
+Rσ)),

where λ((Aσ +Bσ Fσ)|(V∗

R
+Rσ)/V∗

R
) is assignable, while

λ((Aσ +Bσ Fσ)|X/(V∗

R
+Rσ))= λ(A′

33,σ)

is fixed.

3.2. Inner Quadratic Stabilizability of

V∗

R
Under Arbitrary Switching

The subspace V∗
R is said to be inner quadratically stabilizable under arbitrary

switching if there exists a friend Fσt
such that the restricted switching dynamics

(Aσt
+Bσt

Fσt
)|V∗

R
is quadratically stable under arbitrary switching.

Along the same lines followed in the discussion about outer stabilizability,
the following arguments lead to a necessary condition for the subspace V∗

R to
be inner quadratically stabilizable under arbitrary switching. To this aim, the
reachability subspaces constrained to V∗

R of the respective modes of the switch-
ing system are introduced and, consequently, the assignable and the fixed inner
dynamics of V∗

R, with respect to each mode, are singled out. In the follow-
ing, some basic notions of the geometric approach are extended to switching
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systems. To avoid heavy technicalities, some statements are presented with-
out proof — the reader is referred to [2] for details on classic definitions and
properties as well as for guidelines on omitted proofs.

The following statements lead to the definition of reachability subspace
constrained to V∗

R for the generic mode Σσ of the switching system Σσt
. Be-

forehand, it is worth recalling that an (Aσ,Bσ)-controlled invariant subspace
V is said to be self-bounded with respect to V∗

R if V ⊆V∗
R and V ⊇V∗

R ∩Bσ.
Moreover, self-bounded controlled invariant subspaces enjoy a couple of prop-
erties which are worth reviewing. First, if the linear map Fσ is such that
(Aσ +Bσ Fσ)V

∗
R ⊆V∗

R holds, then (Aσ +Bσ Fσ)V ⊆V holds for any (Aσ,Bσ)-
controlled invariant subspace V self-bounded with respect to V∗

R. Second, the
intersection of two (Aσ ,Bσ)-controlled invariant subspaces self-bounded with
respect to V∗

R is an (Aσ ,Bσ)-controlled invariant subspace self-bounded with
respect to V∗

R. In particular, the latter property implies that the set of all
(Aσ,Bσ)-controlled invariant subspaces self-bounded with respect to V∗

R is a
lattice, with the sum and the intersection as binary operations and the inclu-
sion as partial ordering relation. Thus, the constrained reachability subspace
on V∗

R of the mode Σσ — henceforth denoted by RV∗

R
,σ — is defined as the min-

imum of the lattice of all (Aσ ,Bσ)-controlled invariant subspaces self-bounded
with respect to V∗

R.

Further, for any σ ∈I, the constrained reachability subspace RV∗

R
,σ can be

shown to be the intersection of V∗
R with a subspace introduced as follows. First,

it is worth recalling that a subspace S is said to be an (Aσ,V
∗
R)-conditioned

invariant subspace if Aσ (S ∩V∗
R)⊆S. Moreover, simple algebraic arguments

show that the set of all (Aσ ,V
∗
R)-conditioned invariant subspaces containing

Bσ is a lower semilattice with respect to the intersection and the inclusion of
subspaces. The minimum of the semilattice is denoted by SV∗

R
,σ. Hence, it can

be shown thatRV∗

R
,σ coincides with V∗

R ∩SV∗

R
,σ. The subspacesRV∗

R
,σ and SV∗

R
,σ

allow us to define a mode-dependent state space basis trasformation Tσ such
that, with respect to the new coordinates, the assignable and the fixed inner
dynamics of the subspace V∗

R, with respect to each mode Σσ, are separate.

