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Abstract: Let L(H) denote the algebra of operators on a complex infinite dimensional

Hilbert space H into itself. In this paper, we study the class of operators A ∈ L(H) which

satisfy the following property, AT = TA implies AT
∗ = T

∗
A for all T ∈ C1(H) (trace class

operators). Such operators are called p-symmetric.We establish some basic properties on the

class of p-symmetric operators. We obtain new results concerning the intersection of the

closure of R(δA), the range of the derivation δA(X) = AX −XA, and the commutant {A}
′

of A. We introduce the class of essentially d-symmetric operators. Some open problems are

also presented.
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1. Introduction

Let H be a complex infinite dimensional Hilbert space, and let L(H) denote the
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algebra of all bounded linear operators acting onH into itself. Given A ∈ L(H),
the derivation induced by A is the bounded operator δA defined on L(H) by
δA(X) = AX −XA.

Let R(δA) denote the range of δA and R(δA) its uniform closure. An op-
erator A in L(H) is called d-symmetric if R(δA) = R(δA∗). The concept of
d-symmetric was introduced by Bunce and Williams.

In [2] J. Anderson, J.W. Bunce, J.A. Deddens and J.P. Williams show that,
if A is d-symmetric then AT = TA implies A∗T = TA∗ for every T ∈ C1(H)
(trace class operators). Examples of d-symmetric operators include the normal
operators and isometries. The properties of such operators have been much
studied in [2], [10], [14], [15], [17].

In this paper, we study the class of operators A ∈ L(H) which satisfy the
following property, AT = TA implies A∗T = TA∗ for all T ∈ C1(H). Such
operators are termed p-symmetric. The class of p-symmetric operators has
been considered in a number of papers, see for examples [4], [5], [6], [7], [8],
[13].

It is shown that if P (A) is cyclic subnormal for some polynomial P , then A
is d-symmetric. In this case, we also prove that the range R(δA) is orthogonal
to the kernel ker(δA) of δA for the usual operator norm. We establish some
basic properties on the class of p-symmetric operators. We obtain new results
concerning the intersection of the closure of R(δA) and the commutant {A}

′

of
A.

Finally, we introduce the class of essentially d-symmetric operators. We
close the paper with some open problems.

In addition to the notation already introduced, we shall use the following
further notation. Given X ∈ L(H), we shall denote the kernel, the orthogonal
complement of the kernel, the closure of the range and the restriction to an
invariant subspace M of X by ker(X), ker⊥(X), R(X) and X|M respectively.

R(δX)
w
will denote the weak closure and R(δX)

w∗

will denote the ultra- weak
closure of R(δX) the range of δX . The spectrum, the essential spectrum and
the point spectrum of X will be denoted by σ(X), σe(X) and σp(X). Let K(H)
be the algebra of all compact operators on H, and let π(A) be the image of
A ∈ L(H) under the canonical mapping π : L(H) −→ C(H) = L(H)|K(H).

2. Preliminaries

Definition 1. An operator A ∈ L(H) is called d-symmetric, if R(δA) =
R(δA∗).
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Theorem 2. ([2]) If A ∈ L(H), then the following two statements are
equivalent:

(1) A is d-symmetric.

(2) (i) [A], the corresponding element of the Calkin algebra, is d-symmetric,
and (ii) AT = TA and T ∈ C1(H) implies A∗T = TA∗.

Definition 3. Let A ∈ L(H). A is called p-symmetric if: AT = TA and
T ∈ C1(H) implies A∗T = TA∗.

Theorem 4. ([4]) Let A ∈ L(H), then:

(1) A is p-symmetric if and only if R(δA)
w∗

is self-adjoint.

(2)S(H) (the set of p-symmetric operators) is self-adjoint.

Proposition 2.1. ([4]) Let A ∈ L(H). If there exist nonzero vectors
f, g ∈ H such that:

(1) Af = λf and , A∗f 6= λf .

(2) A∗g = λg.

Then, A is not p-symmetric.

