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Abstract: In the present paper, we use generalized differential transform method (GDTM)

to derive solution of Bagley Torvik equation. The fractional derivative are described in the

Caputo sense. As an example we have found the exact solution of two such Bagley-Torvik

equations which demonstrates the effectiveness and efficiency of the proposed method.
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1. Introduction

The Bagley-Torvik equation is originally formulated to study the behavior of
real material by use of fractional calculus [2, 20]. It plays important role in many
engineering and applied science problems. In particular, the equation with 1/2-
order derivative or 3/2-order derivative can model the frequency-dependent
damping materials quite satisfactorily. It can also describe motion of real phys-
ical systems, the modeling of the motion of a rigid plate immersed in a Newto-
nian fluid and a gas in a fluid, respectively [14, 17]. Fractional dynamic systems
have found many applications in various problems such as viscoelasticity, heat
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conduction, electrode-electrolyte polarization, electromagnetic waves, diffusion
wave, control theory, and signal processing [1, 2, 4, 12, 14, 17, 18, 19, 20, 21].

The generic form of Bagley-Torvik equation [14, p. 229] can be written as

A
d2y(t)

dt2
+B

d
3

2 y(t)

dt
3

2

+ Cy(t) = f(t), t > 0. (1)

Subject to initial conditions

y(0) = 0 and y′(0) = 0. (2)

Here y(t) is the solution of the equation, A 6= 0, B, and C are constant coef-
ficient’s and f(t) is a given function from I into R, I is the interval [0,T]. The
analytic results on existence and uniqueness of solutions to fractional differential
equations have been investigated by many authors [14, 16]

The general response expression (1) contains parameters that can be var-
ied to obtain various responses. In the case of A = M, the mass of thin rigid
plate, C = K, the stiffness of the spring, B = 2S

√
µρ, where S is area of plate

immersed in Newtonian fluid, µ is viscosity and ρ is the fluid density, then (1)
represents the motion of a large thin plate in a Newtonian fluid [14]. Simi-
larly, linearly damped fractional oscillator with the damping term has a frac-
tional derivative of order ν = 1.5 and it can be represented by Bagley-Torvik
equation[13, 14]. The problem to develop the numerical solution of Bagley-
Torvik fractional differential equation has been studied by many authors. In
this regard an approximate analytical solution of the equation was derived us-
ing Adomian decomposition method [6, 11], He’s variational iteration method
[10],Taylor collocation method [7], Laplace Transform method [14]. Diethelm
transformed the equation into first-order coupled fractional differential equa-
tion and solved the problem with Adams predictor and corrector approach [5].
Podlubny used successive approximation method to solve the equation and re-
cently applied the Matrix Approach to Discretization of Fractional Derivatives
for the same problem [14, 15].

Recently several numerical methods have been proposed for solution of
Bagley-Torvik equation [14]. In the present paper we obtain analytic solution
of Bagley Torvik equation using generalized differential transform method [8].
The Differential Transform method was proposed by Zhou [22] to solve linear
and nonlinear initial value problems in electric circuit analysis. This method
constructs an analytical solution in the form of a series. It is different from the
traditional higher order Taylor series method, which requires symbolic compu-
tation of the necessary derivatives of the data functions and takes long time
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in computation whereas the differential transform is an iterative procedure for
obtaining analytic Taylor series solution. The method is further developed by
Erturk, Momani and Odibat in their papers [8] for solving ordinary differential
equations of fractional order.

2. Preliminaries

2.1. Definition

The Caputo fractional derivative use in our present study is defined and repre-
sented in the following manner [3]

Dα
xf(x) =

1

Γ(m− α)

∫ x

x0

f (m)(ξ)

(x− ξ)α−m+1
dξ, (m− 1 < α ≤ m),m ∈ N (3)

The Generalized Differential Transform: Consider the generalized differen-
tial transform [8, p. 1647] of the Kth derivative of function f(x) in one variable
as follows:

Fα(k) =
1

Γ(αk + 1)
[(Dα

x0
)kf(x)]x=x0

(4)

where 0 < α ≤ 1, (Dα
x0
)k = Dα

x0
.Dα

x0
....Dα

x0
(k − times) and Fα(k) is the trans-

formed function.

