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Abstract: The existence of a Hermitian time operator is proposed in the framework of

non-relativistic quantum mechanics. The Heisenberg equation of motion is shown to yield

constant rate of flow of time consistent with classical expectations when Bohr’s correspon-

dence principle is invoked. Further, it is shown that a massless free particle with non-zero

momentum experiences timelessness in its own frame of reference whereas a negative massive

particle perceives forwardness of time. Application to quantum harmonic oscillators show

instantaneous transition of electrons between eigenstates.
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1. Introduction

In classical mechanics, dynamical relations usually connect time and space coor-
dinates. However, when we move from classical Mechanics to quantum mechan-
ics, the space coordinates are elevated to operators while the time coordinate
enters as a parametric quantity. This discrepancy causes the need to search for
a time operator in quantum mechanics. Nevertheless, the need for construction
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of a time operator in quantum mechanics was first rubbished by Pauli [1]. In
standard quantum mechanics, measurable properties of a system are usually
assigned Hermitian operators [2]. Time is normally taken to be an internal
property of quantum systems because no such operator, Hermitian in nature,
has been found to be viable in the treatment of quantum systems [1]. How-
ever, a year later after Pauli’s dismissal of a time operator, Von Neumann [3]
considered the viability of such an operator and we quote him:

”.....we must admit that this objection points at an essential weakness which
is, in fact, the chief weakness of quantum mechanics: its non-relativistic char-
acter, which distinguishes the time t from the three space coordinates x,y,z and
presupposes an objective simultaneity concept. In fact, while all other quanti-
ties (especially those x,y,z closely connected with t by the Lorentz transforma-
tion) are represented by operators, there corresponds to the time an ordinary
number-parameter t, just as in classical mechanics.”

Since the time of Neumann, a number of researchers have attempted to con-
struct the time operator in quantum mechanics with various degrees of success
[4], [5] and [6].

Pauli’s objection for the existence of a viable time operator is based on
the non-existence of a self-adjoint time operator conjugate to discrete or semi-
bounded hamiltonian. For a long time, quantum observables have been known
to be self-adjoint operators. The lack of self-adjointedness of a time operator
was, therefore, taken to mean that time is not an observable. Nevertheless, time
assumes dynamical significance during occurence of events and in time-energy
uncertainty relation. Furthermore, observables that are not self-adjoint but
with positive-operator-valued measures (POVM) have resurrected the quantum
time operator problem [7].

The construction of time operators in quantum mechanics has been done
using Mandelstam-Tamm and quantization procedures. In this paper, we seek
a hybrid approach in developing such an operator without altering the basic
mathematical structure and physical postulates of quantum theory by lifting
classical mechanics to quantum mechanics in analogy to Einstein’s equivalence
principle. We hold that time can be, and infact is, a property of systems in
quantum mechanics.

2. Derivation

Using the correspondence principle [8] that operators have relations analogous
to the classical properties they represent, we take account of the kinetic energy
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operator:

T̂ = − ~2

2m

∂2

∂x2
. (1)

We can equate this to the classical expression of kinetic energy to obtain a
velocity operator:

v̂ = ± i~
m

∂2

∂x2
. (2)

From classical Mechanics, we know that velocity and displacement are con-
sidered to be vectors while time a scalar. Since we expect the operator to
reproduce the results of classical Mechanics in large quantum numbers, and the
time operator to be Hermitian in nature, we adopt in our working the negative
component of the velocity operator.

2.1. The Displacement Operator

We postulate an operator D̂ of the form:

D̂ = −~
2

p2
∂2

∂x2
. (3)

The justification we give, for this, is that it yields the classical result for dis-
tances when we consider many body systems. Therefore, its expectation value
in a state ψ is given by:

< D̂ >=

∫

ψ∗D̂ψdx

If we consider a free particle system such that

ψ = e
i(px−Et)

~ , (4)

and set the upper and lower bounds at b and a respectively, we obtain:

< D̂ >=

∫ b

a

e
i(Et−px)

~ (−~
2

p2
∂2

∂x2
)e

i(px−Et)
~ dx = b− a. (5)

Since x is in units of distance, b − a is in units of distance consistent with
the classical description of the same Bohr’s correspondence principle. Now for
a particle of mass m and momentum eigenvalues p, we can use equations (2)
and (3) to write down the one dimensional Hermitian time operator as:

t̂ =
~m

ip2
∂

∂x
. (6)
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3. Consistency Tests

We now seek to test the operator in equation (6) for consistency with standard
quantum theory. We check it for hermicity, consistency with Bohr’s correspon-
dence principle and Heisenberg’s equation of motion.