Example 2.1. Let (en)n be an orthonormal basis for H. Let H◦ =
vect{e1, e2, e3} and set

A◦ =





i 1 0
0 −i 0
0 1 1



 ∈ L(H◦).

We define the operator A = A◦⊕I with respect to decomposition H = H◦⊕H
⊥
◦ .

It is easily seen that, Ae1 = ie1, A
∗e1 = −ie1 + e2 6= −ie1, and A

∗(2e1 + ie2) =
(−i)(2e1 + ie2). Hence, it follows that A is not p-symmetric.

Example 2.2. Let H = H◦⊕H1, whereH◦, andH1 are complex separable
Hilbert space. Define T = A⊕S, where A is p-symmetric and strict contraction
‖A‖ < 1, and S is the unilateral or bilateral shift: Sen = en+1, n ∈ N(Z) where
(en)n is an orthonormal basis for H1. It is clearly seen that A and S are
p-symmetric and σ(A) ∩ σ(S) = φ. Then T is a p-symmetric operator.



74 S. Bouali, M. Ech-Had, A. Zouaki, Y. Bouhafsi

3. Main Results

Definition 5. A vector e◦ ∈ H is cyclic for A ∈ L(H), if H is the smallest
invariant subspace for A that contains e◦. The operator A is said to be cyclic
if it has a cyclic vector.

Definition 6. An operator A ∈ L(H) is subnormal, if there exists a
Hilbert space H1 and a normal operator N ∈ L(H1), such that H is a subspace
of H1 and Af = Nf for all f ∈ H.

Theorem 7. Let A ∈ L(H), and suppose that P (A) is cyclic subnormal
for some polynomial P . Then, A is a d-symmetric operator.

Proof. Let T ∈ C1(H) such that AT = TA, then P (A)T = TP (A). Since
P (A) is a cyclic subnormal operator, it follows from Yoshino’s result [22] that
T is subnormal and therefore normal. The Putnam-Fuglede theorem gives
A∗T = TA∗. Consequently, A is p-symmetric.

The condition P (A)A = AP (A) implies that A is subnormal, hence A is
essentially hyponormal. We have π[P (A)] = P [π(A)], then P [π(A)] is normal
in C(H).

There exists a Hilbert spaceH◦ and a ∗-isometric isomorphism ψ : C(H) −→
L(H◦) preserving order. Therefore P [ψ ◦ π(A)] = ψ[P (π(A))] and P (π(A)) is
normal. Hence, ψ[P (π(A))] is polynomially normal and hyponormal in L(H◦).
Thus ψ[π(A)] is normal [16], and so π(A) is normal. It follows that A is essen-
tially d-symmetric. Then A is d-symmetric operator, as desired.

Remark 3.1. In [2] it is proved that an operator A ∈ L(H) is d-symmetric
if and only if

A∗A−AA∗ ∈ C(A) = {C ∈ L(H) : CL(H) + L(H)C ⊆ R(δA)}.

Let U be an isometry. Then it follows from Theorem 2 [19] that

(I − UU∗)L(H) ⊂ R(δU ).

On the other hand if Y ∈ L(H), note that the operatorX = Σ∞
k=0U

kPY PU∗(k+1)

is bounded and that
δU (U

∗Y P −X) = Y P.

Hence
L(H)(I − UU∗) ⊂ R(δU ).

Thus we get
(I − UU∗)L(H) + L(H)(I − UU∗) ⊂ R(δU ).
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Theorem 2.1[2], implies that U is d-symmetric.

Example 3.1. Let H◦ = H ⊕H, and define the operator A =

(

0 I

0 0

)

.

If we consider T =

(

C D

0 C

)

∈ C1(H◦) such that D 6= 0. A simple calcu-

lation shows that A2 = 0 and AT = TA. On the other hand A∗T − TA∗ =
(

−D 0
0 D

)

6= 0. and so A is not p-symmetric.

We are now in a position to extend this results. More precisely:

Proposition 3.1. Let A ∈ L(H). If A is a nilpotent operator, then A is
not p-symmetric.