Lemma 3. Consider the modes {Σσ, σ∈I}, the subspace V∗
R, and a friend

Fσt
. For any σ ∈I, consider the subspaces SV∗

R
,σ and RV∗

R
,σ. Perform the state

space basis transformation Tσ = [T1,σ T2,σ T3,σ T4,σ], where

ImT1,σ =RV∗

R
,σ, Im [T1,σ T2,σ] =V∗

R,

and

Im [T1,σ T3,σ] =SV∗
R
,σ.
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Also perform the control input space basis transformation Uσ =[U1,σ U2,σ],
where ImU1,σ =B−1

σ V∗
R. Then, for any σ∈I,

A′′
σ +B′′

σ F
′′
σ =T−1

σ (Aσ +Bσ Fσ)Tσ ,

B′′
σ =T−1

σ Bσ Uσ,

H ′′
σ =T−1

σ Hσ,

and

C ′′
σ =Cσ Tσ

have the structure:

A′′

σ +B′′

σ F ′′

σ =














A′′

11,σ +B′′

11,σ F
′′

11,σ

+B′′

12,σ F
′′

21,σ

A′′

12,σ +B′′

11,σ F
′′

12,σ

+B′′

12,σ F
′′

22,σ

A′′

13,σ +B′′

11,σ F
′′

13,σ

+B′′

12,σ F
′′

23,σ

A′′

14,σ +B′′

11,σ F
′′

14,σ

+B′′

12,σ F
′′

24,σ

0 A′′

22,σ A′′

23,σ A′′

24,σ

0 0 A′′

33,σ +B′′

32,σ F
′′

23,σ A′′

34,σ +B′′

32,σ F
′′

24,σ

0 0 A′′

43,σ A′′

44,σ















B′′

σ =









B′′

11,σ B′′

12,σ

0 0
0 B′′

32,σ

0 0









, H ′′

σ =









H ′′

1,σ

H ′′

2,σ

H ′′

3,σ

H ′′

4,σ









, C′′

σ =
[

0 0 C′′

3,σ C′′

4,σ

]

.

Proof. The zero matrices in the first block of columns of A′′
σ +B′′

σ F
′′
σ are

due to RV∗

R
,σ being an (Aσ +Bσ Fσ)-invariant subspace. The zero matrices in

the last two blocks of rows of A′′
σ +B′′

σ F
′′
σ are due to V∗

R being an (Aσ +Bσ Fσ)-
invariant subspace. The zero matrices in the first block of columns of B′′

σ are
due to Bσ (ImU1,σ)⊆V∗

R ∩Bσ =RV∗

R
,σ ∩Bσ. The zero matrices in the second

and fourth blocks of rows of B′′
σ are due to Bσ ⊆SV∗

R
,σ. The zero matrices in

C ′′
σ are due to V∗

R⊆C ⊆Cσ.

It is worth noting that the state space basis transformation considered in
Lemma 3 is consistent with that considered in Lemma 1, since it differs from
that one in the more subtle, mode-dependent partition of the vectors of the
basis of V∗

R as well as in the partition of the vectors that complete the basis of
V∗
R to the state space X . In view of this, the inner dynamics of V∗

R with respect
to the mode Σσ — i.e., the restriction (Aσ +Bσ Fσ)|V∗

R
— is represented by the

2-by-2-block matrix in the upper left corner of A′′
σ +B′′

σ F
′′
σ . Moreover, the inner

dynamics of RV∗

R
,σ with respect to Σσ — i.e., the restriction (Aσ +Bσ Fσ)|RV∗

R
,σ
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— is represented by the matrix in the upper left corner of A′′
σ +B′′

σ F
′′
σ . Since

the pair (A′′
11,σ, B

′′
11,σ) is controllable by construction, the eigenvalues of the

restriction (Aσ +Bσ Fσ)|RV∗
R

,σ
are assignable by a suitable choice of F ′′

11,σ . For

this reason, (Aσ +Bσ Fσ)|RV∗
R

,σ
is called the assignable inner dynamics of V∗

R

with respect to Σσ. On the contrary, the eigenvalues of A′′
22,σ are fixed and the

restriction (Aσ +Bσ Fσ)|V∗

R
/RV∗

R
,σ

is called the unassignable inner dynamics of

V∗
R with respect to Σσ. Based on these considerations, the following theorem

provides a necessary condition for V∗
R to be inner quadratically stabilizable

under arbitrary switching.

Theorem 2. The subspace V∗
R is inner quadratically stabilizable under

arbitrary switching only if λ(A′′
22,σ) ⊂ C

⊙ for all σ ∈I, with A′′
22,σ defined as in

Lemma 3.