The Inverse Generalized Differential Transform of Fα(k) is defined in the
following manner [8, p. 1647]

f(x) =
∞
∑

k=0

Fα(k)(x− x0)
αk. (5)

Some basic properties of the generalized differential transform given by equation
(4) will also be required in the sequel:

Let Fα(k), Gα(k) and Hα(k) be the generalized differential transforms of
the functions f(x), g(x) and h(x) respectively, then:
(a) If f(x) = g(x)± h(x), then Fα(k) = Gα(k)±Hα(k).

(b) If f(x) = ag(x), then Fα(k) = aGα(k), where a is a constant.

(c) If f(x) = g(x)h(x), then Fα(k) =
∑k

l=0Gα(l)Hα(k − l).
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(d) If f(x) = Dα
x0
g(x), then Fα(k) =

Γ(α(k+1)+1)
Γ(αk+1) Gα(k + 1).

(e) If f(x) = (x− x0)
γ , γ = nα, n ∈ Z, then Fα(k) = δ(k − γ/α), where

δ(k) =

{

1, if k = 0,

0, otherwise.

(f) If f(x) = Dβ
x0
g(x),m − 1 < β ≤ m and the function g(x) satisfies the

condition in Theorem 2, then

Fα(k) =
Γ(αk + β + 1)

Γ(αk + 1)
Gα(k + β/α).

2.2. Known Basic Theorems

The following theorems will be required to obtain our main findings:

Theorem 1. (Generalized Taylor Formula) Suppose that (Dα
a )

kf(x) ∈
C[a, b] for k = 0, 1, 2, ....n + 1, where 0 < α ≤ 1, then we have

f(x) =

n
∑

i=o

(x− a)iα

Γ(iα+ 1)
((Dα

a )
if)(a) +

((Dα
a )

n+1f)(ξ)

Γ((n+ 1)α+ 1)
.(x− a)(n+1)α, (6)

with a ≤ ξ ≤ x,∀ x ∈ [a, b]. The above theorem was recently obtained by
Erturk et al.[8].

Theorem 2. Suppose that f(x) = (x−x0)
λg(x), where λ > 0 and g(x) has

the generalized power series expansion g(x) =
∑∞

n=0 an(x − x0)
nα with radius

of convergence R > 0, 0 < α ≤ 1. Then

Dγ
aD

β
af(x) = Dγ+β

a f(x), (7)

for all (x − x0) ∈ (0, R), the coefficients an = 0 for n gives by nα− λ + β = 0
and either

λ > µ, µ = max(β + [γ], [β + γ]),

or

λ ≤ µ, ak = 0 for k = 0, 1, 2, ..., [
µ − λ

α
],

where [·] denotes the greatest integer less than or equal to x. The above theorem
was recently obtained by Garg et al. [9].
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3. Application

In this section, we shall apply GDTM for solving Bagley Torvik equation.

Consider the Bagley Torvik equation:

AD2y(t) +BD
3

2 y(t) + Cy(t) = f(t) where t > 0. (8)

Subject to initial conditions

y(0) = 0 and y′(0) = 0, (9)

whereA 6= 0, B and C are constant and (Dα
a )

kf(x) ∈ C[a, b] for k = 0, 1, 2, ..., n+
1, 0 < α ≤ 1 given in Theorem 1.

Applying the Generalized Differential Transform on both sides of equation
(8),we easily arrive at the following result after a little simplification

A
Γ(αk + 3)

Γ(αk + 1)
Yα(k+

2

α
) +B

Γ(αk + 3
2 + 1)

Γ(αk + 1)
Yα(k+

3

2α
) +CYα(k) = Fα(k), (10)

or

Yα(k +
2

α
) =

Fα(k)− CYα(k)−B
Γ(αk+ 5

2
)

Γ(αk+1) Yα(k + 3
2α )

A(αk + 2)(αk + 1)
. (11)

Here Yα(k) be the Generalized Differential Transform Function of y(t).
Using the initial condition given by (9), the operator represented by eq. (4)

takes the form

[Dαk
t0

y(t)]t=0 = 0 for k = 0, 1, 2, 3, ... . (12)

Applying the inverse generalized differential transform to equation (11), we
obtain the desire solution with the help of eq.(12) after a little simplification.