Proof. Let n > 1 be the smallest integer such that An = 0 and An−1 6= 0.
Let e ∈ H such that f = An−1e 6= 0. Then, a simple calculation shows that
Af = 0 and A∗f 6= 0. We can also choose k ∈ H be such that g = A∗n−1k 6= 0.
Note that w = A∗f 6= 0 where w ⊥ f . Define an operator X ∈ L(H), as follows
X = ‖w‖−2(g ⊗ w). Then for any Y ∈ L(H)

< (A∗X −XA∗)f, g >=< Xw, g >= −‖g‖2,

and < (AY − Y A)f, g >= 0.

Moreover, suppose that A∗X −XA∗ ∈ R(δA)
w∗

, then there exists a gener-
alized sequence (Yα)α in L(H) such that

< (AYα − YαA)x, y >−→< (A∗X −XA∗)x, y >,

for all x, y ∈ H. Which implies

0 =< (AYα − YαA)f, g >−→< (A∗X −XA∗)f, g >= −‖g‖2.

Then, it follows that A∗X −XA∗ 6∈ R(δA)
w∗

, thus R(δA)
w∗

is not self-adjoint.
This proves that A is not p-symmetric.

An interesting consequence of the above theorem is the following:

Corollary 8. Let A ∈ L(H). If P (A) is normal, isometric, co-isometric or
cyclic subnormal for some polynomial P , then R(δA) ∩ {A}

′

contains nonzero
p-symmetric operator.
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Proof. Suppose AXn −XnA −→ T and that T is a p-symmetric operator
in {A}

′

. If P (k) denotes the k-derivative of P , then

P (k)(A)Xn −XnP
(k)(A) −→ P (k+1)(A)T.

In particular, P (1)(A)T ∈ R(δP (A)) ∩ {P (A)}
′

, so that P (1)(A)T = 0, since
P (A) is normal, isometric, co-isometric or cyclic subnormal. Also,

P (1)(A)Xn −XnP
(1)(A) −→ P (2)(A)T.

Hence, P (2)(A)T 3 = 0. By repeating the same argument it follows that,
P (m)(A)Tm+1 = 0, where m is the degree of P . Thus Tm+1 = 0 and so
T = 0, since it is p-symmetric.

Theorem 9. Let A ∈ L(H), and suppose that P (A) is cyclic subnormal
for some polynomial P . Then,

‖δA(X) + T‖ ≥ ‖T‖,

for all X ∈ L(H) and for every operator T satisfying AT = TA.

Proof. Let T ∈ L(H) be such that AT = TA. So we have AP (A) = P (A)A
and P (A)T = TP (A). Since P (A) is a cyclic subnormal operator, then it
follows from Yoshino’s Result [22] that T and A are subnormal. Thus, it is
sufficient to show that

‖δA(X) + T‖ ≥ |λ|

for all X ∈ L(H) and for every λ ∈ σ(T ).
The operator T being subnormal, then it is well known that: σ(T ) = σp(T )∪

σe(T ) (see [9]).
Let λ ∈ σ(T ), we consider the following cases for the location of λ:

Case 1. (i) Suppose that λ ∈ σp(T ), such that E = ker(T − λ) is finite
dimensional. The subspace E is invariant under A and T . Moreover, A|E is

normal, so E reduces A. Let H = E ⊕ E⊥, then we can write A =

(

B 0
0 C

)

and T =

(

λ 0
0 ∗

)

.

For an operator X =

(

Y Z

R S

)

, we have

‖δA(X) + T‖ =
∥

∥

∥

(

δB(Y ) + λ ∗
∗ ∗

)

∥

∥

∥
≥ ‖δB(Y ) + λ‖
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A is subnormal, then A is a finite operator [21], it results that B is also finite.
Consequently, we obtain

‖δA(X) + T‖ ≥ |λ|

for all X ∈ L(H), and all λ ∈ σp(T ) such that dimker(T − λ) <∞.

(ii) If λ ∈ σp(T ) such that dimker(T − λ) = ∞. Since T is a subnormal
operator then dimker(T − λ)∗ = ∞. It follows that T − λ is not a Fredholm
operator which is equivalent to λ ∈ σe(T ).