Proof. Let Fσt
be a friend of V∗

R. Thus, the inner switching dynamics
of V∗

R is the switching dynamics (Aσt
+Bσt

Fσt
)|V∗

R
, associated to the set of

restrictions {(Aσ +Bσ Fσ)|V∗

R
, σ∈I}. As was mentioned in the proof of The-

orem 1, a switching dynamics is quadratically stable under arbitrary switch-
ing only if all the modes are asymptotically stable. Hence, the inner switch-
ing dynamics of V∗

R is quadratically stable under arbitrary switching only if
λ((Aσ +Bσ Fσ)|V∗

R
) ⊂ C

⊙, for all σ∈I. In light of Lemma 3, for any σ∈I,
λ((Aσ+Bσ Fσ)|V∗

R
) = λ((Aσ+Bσ Fσ)|RV∗

R
,σ
)⊎λ((Aσ+Bσ Fσ)|V∗

R
/RV∗

R
,σ
), where

λ((Aσ +Bσ Fσ)|RV∗
R

,σ
) is assignable, while λ((Aσ +Bσ Fσ)|V∗

R
/RV∗

R
,σ
)=λ(A′′

22,σ)

is fixed.

By inspecting the partition, shown in (1), of the matrices representing the linear
maps of the set {Aσ +Bσ Fσ, σ∈I}with respect to the coordinates of Lemma 1,
one can see that the properties of inner and outer quadratic stabilizability of
V∗
R are independent of each other.

4. Structural Disturbance Decoupling

This section deals with structural disturbance decoupling — namely, the prob-
lem of disturbance decoupling where the only concern is making the output
insensitive to the disturbance, without caring about stability. In the following,
the disturbance is assumed to be measurable. Then, it will be shown how the
compensation scheme is modified when the disturbance is inaccessible.
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Problem 1 (Structural Disturbance Decoupling). Given the discrete-time
switching linear system Σσt

, find a switching control law

ut = Fσt
xt +Gσt

ht, t ∈ Z
+, (4)

such that the compensated discrete-time switching linear system

Σ̂σt
≡

{

xt+1 = (Aσt
+Bσt

Fσt
)xt + (Hσt

+Bσt
Gσt

)ht,
yt = Cσt

xt,

satisfies the following requirement:

R 1. the output yt→ 0 as t→∞, for any admissible measurable disturbance
ht, with t∈Z

+, any initial state x0 ∈R
n, and any switching signal σt.

The main theorem of this section will provide a pair of sufficient conditions
for Problem 1 to be solvable. The proof is constructive, since it shows how
to synthesize the switching control law. Arguments showing why the pair of
conditions is not necessary are given. Two lemmas are premised, respectively
expressing the two conditions, which are initially presented in coordinate-free
terms, with respect to the coordinates introduced in Lemma 1.

Lemma 4. Consider the modes {Σσ, σ ∈I}, the subspace V∗
R, and the

subspaces Bσ and Hσ, with σ ∈I. Let the subspaces Vσ ⊆V∗
R, with σ∈I,

be such that Vσ ∩Bσ = {0} and (V∗
R ∩Bσ)+Vσ =V∗

R. Refer to the coordinates

introduced in Lemma 1 and let V ∗
σ ∈R

n×rσ , with σ∈I, be basis matrices of the

corresponding subspaces Vσ. Then,

Hσ ⊆ Bσ + V∗
R, for all σ ∈ I, (5)

if and only if there exist Γσ ∈R
p×m and Λσ ∈R

rσ×m, with σ∈I, such that

H∗
σ = B∗

σ Γσ + V ∗
σ Λσ, for all σ ∈ I, (6)

or, with respect to the partition introduced in Lemma 1,

[

H∗
1,σ

H∗
2,σ

]

=

[

B∗
1,σ

B∗
2,σ

]

Γσ +

[

V ∗
1,σ

0

]

Λσ, for all σ ∈ I. (7)

Proof. First, note that (V∗
R ∩Bσ)+Vσ =V∗

R is equivalent to

Bσ +Vσ =Bσ +V∗
R

with σ ∈I, since Vσ ⊆V∗
R and Vσ ∩Bσ = {0}. Hence, (5) holds if and only

if Hσ ⊆Bσ +Vσ for all σ ∈I. Equivalently, any basis matrix of Hσ can be
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written as a linear combination of the column vectors of basis matrices of Bσ

and Vσ, for all σ ∈I. Since Bσ and Hσ are full-rank matrices for all σ∈I
by assumption, so are B∗

σ and H∗
σ, which refer to the coordinates introduced

in Lemma 1. Hence, matrices Γσ ∈R
p×m and Λσ ∈R

rσ×m exist, such that (6)
holds. Moreover, Vσ ⊆V∗

R implies that V ∗
σ has a zero matrix in the last block

of rows, as shown in (7).

