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SOFT SETS WITH RESPECT TO SOFT IDEALS

R.B. Esmaeel1 §, A.I. Nasir2

1,2Department of Mathematics
Ibn Al-Haitham College of Education

Baghdad University
Baghdad, IRAQ

Abstract: In the present paper, we have continued to study the properties of soft topolog-

ical spaces. We introduce new types of soft compactness based on the soft ideal Ĩ in a soft

topological space (X, τ,E) namely, soft Ĩ-semi-compactness, soft Ĩ-semi-Ĩ-compactness, soft

countably Ĩ-semi-Ĩ-compactness and soft Ĩ-semi-Ĩ- lindelöf. Also, several of their topologi-

cal properties are investigated. The behavior of these concepts under various types of soft

functions has obtained.
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Ĩ-semi-Ĩ-Lindelöf

1. Introduction

The concept of soft sets was first introduced by Molodtsov [11] in 1999 as
a general mathematical tool for dealing with uncertain objects. Recently, in
2011, Shabir and Naz [12] initiated the study of soft topological spaces. They
defined soft topology on the collection τ of soft sets over X. Consequently,
they defined basic notions of soft topological spaces such as open soft and
closed soft sets, soft subspace, soft closure, soft neighborhood of a point, soft
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separation axioms, soft regular spaces and soft normal spaces and established
their several properties. Hussain and Ahmad [3] investigated the properties of
open (closed) soft, soft neighborhood and soft closure. They also defined and
discussed the properties of soft interior, soft exterior and soft boundary which
are fundamental for further research on soft topology and will strengthen the
foundations of the theory of soft topological spaces. Kandil et al. [6] introduced
a unification of some types of different kinds of subsets of soft topological spaces
using the notions of γ-operation. Kandil et al. [8] generalize this unification of
some types of subsets of soft topological spaces using the notions of γ-operation
to supra soft topological spaces. The notion of soft ideal is initiated for the
first time by Kandil et al. [7]. They also introduced the concept of soft local
function. These concepts are discussed with a view to find new soft topologies
from the original one, called soft topological spaces with soft ideal (X, τ,E, Ĩ).
This paper, not only can form the theoretical basis for further applications of
topology on soft sets, but also lead to the development of information system.

2. Preliminaries

In this section, we present the basic de?nitions and results of soft set theory
which will be needed in the sequel.

Definition 2.1. (see [11]) Let X be an initial universe and E be a set
of parameters. Let P(X ) denote the power set of X and A be a non-empty
subset of E. A pair (F,A) denoted by FA is called a soft set over X, where F
is a mapping given by F : A → P(X ). In other words, a soft set over X is a
parametrized family of subsets of the universe X. For a particular e ∈ A,F (e)
may be considered the set of e-approximate elements of the soft set (F,A) and
if e /∈ A, then F (e) = Ø i.e,
FA = {F (e) : e ∈ A ⊆ E,F : A→ P(X )}. The family of all these soft sets over
X denoted by SS(X)A.

Definition 2.2 [10]: Let FA, GB ∈ SS(X)E . Then FA is soft subset of GB ,
denoted by FA⊑̃GB , if (1) A ⊆ B, and (2) F (e) ⊆ G(e), for all e ∈ A. In this
case, FA is said to be a soft subset of GB and GB is said to be a soft superset
of FA, GB ⊒̃FA.

Definition 2.3. (see [10]) Two soft subsets FA and GB over a common
universe set X are said to be soft equal if FA is a soft subset of GB and GB is
a soft subset of FA.
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Definition 2.4. (see [2]) The complement of a soft set (F,A), denoted by
X̃ − (F,A), where X̃ − (F,A) = (F ′, A), F ′ : A→ P(X ) is a mapping given by
F ′(e) = X −F (e), for all e ∈ A. And F ′ is called the soft complement function
of F , clearly (F ′)′ is the same as F and X̃ − (X̃ − (F,A)) = (F,A).

Definition 2.5. (see [12]) The difference between two soft sets (F,E) and
(G,E) over the common universe X, denoted by (F,E)− (G,E) is the soft set
(H,E) where for all e ∈ E,H(e) = F (e) −G(e).