The remark [9 ,p.187] plays a vital role in the following case.

Case 2. If λ ∈ σe(T ). We shall divide this cases into two different steps.

(i) T has no isolated eigenvalues of finite multiplicity.

The condition AT = TA implies that π(A)π(T ) = π(T )π(A). Since P (A)
is a cyclic subnormal operator, then it results that π(A) is normal. Hence
R(δπ(A)) is orthogonal to ker(δπ(A)). From this it follows that

‖δA(X) + T‖ ≥ ‖δπ(A)(π(X)) + π(T )‖ ≥ ‖π(T )‖

For all X ∈ L(H). Since T is subnormal and has no isolated eigenvalues of
finite multiplicity, then we have ‖π(T )‖ = r(π(T )). Which implies that

‖δA(X) + T‖ ≥ |λ|

For all X ∈ L(H).

(ii) If T has isolated eigenvalues of finite multiplicity. We consider the
subspace F =

∨

{ker(T − µ) : µ ∈ σp(T ), dim ker(T − µ) < ∞}. The condition
AT = TA implies that T is subnormal. Since T |F is a normal operator then
F reduces T . With respect to the decomposition H = F ⊕ F⊥, we have T =
(

T1 0
0 T2

)

.

It is easily seen that

‖δA(X) + T‖ ≥ ‖δπ(A)(π(X)) + π(T )‖ ≥ ‖π(T )‖.

On the other hand it is clear to check that T is a Fredholm operator if and
only if T2 is a Fredholm operator. Consequently, We get σe(T ) = σe(T2). By
hypothesis we have λ ∈ σe(T ) = σe(T2) and T = T1 ⊕ T2. Then it is obvious
that ‖π(T )‖ ≥ ‖π(T2)‖.

Since T2 has no isolated eigenvalues of finite multiplicity, then it follows
immediately that ‖δA(X) + T‖ ≥ |λ| for all X ∈ L(H).
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Indeed, we assert that

‖δA(X) + T‖ ≥ |λ|

for all X ∈ L(H) and all λ ∈ σe(T ).
Finally, we deduce that

‖δA(X) + T‖ ≥ ‖T‖,

for all X ∈ L(H) and all T ∈ {A}
′

. This completes the proof.

The following result is now immediate from the preceding theorem.

Corollary 10. Let A ∈ L(H). If P (A) is cyclic subnormal for some
polynomial P , then we have R(δA) ∩ {A}

′

= {0} and R(δA) ∩ {A∗}
′

= {0}.

Remark 3.2. 1) If A is a normal operator or isometric, then R(δA) ∩
{{A}

′

∪ {A∗}
′

} = {0}( [1]).

2) The above result generalizes the Theorem 3 of Y. Ho [11].

Remark 3.3. Let A ∈ L(H). It is well known from [5] that

R(δA) ∩K(H) = R(δA)
w∗

∩K(H).

Hence, if A is normal, isometric, co-isometric or cyclic subnormal then every

compact operator in R(δA)
w∗

∩ {{A}
′

∪ {A∗}
′

} vanishes.

Corollary 11. Let A ∈ L(H). in each of the following cases:

(1) If A is normal operator.

(2) If P (A) is cyclic subnormal operator for some polynomial P .

(3) If A isometric or co-isometric.

(4)If A is invertible such that ‖A−1‖‖A‖ = 1.

Then R(δA)
w
∩ {{A}

′

∪ {A∗}
′

} contains no nonzero compact operator.

Proof. (1) Suppose that T ∈ R(δA)
w
∩{A}

′

and that T is a compact opera-
tor. A is normal, by Putnam-Fuglede’s theorem we have AT ∗ = T ∗A, and hence
A|T |2 = |T |2A. Moreover, by the functional calculus A|T | = |T |A. Therefore,
there exists an orthonormal basis {φn} = {ek} ∪ {fm} of H, such that {fm} is
an orthonormal basis of ker(|T |) and {ek} consists of common eigenvectors of
A and |T |. Since T ∗T ∈ R(δA)

w
∩ {A}

′

, then there exists a sequence (Xα)α of
operators in L(H) such that AXα −XαA −→ T ∗T . It follows that

< (AXα −XαA)φn, φn >−→< T ∗Tφn, φn >,
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for all n. Thus, we get Tek = 0 and Tfm = 0 for all k and m. Then, T = 0, as
desired.