Examples

In order to illustrate the effectiveness of the method proposed, two numerical
examples are given in this section.

Example 1. Now we consider the following special case of Bagley-Torvik
equation given by (1) as investigated earlier [10, 16]

D2y(t) +D
3

2 y(t) + y(t) = 2 + 4

√

t

π
+ t2. (13)
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Subject to initial conditions

y(0) = 0 and y′(0) = 0. (14)

Applying generalized differential transform (4) with t0 = 0 and settig α = 1/2
in equation (11) with condition (12), to both sides of Bagley -Torvik equation
(13) and making use of properties of generalized differential transform given by
(4), equation (13) takes the following form

Y 1

2

(k + 4) =
2δ(k) + 4√

π
δ(k − 1) + δ(k − 4)− Y 1

2

(k)− Γ(k
2
+ 5

2
)

Γ(k
2
+1)

Y 1

2

(k + 3)

(k2 + 2)(k2 + 1)
, (15)

where
Y 1

2

(0) = 0, Y 1

2

(1) = 0, Y 1

2

(2) = 0, Y 1

2

(3) = 0. (16)

Using the recurrence relation (15) and the transformed initial condition (16),
for k = 1,2,.... we obtain after a little simplification the following result

Y 1

2

(k) =

{

1, if k = 4,

0, otherwise (k 6= 4).
(17)

Again if in the inverse transform given by equation (5), we take α = 1
2 , t0 = 0

and f(x)replaced by y(t) then it takes the following form

y(t) =

∞
∑

k=0

Y 1

2

(k)t
k

2 . (18)

Using the values of Y 1

2

(k) From equation (17) in equation (18), a solution of

Bagley-Torvik equation (13) is obtained as

y(t) = t2. (19)

it has been verified though we have obtained the solution y(t) = t2 for α = 1
2 ,

also we can obtain same solution for all values of α such that 0 < α ≤ 1.

Example 2. Now we consider the following special case of Bagley-Torvik
equation given by (1) as investigated earlier [6, 7]

D2y(t) +D
3

2 y(t) + y(t) = t+ 1, (20)

with initial condition
y(0) = 1 and y′(0) = 1. (21)
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Applying generalized differential transform (4) with t0 = 0 and settig α = 1/2
in equation (11), to both sides of Bagley -Torvik equation (20) and making use
of properties of generalized differential transform given by (4), equation (20)
takes the following form

Y 1

2

(k + 4) =
δ(k) + δ(k − 2)− Y 1

2

(k)− Γ(k
2
+ 5

2
)

Γ(k
2
+1)

Y 1

2

(k + 3)

(k2 + 2)(k2 + 1)
, (22)

where
Y 1

2

(0) = 1, Y 1

2

(1) = 0, Y 1

2

(2) = 1, Y 1

2

(3) = 0. (23)

Using the recurrence relation (22) and the transformed initial condition (23),
for k = 1, 2, ..., we obtain after a little simplification the following result

Y 1

2

(k) =

{

1, if k = 0, 2,

0, otherwise.
(24)

Again if in the inverse transform given by equation (5), we take α = 1
2 , t0 = 0

and f(x)replaced by y(t) then it takes the following form

y(x) =

∞
∑

k=0

Y 1

2

(k)x
k

2 . (25)

Using the values of Y 1

2

(k) From equation (24) in equation (25), a solution of

Bagley-Torvik equation (20) is obtained as

y(t) = 1 + t. (26)

It has been verified though we have obtained the solution y(t) = t + 1 for
α = 1

2 , also we can obtain same solution for all values of α such that 0 < α ≤ 1.

4. Conclusions

Analytical exact solutions of two important special cases of Bagley Torvik equa-
tion, with fractional derivatives in Caputo sense, are obtained using generalized
differential transform method. The present our study exhibits the potential of
differential transform method in solving fractional differential equation in closed
form.
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