Definition 2.6. (see [12]) Let (F,E) be a soft set over X and x ∈ X. We
say that x ∈ (F,E) read as x belongs to the soft set (F,E) whenever x ∈ F (e)
for all e ∈ E.

Definition 2.7. (see [10]) A soft set (F,A) over X is said to be a NULL

soft set denoted by Ø̃ or ØA if for all e ∈ A,F (e) = {Ø} (null set).

Definition 2.8. (see [10]) A soft set (F,A) over X is said to be an absolute
soft set denoted by Ã or XA if for all e ∈ A,F (e) = X. Clearly we have
X̃ −XA = ØA and X̃ −ØA = XA.

Definition 2.9. (see [10]) The union of two soft sets (F,A) and (G,B)
over the common universe X is the soft set (H,C), where C = A ∪ B and for
all e ∈ C,

H(e) =





F (e) if e ∈ A−B,
G(e) if e ∈ B −A,
F (e) ∪G(e) if e ∈ A ∩B.



 .

Definition 2.10. (see [10]) The intersection of two soft sets (F,A) and
(G,B) over the common universe X is the soft set (H,C), where C = A ∩ B
and for all e ∈ C, H(e) = F (e)∩G(e). Note that, in order to efficiently discuss,
we consider only soft sets (F,E) over a universe X in which all the parameter
set E are same. We denote the family of these soft sets by SS(X)E .

Definition 2.11. (see [14]) Let I be an arbitrary indexed set and L =
{(Fi, E), i ∈ I} be a subfamily of SS(X)E .

1. The union of members of L is the soft set (H,E), where H(e) = ∪{Fi(e):
for all e ∈ E and for all i ∈ I}. We write ⊔̃{(Fi, E) : i ∈ I} = (H,E).
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2. The intersection of members of L is the soft set (M,E), where M(e) =
∩{Fi(e): for all e ∈ E and for all i ∈ I}. We write ⊓̃{(Fi, E) : i ∈ I} =
(M,E).

Definition 2.12. (see [12]) Let τ be a collection of soft sets over a universe
X with a fixed set of parameters E, then τ ⊆ SS(X)E is called a soft topology
on X if

1. X̃, Ø̃ ∈ τ , where Ø̃(e) = {Ø} and X̃(e) = X, for all e ∈ E,

2. the union of any number of soft sets in τ belongs to τ ,

3. the intersection of any two soft sets in τ belongs to τ .

The triplet (X, τ,E) is called a soft topological space over X.

Definition 2.13. (see [3]) Let (X, τ,E) be a soft topological space. The
members of τ are said to be open soft sets in X. We denote the set of all open
soft sets over X by OS(X, τ,E), or when there can be no confusion by OS(X).

Definition 2.14. (see [3]) Let (X, τ,E) be a soft topological space. A soft
set (F,A) over X is said to be closed soft set in X, if its relative complement
X̃ − (F,A) is an open soft set. We denote the set of all closed soft sets by
CS(X, τ,E), or when there can be no confusion by CS(X).

Definition 2.15. (see [12]) Let (X, τ,E) be a soft topological space and
(F,E) ∈ SS(X)E . The soft closure of (F,E), denoted by cl(F,E) is the in-
tersection of all closed soft supersets of (F,E). Clearly cl(F,E) is the smallest
closed soft set over X which contains (F,E), i.e. cl(F,E) = ⊓̃{(H,E) : (H,E)
is closed soft set and (F,E)⊑̃(H,E)}.

Definition 2.16. (see [14]) Let (X, τ,E) be a soft topological space and
(F,E) ∈ SS(X)E . The soft interior of (G,E), denoted by int(G,E) is the
union of all open soft subsets of (G,E). Clearly int(G,E) is the largest open
soft set over X which contained in (G,E), i.e. int(G,E) = ⊔̃{(H,E) : (H,E)
is an open soft set and (H,E) ⊑̃(G,E)}.