Lemma 5. Consider the discrete-time switching linear system Σσt
and the

subspace V∗
R. Let r=dimV∗

R. The subspace V∗
R is outer quadratically stabiliz-

able under arbitrary switching if and only if there exist a positive-definite sym-

metric matrix Qe ∈R
(n−r)×(n−r) and a set of matrices {Yσ ∈R

p×(n−r), σ ∈I}
such that

[

Qe (A∗
22,σ Qe +B∗

2,σ Yσ)
⊤

A∗
22,σ Qe +B∗

2,σ Yσ Qe

]

> 0, for all σ ∈ I, (8)

with A∗
22,σ and B∗

2,σ defined as in Lemma 1. If this is the case, the switching

dynamics (Aσt
+Bσt

Fσt
)|X/V∗

R
, associated to the set of matrices

{A∗
22,σ +B∗

2,σ F
∗
2,σ , σ ∈I},

where F ∗
2,σ =Yσ Q

−1
e , with σ ∈I, is quadratically stable under arbitrary switch-

ing.

Proof. In light of Lemma 1, V∗
R being a robust (Aσ ,Bσ)-controlled invari-

ant subspace, with the property of outer quadratic stabilizability under arbi-
trary switching, means that there exist a positive-definite symmetric matrix
Pe ∈R

(n−r)×(n−r) and a set of matrices {F ∗
2,σ ∈R

p×n−r, σ ∈I} such that

(A∗
22,σ +B∗

2,σ F
∗
2,σ)

⊤ Pe (A
∗
22,σ +B∗

2,σ F
∗
2,σ)− Pe < 0, for all σ ∈ I. (9)

Then, (9) is shown to be equivalent to (8) by the change of variables Qe = P−1
e ,

Yσ =F ∗
2,σ Qe, with σ ∈I, and the Schur complement.

Note that (9) is not jointly convex in the unknowns Pe and F ∗
2,σ, with σ∈I,

while (8) is an LMI in the unknowns Qe and Yσ, with σ ∈I. Hence, Lemma 5
points out a convex procedure to derive (if the LMI problem is feasible) a set of
matrices {F ∗

2,σ , σ ∈I}. Furthermore, a set of matrices {F ∗
1,σ , σ ∈I} such that

A∗
21,σ +B∗

2,σ F
∗
1,σ = 0, for all σ ∈ I, (10)

always exists, owing to the equivalence between robust controlled invariance
and robust invariance by state feedback mentioned in Section 2.
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Theorem 3. Consider the discrete-time switching linear system Σσt
.

Problem 1 has a solution if the following conditions hold:

C 1. Hσ ⊆Bσ +V∗
R for all σ∈I;

C 2. V∗
R is outer quadratically stabilizable under arbitrary switching.

Proof. Let Conditions C 1 and C 2 hold. Consider the switching control law
(4). Let Gσt

be the switching linear map associated to {Gσ, σ∈I}, defined by

Gσ =−Γσ, for all σ ∈ I, (11)

where the matrices Γσ, with σ ∈I, are given by Lemma 4 (which is possible by
virtue of Condition C 1). Moreover, let Fσt

be the switching linear map asso-
ciated to a set {Fσ , σ∈I} determined according to Lemmas 1 and 5 (which is
feasible owing to Condition C 2). Then, it will be shown that the switching con-
trol law (4), where Fσt

and Gσt
are picked as specified above, solves Problem 1.

First, note that, with respect to the coordinates introduced in Lemma 1, the
modes {Σ̂σ, σ ∈I} of the switching compensated system Σ̂σt

are described by

Σ̂σ ≡







x1,t+1 = (A∗
11,σ +B∗

1,σ F
∗
1,σ)x1,t + V ∗

1,σ Λσ ht + (A∗
12,σ +B∗

1,σ F
∗
2,σ)x2,t,

x2,t+1 = (A∗
22,σ +B∗

2,σ F
∗
2,σ)x2,t, σ ∈ I,

yt = C∗
2,σ x2,t,

(12)
where (7), (10), and (11) have been taken into account. Equation (12) shows
that quadratic stability under arbitrary switching of the dynamics

(Aσt
+Bσt

Fσt
)|X/V∗

R
,

associated to the set {A∗
22,σ +B∗

2,σ F
∗
2,σ, σ ∈I}, implies that the state trajectory

x2,t, with t∈Z
+, converges to 0 as t goes to ∞, for any admissible disturbance

ht, with t∈Z
+ (indeed, ht does not appear in the equation of x2,t), any initial

state x0 ∈R
n, and any switching signal σt. Therefore, the same is true for the

output yt, with t∈Z
+, which only depends on x2,t.