(2) Let T ∈ R(δA)
w
∩ {A}

′

. Since A commutes with T , it follows that
P (A)T = TP (A), and P (A) is cyclic subnormal, then we get from Yoshino’s
result [22] that T is subnormal and therefore normal [3]. Hence, T ∗T ∈ R(δA)

w
∩

{A}
′

, it is clear from [18, Theorem 3], that T = 0.
We consider now cases (3) and (4), let T ∈ R(δA)

w
∩{A}

′

. Since AT = TA

and T ∈ K(H), it follows from [18,Theorem 2.2] that AT ∗ = T ∗A. Then
we get T ∗T ∈ R(δA)

w
∩ {A}

′

. Applying [19, Theorem 3], we conclude that
σ(T ∗T ) = {0}, hence T = 0 .

Definition 12. An operator A ∈ L(H) is called essentially d-symmetric
if π(A), its corresponding element of the Calkin algebra, is d-symmetric.

Remark 3.4. A ∈ L(H) is essentially d-symmetric if and only if
[π(A), C(H)] is self-adjoint.

Theorem 13. Let A ∈ L(H) be essentially d-symmetric. Then, A is
d-symmetric if and only if A is p-symmetric.

Corollary 14. An essentially d-symmetric weighted shift S (Sen =
ωnen+1) is d-symmetric, if and only if, it satisfies the total products condition,
that is,

Σkwk.wk+1 . . . wk+n = ∞.

Example 3.2. We define our operator A as follows:
Let (ek) be an orthonormal basis of H, and set

Aek =
1

(k2 + 1)
ek+1 for all k ∈ N(Z).

A is essentially normal, hence A is essentially d-symmetric. But A is not p-
symmetric.

Example 3.3. Let (ek) be an orthonormal basis of H. Set Aen = anen+1

for n = 1, 2, · · · , where

an =

{

2, n odd
1
2 , n even.

It is easily seen that A satisfies the total products condition :

Σkwk.wk+1 . . . wk+n = ∞,

for all n ∈ N. Then {A}
′

∩ C1(H) = {0}, and so A is p-symmetric. But A is
not essentially d-symmetric.
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Remark 3.5. The unilateral shift is essentially d-symmetric but is not
essentially normal.

Proposition 3.2. Let A and B be two-essentially d-symmetric operators
such that σe(A) ∩ σe(B) = φ. Then A⊕B is also essentially d-symmetric.

The following result is an immediate consequence of Theorem 9 and [12].

Corollary 15. Let A ∈ L(H). Then A is essentially d-symmetric in each
of the following cases:

1) A∗A−AA∗ is compact.

2) A∗A− I or AA∗ − I is compact.

3) P (A) is cyclic subnormal operator.

4) P (A) is normal and A is essentially hyponormal.

4. Conclusion

In this, paper we are interested to the class of operators A ∈ L(H), which
satisfy the following property AT = TA implies AT ∗ = T ∗A for all T ∈ C1(H)
(trace class operators). Such operators are called p-symmetric. We give some
basic properties concerning this class of operators. We also show that if P (A) is
cyclic subnormal for some polynomial P , then A is d-symmetric. This leads us
to establish the range kernel orthogonality for certain non normal derivation.
We present examples and counterexamples and information about special cases.
We obtain new results concerning the intersection of the kernel and the closure
of the range of an inner derivation. We introduce the class of essentially d-
symmetric operators. Finally, We mention the following open problems:

1) Is the set F = {A+K : A p-symmetric, K compact} norm closed? norm
dense in L(H)?

2) Characterizes the class of essentially d-symmetric operators?

3) Which weighted shift are essentially d-symmetric?
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