Definition 2.17. (see [14]) The soft set (F,E) ∈ SS(X)E is called a
soft point in XE if there exist x ∈ X and e ∈ E such that F (e) = {x} and
F (e′) = {Ø} for each e′ ∈ E − {e}, and the soft point (F,E) is denoted by xe.
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Definition 2.18. (see [6]) Let (X, τ,E) be a soft topological space. A
mapping γ : SS(X)E → SS(X)E is said to be an operation on OS(X) if
FE⊑̃γ(FE) for all FE ∈ OS(X). The collection of all γ-open soft sets is denoted
by OS(γ) = {FE : FE⊑̃γ(FE) , FE ∈ SS(X)E}. Also, the complement of γ-
open soft set is called γ-closed soft set, i.e. CS(γ) = {F ′

E : FE is a γ-open soft
set, FE ∈ SS(X)E} is the family of all γ-closed soft sets.

Definition 2.19. (see [6]) Let (X, τ,E) be a soft topological space and
γ be an operations on SS(X)E . If γ = (cl(int)), then γ is called semi open
soft operator. We denote the set of all semi open soft sets by SOS(X, τ,E), or
SOS(X) and the set of all semi closed soft sets by SCS(X, τ,E), or SCS(X).

Definition 2.20. (see [1]) Let SS(X)A and SS(Y )B be two families of soft
sets, u : X → Y and p : A→ B be mappings. Let fpu : SS(X)A → SS(Y )B be
a mapping. Then;

1. If (F,A) ∈ SS(X)A. Then the image of (F,A) under fpu, written as
fpu(F,A) = (fpu(F ), p(A)), is a soft set in SS(Y )B such that

fpu(F )(b) =

{
∪{u(F (a)) : a ∈ p−1(b) ∩A} if p−1(b) ∩A 6= Ø
{Ø} otherwise

}
for all b ∈ B.

1. If (G,B) ∈ SS(Y )B . Then the inverse image of (G,B) under fpu, written
as f−1

pu (G,B) = (f−1
pu (G), p−1(B)), is a soft set in SS(X)A such that

f−1
pu (G)(a) =

{
u−1(G(p(a))) if p(a) ∈ B
{Ø} otherwise

}
for all a ∈ A.

The soft function fpu is called surjective if p and u are surjective, also is
said to be injective if p and u are injective.

Theorem 2.21. (see [1]) Let SS(X)A and SS(Y )B be families of soft sets.

For the soft function fpu : SS(X)A → SS(Y )B , the following statements hold

1. f−1
pu (X̃ − (G,B)) = X̃ − f−1

pu ((G,B)) for all (G,B) ∈ SS(Y )B .

2. fpu(f
−1
pu ((G,B)))⊑̃(G,B) for all (G,B) ∈ SS(Y )B . If fpu is surjective,

then the equality holds.

3. (F,A)⊑̃f−1
pu (fpu((F,A))) for all (F,A) ∈ SS(X)A. If fpu is injective, then

the equality holds.
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Definition 2.22. (see [4]) A non-empty collection I of subsets of a set X
is called an ideal on X, if it satis?es the following conditions;

1. A ∈ I and B ∈ I ⇒ A ∪B ∈ I,

2. A ∈ I and B ⊆ A⇒ B ∈ I.

i.e. I is closed under finite unions and subsets.

Definition 2.23. (see [7]) Let Ĩ be a non-null collection of soft sets over a
universe X with a fixed set of parameters E, then Ĩ ⊆ SS(X)E is called a soft
ideal on X with a fixed set E if it satisfies the following conditions;

1. (F,E) ∈ Ĩ and (G,E) ∈ Ĩ ⇒ (F,E)⊔̃(G,E) ∈ Ĩ,

2. (F,E) ∈ Ĩ and (G,E)⊑̃(F,E) ⇒ (G,E) ∈ Ĩ.

i.e. Ĩ is closed under finite soft unions and soft subsets.

Example 2.24. (see [7]) LetX be a universe set. Then each of the following
families is a soft ideal over X with the same set of parameters E,

1. Ĩ = {Ø̃},

2. Ĩ = SS(X)E = {(F,E) : (F,E); is a soft set over X with the fixed set of
parameters E},

3. Ĩf = {(F,E) ∈ SS(X)E : (F,E) is finite}, called soft ideal of finite soft
sets,

4. Ĩc = {(F,E) ∈ SS(X)E : (F,E) is countable}, called soft ideal of count-
able soft sets,

5. Ĩ(F,E) = {(G,E) ∈ SS(X)E : (G,E)⊑̃(F,E)},

6. Ĩn = {(G,E) ∈ SS(X)E : int(cl(G,E)) = Ø̃}, called soft ideal of nowhere
dense soft sets in (X, τ,E).