Condition C 1 is also necessary to solve Problem 1. In fact, if Condition C 1
is not met, no other robust (Aσ,Bσ)-controlled invariant subspace contained
in C, say VR, exists, such that Hσ ⊆Bσ +VR, for all σ∈I, because the set of
all robust (Aσ ,Bσ)-controlled invariant subspaces contained in C is an upper
semilattice and V∗

R is its maximum.
Condition C 2 is not necessary to solve Problem 1. In fact, a less conser-

vative form of stability for the switching dynamics (Aσt
+Bσt

Fσt
)|X/V∗

R
, such
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as asymptotic stability under arbitrary switching, would be sufficient to guar-
antee convergence to zero of the output as the time goes to infinity. However,
as mentioned earlier, focusing on quadratic stability under arbitrary switching
has the advantage of ensuring local input-to-state stability.

Concerning the convex procedure for determining the switching state feed-
back, the degrees of freedom available in the determination of {F ∗

2,σ , σ ∈I}
pointed out in Section 3.A are implicitly exploited in the solution of the LMIs
of Lemma 5.

This section is concluded by the following two remarks, which point out that
inaccessible disturbance decoupling and perfect disturbance decoupling can be
regarded as respective special cases of Problem 1.

Remark 1. If the more restrictive condition

C 1′. Hσ ⊆V∗
R, for all σ ∈I,

holds in place of Condition C 1, the feedforward action applied through Gσt
is

not required anymore. Thus, the disturbance input ht, with t∈Z
+, is no longer

needed to be measurable. In fact, if Condition C 1′ holds, Lemma 4 can be
modified by replacing (6) with H∗

σ =T ∗
1 Λσ, for all σ∈I, where T ∗

1 = [ I 0 ]⊤ is
a basis matrix of V∗

R with respect to the coordinates introduced in Lemma 1.
Consequently, the control law (4) reduces to ut=Fσt

xt, with t∈Z
+, where Fσt

is still determined according to Lemmas 1 and 5. Namely, the switching state
feedback alone achieves asymptotic decoupling of any admissible inaccessible
disturbance, for any initial state x0 ∈R

n and any switching signal σt.

Remark 2. If the initial state x0 belongs to the subspace V∗
R, then the

output yt is zero for all t∈Z
+, for any admissible measurable (or, inaccessible —

if Condition C 1′ holds) disturbance ht, with t∈Z
+, and any switching signal σt.

In fact, in light of (12), if x0 ∈V∗
R, the sole state component x1,0 may be different

from zero. Therefore, x2,0 =0 implies x2,t=0 for all t∈Z
+, which, in turn,

implies yt=0 for all t∈Z
+. Namely, when x0 ∈V∗

R, perfect decoupling of any
admissible measurable (or, respectively, inaccessible) disturbance is achieved
for any switching signal σt.

5. Disturbance Decoupling with Quadratic Stability

Under Arbitrary Switching

This section concerns an improved version of the disturbance decoupling prob-
lem, where the dynamics of the compensated system is required to be quadrat-
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ically stable under arbitrary switching. It will be shown that the new require-
ment is compatible with the existing one. A new convex procedure, independent
of the one discussed in Section 4 and to be applied besides that in the synthesis
of the control law, will be illustrated.

Problem 2 (Disturbance Decoupling with Quadratic Stability). Given
the discrete-time switching linear system Σσt

, find a switching control law (4),
such that the compensated system Σ̂σt

satisfies Requirements R 1 and

R 2. the switching dynamics Aσt
+Bσt

Fσt
is quadratically stable under arbi-

trary switching.

Referring to the partition considered in Lemma 1, the next lemma shows
how a set of matrices {F ∗

1,σ , σ ∈I} such that V∗
R is a robust (Aσ +Bσ Fσ)-

invariant subspace, with the property of being inner quadratically stable under
arbitrary switching, can be obtained as a solution, if it exists, of a convex
problem with a linear constraint.