3.1. Proof of Hermicity

If t is Hermitian, then

< t̂f |g >=< f |t̂g >,
or

< t̂f |g >=
∫ b

a

(

i~m

p2
∂f

∂x

)∗

gdx.

Assuming f and g vanish at a and b respectively;

< t̂f |g >=
∫ b

a

∂f∗

∂x

(−i~m
p2

g

)

dx.

Integrating this equation by parts and assuming f, g are analytic functions of
x so that f and g vanishes at minus and plus infinity respectively, we have:

< t̂f |g >=
∫ b

a

f

(

i~m

p2
∂g

∂x

)∗

dx.

this implies that

< t̂f |g >=< f |t̂g >, (7)

hence, t̂ is Hermitian.

3.2. Test of Consistency with Bohr’s Correspondence Principle

In large quantum numbers, we expect quantum theory to reproduce results
of classical mechanics according to Bohr’s correspondence principle [8]. The
expectation value for time for a free particle is given as:

< t̂ > =

∫ b

a

ψ∗−i~m
p2

∂

∂x
ψdx

< t̂ > =
i~m

p2

∫ b

a

ψ∗ ∂

∂x
ψdx



ON THE EXISTENCE OF A NON-RELATIVISTIC... 401

< t̂ > =
m

p

∫ b

a

e
i(Et−px)

~ e
i(px−Et)

~ dx

< t̂ > =
m (b− a)

p

< t̂ > =
b− a

v
= t. (8)

In large quantum numbers, the value of p tends towards mv.

3.3. Application of Heisenberg’s Equation of Motion to the

Hermitian Time Operator

Heisenberg’s [9] equation of motion is:

d < Â >

dt
= i~

[

Â, Ĥ
]

+
∂Â

∂t
, (9)

where Â is a linear operator and Ĥ = p2/2m+V (x, t). We seek to use equation
(9) to help us understand the flow of time in non-relativistic quantum systems.
By inspection, d < t̂ >/dt = 0 i.e., the expected value for time in a physical
process does not change. Equation (9) can be written in terms of the time
operator as:

d

dt
< t̂ >= i~

[

t̂, Ĥ
]

+
∂t̂

∂t
. (10)

If we consider a one dimensional linear harmonic oscillator at zero potential
whose state is time-independent, it is easy to show from equations (6) and (10)
that:

d < t̂ >

dt
= 0. (11)

The rate of flow of time is constant in quantummechanics for the non-relativistic
case. This is the quantum mechanical way of stating that time is absolute in
the non-relativistic case [10].

4. Application to Idealised Physical Systems

4.1. The Free Particle System

According to Newton’s law of motion [11], a particle under no external forces
will take an infinite amount of time to stop or change direction. We seek to
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explore the same situation quantum-mechanically by use of the time operator
and standard Sturm-Liouville methods. In Sturm-Liouville theory [12], the
expectation value of an observable Ê is represented by:

< Ê >=

∫ +∞

−∞

ψ∗Êψdv =

∫ +∞

−∞

ψ∗Êψdv.

Applying this to the time operator treatment of the free particle in the one
dimensional case, using equations (4) and (6) respectively, leads to:

< t̂ > =

∫ +∞

−∞

ψ∗t̂ψdv =

∫ +∞

−∞

e
i(Et−px)

~ (
~m

ip2
∂

∂x
)e

i(px−Et)
~ dx = ∞.

Therefore, the expectation value for time for a free particle is infinite con-
sistent with classical mechanics.

4.2. A Massless Free Particle

Consider a massless beam of particles created at a and absorbed at b. We can
calculate the expectation value for time taken by the particle between emission
and absorption using equations (4) and (6) as:

< t̂ > =

∫ b

a

ψ∗t̂ψdx

=
m

p
[x]ba =

m(b− a)

p
.