Lemma 6. The subspace V∗
R is inner quadratically stabilizable under

arbitrary switching if and only if there exist a positive-definite symmetric matrix

Qi ∈R
r×r, where r=dimV∗

R, and a set of matrices {Wσ ∈R
p×r, σ∈I} such that







[

Qi (A∗
11,σ Qi +B∗

1,σ Wσ)
⊤

A∗
11,σ Qi +B∗

1,σ Wσ Qi

]

> 0,

A∗
21,σ Qi +B∗

2,σ Wσ = 0,

for all σ ∈ I,

(13)
with A∗

11,σ, A∗
21,σ, B∗

1,σ, B∗
2,σ defined as in Lemma 1. If this is the case,

the switching dynamics (Aσt
+Bσt

Fσt
)|V∗

R
, associated to the set of matrices

{A∗
11,σ +B∗

1,σ F
∗
1,σ, σ ∈I}, where F ∗

1,σ =Wσ Q
−1
i , with σ∈I, is quadratically

stable under arbitrary switching.

Proof. In light of Lemma 1, V∗
R being a robust (Aσ,Bσ)-controlled invariant

subspace, with the property of inner quadratic stabilizability under arbitrary
switching, means that there exist a positive-definite symmetric matrix Pi ∈R

r×r

and a set of matrices {F ∗
1,σ ∈R

p×r, σ∈I} such that

{

(A∗
11,σ +B∗

1,σ F
∗
1,σ)

⊤ Pi (A
∗
11,σ +B∗

1,σ F
∗
1,σ)− Pi < 0,

A∗
21,σ +B∗

2,σ F
∗
1,σ = 0,

for all σ ∈ I. (14)

Then, the first of (14) is shown to be equivalent to the first of (13) by the change
of variables Qi = P−1

i , Wσ =F ∗
1,σ Qi, with σ∈I, and the Schur complement.

Further, the latter of (14) is proved to be equivalent to the latter of (13) by
multiplying by Qi and applying the same change of variables.
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Theorem 4. Consider the discrete-time switching linear system Σσt
.

Problem 2 has a solution if Conditions C 1, C 2, and the following hold:

C 3. V∗
R is inner quadratically stabilizable under arbitrary switching.

Proof. Let Conditions C 1–C 3 hold. Consider the switching control law (4).
Let Gσt

be determined as in the proof of Theorem 3. Let Fσt
be such that, with

respect to the partition of the matrices F ∗
σ , with σ ∈I, considered in Lemma 1,

the matrices F ∗
2,σ, with σ∈I, are derived according to Lemma 5, as in the proof

of Theorem 3, while the matrices F ∗
1,σ, with σ∈I, are derived according to

Lemma 6 (which is feasible owing to Condition C 3). Hence, the proof that Re-
quirement R 1 is satisfied is the same as in Theorem 3. As to Requirement R 2,
the proof follows from the upper block-triangular structure of the dynamics of
Σσt

shown in (12) and from quadratic stability under arbitrary switching of the
switching dynamics (Aσt

+Bσt
Fσt

)|V∗

R
and (Aσt

+Bσt
Fσt

)|X/V∗

R
(see, e.g., [39,

Chapter 7]).

To summarize the reasoning developed so far, structural disturbance de-
coupling has been tackled first. In the solution of that problem, only outer
stabilization of the subspace V∗

R has been required, so as to guarantee asymp-
totic convergence of the output to zero in the presence of nonzero initial state.
Then, disturbance decoupling with state stability has been solved, which has
required stabilization of both inner and outer switching dynamics of V∗

R, so as
to guarantee state stability of the closed-loop switching system. In particular,
quadratic stability under arbitrary switching has been required. Indeed, the
existence of a common quadratic Lyapunov function is a sufficient condition for
global uniform asymptotic stability of a switching system [38]. Moreover, zero-
input asymptotic stability of a nonlinear system implies local input-to-state
stability [36] — this fact was considered with specific reference to switching
systems in [34, Appendix A]. In light of these results, inner and outer quadratic
stabilization of the subspace V∗

R under arbitrary switching guarantees not only
disturbance decoupling with global uniform asymptotic stability of the switch-
ing system under zero input, but also input-to-state stability.
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6. An Illustrative Example

Let Problem 2 be stated for the switching linear system Σσt
, defined by the

index set I = {1, 2} and the matrices

A1 =

















0.6 0 0 0 −0.3 0
1 1 −0.3 0 0 0
0 0.4 0.85 0 0 0
0 0 0 0.95 0 −0.4
0 0 0 0 0.5 0
0 0 0 0 0 0.7

















, B1 =

















1 0 1
0 1 0
2 0 1
0 2 0
1 0 0
0 1 0

















,

H1 =

















−0.5 0 0
0 0 0
0 0 1
0 0 0
0.5 0 0
0 1 0

















,

A2 =

















0.4 −0.1 0.1 0 0 0
0.9 1 −0.3 0 0 0
0.6 0.4 0.2 0 0 0
−1.2 −0.3 0.1 0.5 0.1 0
0.9 0.1 0.1 0 0.2 0.1
−0.1 0 0 0 0 0.7

















, B2 =

















1 1 0
0 0 0
0 0 1
0 1 0
1 0 0
0 1 1

















,

H2 =

















0 −1 0.5
0 −1 0
0 0 0
1 0 0
0 0 0.5
−3 0 0

















,

C1 =

[

0 0 2 1 0 0
0 0 0 1 0 0

]

C2 =

[

0 0 2 0 0 0
0 0 0 1 0 0

]

Let the sampling time be Ts=0.1 s. According to the proposed procedure,

V∗

R = Im

















1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 1

















.
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Condition C 1 of Theorem 3 is satisfied, as can be checked by comparing
the basis matrices of the subspaces Hσ, Bσ, and V∗

R for all σ∈I. Hence, the
matrices Γσ and Λσ, with σ ∈I, can be computed according to Lemma 4. Thus,
the matrices of the set {Gσ , σ ∈I}, defined according to (11), are

G1 =





−0.5 0 −0.5
0 0 0
1 0 0



 , G2 =





0.5 0.5 −0.5
−1 0 0
0 0 0



 .

The set {Fσ , σ∈I} is derived according to Lemmas 1, 5, and 6. The
solution to the LMI problem (8) and that to the LMI problem with linear
constraint (13) show that Condition C 2 of Theorem 3 and Condition C 3 of
Theorem 4 are both satisfied. Thus, a set of matrices {Fσ, σ∈I} that solves
both the LMI problems is

F1 =





0.7526 −0.0635 0 0 −0.2974 0
0 0 0 0 0 0.2

−1.5052 −0.2729 0 0 0.5948 0



 ,

F2 =





−2.1725 −1.0251 0 0 0.0725 0.1040
1.2 0.3 0 0 −0.1 0
−0.6 −0.4 0 0 0 0



 .

A simulation has been run to check the performance of the devised control
law. The simulation time goes from 0 s to 10 s (the number of samples is
100). The switching signal σt is equal to 1, with t=0, . . . , 19, equal to 2, with
t=20, . . . , 29, and equal to 1, with t=30, . . . , 99 — i.e., the active mode is Σ1,
between 0 s and 1.9 s as well as between 3 s and 9.9 s, while it is Σ2 between 2 s
and 2.9 s. The components of the measurable disturbance respectively are a neg-
ative step with amplitude equal to 0.5 applied at the time 1 s, a sinewave with
amplitude equal to 2 and a sawtooth with slope equal to 0.5 and period equal
to 2 s, both applied at the time 0 s. The initial state is x0 = [ 1 −1 0.5 1 −1 1 ]⊤.
The output y of the compensated system Σ̂σt

is shown in Fig. 1. Both com-
ponents converge to zero, which shows that structural decoupling is achieved.
The state trajectories are shown in Fig. 2. Note that they are bounded (in the
presence of the bounded inputs).
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Figure 1: Output y of the compensated system — amplitude vs. time
(s)
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Figure 2: State x of the compensated system with disturbance — am-
plitude vs. time (s)
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7. Conclusions

A methodology to solve different formulations of the disturbance decoupling
problem, from the mere structural decoupling to the problem with state stability
under arbitrary switching, so as to also guarantee local input-to-state stability
of the compensated system, has been shown. The synthesis procedure has
been supported by a complete computational framework, as was illustrated
through the numerical example. The geometric approach, enriched with some
new notions specifically addressed to switching linear systems, and linear matrix
inequalities have provided the theoretical and computational background.
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