For m = 0 and p 6= 0;

< t̂ >= 0. (12)

Though we sought to consider the problem non-relativistically, we can see that
this is consistent with Einstein’s special theory of relativity [11]: △t′ = γ △ t

where γ is the Lorentz factor given by 1/

√

1− v2

c2
so that

△t→ 0 when v → c as applies to the photon.

4.3. Consideration of a Free Particle with Negative Rest Mass

If we now consider a particle with negative rest mass, we may anticipate the
operator to yield backward flow of time. However, considering the problem as
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before for a free particle it is easy to show using equations (4) and (6) that:

< t̂ >=

∫ +∞

−∞

ψ∗t̂ψdx = ∞, (13)

since m is negative by definition. The value is still positive. This points to
the fact that time can only flow forwards for systems locally. Backward flow of
time seems to be a local impossibility.

5. Application of the Operator to a Real Physical System

5.1. The Quantum Harmonic Oscillator

In calculating the expectation values for quantum harmonic oscillators, we ex-
ploit the use of ladder operators [2] to simplify the situation under consideration.

We make use of the relationship between the time operator and the mo-
mentum operator to construct a Hermitian time operator in terms of ladder
operators. From [12]:

p̂→ −i~∂ψ
∂x

t̂→ ~m

ip2
∂ψ

∂x
,

the momentum operator for a linear harmonic oscillator is written in terms of
ladder operators as:

p̂ = i

√

m~ω

2

(

â− â†
)

(14)

where â is a lowering operator and â† is a raising operator. We exploit the
relationship between the time operator and the momentum operator in equation
(15) to find an expression for time operator in terms of ladder operators. If

p̂ψ =
p2

m
t̂ψ, then:

t̂ψ =
m

p2
p̂ψ

⇒ t̂ψ =
im

p2

√

m~ω

2

(

â− â†
)

ψ (15)

Let us now use this operator to find the expectation value for time in a quantum
harmonic oscillator.
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5.2. Finding the Expectation Value for Time in a Quantum

Harmonic Oscillator when Acted on by Ladder Operators

The expectation value for time in a quantum harmonic oscillator is:

< t̂ > = < n|t̂|n >

< t̂ > = < n| im
p2

√

m~ω

2

(

â− â+
)

|n >

< t̂ > =
im

p2

√

m~ω

2

(

< n|â+|n > − < n|â|n >
)

Let
im

p2

√

m~ω

2
= α, then:

< t̂ > = α
(

< n|
√
n+ 1|n+ 1 > − < n|

√
n|n− 1 >

)

< t̂ > = α
(

< n|n+ 1 >
√
n+ 1−

√
n < n|n− 1 >

)

Since state n is orthonormal to state n+ 1 and state n− 1,

< n|n+ 1 > = < n|n− 1 >= 0 so that

< t > = 0. (16)

We propose that an interpretation of equation (17) can be found in the
description of quantum jumps. This result lends mathematical support to the
assumption by Bohr that transitions between states are instantaneous [13]. We
use this fact to make a principally testable hypothesis as follows:

Since the operator predicts instantaneous electron transition between states,
no time of transition between energy states is expected. Any such times of
transitions must be attributed to perturbations in the systems, chief of which
is Heisenberg’s inequality for energy [12]:

∆E ·∆t ≥ ~

2
(17)

where ∆E is the energy of the particle after action by a ladder operator. We
can use equation (18) to construct a further inequality:

τJ ≤ ∆t (18)

The time, τJ , as defined by Schulman must be less than or equal to time, ∆t,
as a result of Heisenberg’s inequality. If inequality in equation (19) is violated,
then the time operator does not hold true.
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6. Conclusion

In this paper, we have derived the Hermitian time operator for non-relativistic
quantum mechanics and checked it for consistency with quantum mechanical
formalism. Application to the free particle system has shown that the particle
persists in motion for eternity. Backward flow of time is impossible at least
locally. This means that quantum mechanics does not require backward flow of
time in the explanation of delayed choice experiments. We have furthermore,
made a prediction that electron transition between states is instantaneous as-
suming a time Hermitian operator for the non-relativistic case.
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