Definition 2.25. (see [14]) A family ψ of soft sets is called a soft cover
of a soft set (F,E) if (F,E) ⊑̃⊔̃{(Fi, E) : (Fi, E) ∈ ψ, i ∈ I}. It is an open
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soft cover if each member of ψ is an open soft set. A soft subcover of ψ is a
subfamily of ψ which is also a soft cover of (F,E).

Definition 2.26. (see [14])) A family ψ of soft sets is said to be have
the finite intersection property (FIP for short) if the soft intersection of the
members of each finite subfamily of ψ is not null soft set.

Definition 2.27. (see [14]) A soft topological space (X, τ,E) is called soft
compact space if each open soft cover of X̃ has a finite soft subcover.

Definition 2.28. (see [13])) A soft topological space (X, τ,E) is called soft
lindelöf space if each open soft cover of X̃ has a soft countable subcover.

Definition 2.29. (see [9])) A soft topological space (X, τ,E) is called soft
semi compact space if each soft cover by semi open soft sets of X̃ has a finite
soft subcover.

Definition 2.30. (see [5]) A soft subset (F,E) of the space (X, τ,E, Ĩ) is
called soft Ĩ-compact if for every soft cover {(Gλ, E) : λ ∈ Λ} of (F,E) by open
soft sets there is a finite subset Λ0 of Λ such that (F,E) − ⊔̃{(Gλ, E) : λ ∈
Λ0} ∈ Ĩ. The space (X, τ,E, Ĩ) is called soft Ĩ-compact if X̃ is soft Ĩ-compact
as a soft subset.

Definition 2.31. (see [5]) A family ψ of semi open soft sets is called a semi
open soft cover of a soft set (F, E) if

(F,E)⊑̃⊔̃{(Fi, E) : (Fi, E) ∈ ψ, i ∈ Ĩ}.

A semi open soft subcover of ψ is a subfamily of ψ which is also a semi open
soft cover of (F,E).

Definition 2.32. (see [5]) A soft subset (F,E) of the space (X, τ,E, Ĩ) is
called soft semi-Ĩ-compact if for every semi open soft cover {(Gλ, E) : λ ∈ Λ} of
(F,E) there is a finite subset Λ0 of Λ such that (F,E)−⊔̃{(Gλ, E) : λ ∈ Λ0} ∈ Ĩ.
The space (X, τ,E, Ĩ) is called soft semi-Ĩ-compact if X̃ is soft semi-Ĩ-compact
as a soft subset.

Definition 2.33. (see [5]) A soft subset (F,E) of the space (X, τ,E, Ĩ) is
said to be soft countably Ĩ-compact if and only if for every countable soft cover
{(Gλ, E) : λ ∈ Λ} of (F,E) by open soft set, there exists a finite subset Λ0 of
Λ such that (F,E)− ⊔̃{(Gλ, E) : λ ∈ Λ0} ∈ Ĩ. The space (X, τ,E, Ĩ) is said to
be soft countably Ĩ-compact if X̃ soft countably Ĩ-compact as a soft subset.
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3. Soft Ĩ-Semi-Compact Spaces

Definition 3.1. Let (X, τ,E, Ĩ) be a soft topological space with soft ideal Ĩ
and the same set of parameters E. A soft subset (F,E) of a space (X, τ,E, Ĩ)
is called Ĩ-semi-open soft set if there exists an open soft set (U,E) such that
(U,E) − (F,E) ∈ Ĩ and (F,E) − cl(U,E) ∈ Ĩ. The family of all Ĩ-semi-open
soft sets is denoted by ĨS −S(X)E . The complement of Ĩ-semi-open soft set is
called Ĩ-semi-closed soft set.

Definition 3.2. A soft subset (F,E) of the space (X, τ,E, Ĩ) is called soft
Ĩ-semi-compact if every soft cover of (F,E) by Ĩ-semi-open soft sets has a finite
soft subcover. The space (X, τ,E, Ĩ) is called soft Ĩ-semi-compact if X̃ is soft
Ĩ-semi-compact as a soft subset.

Definition 3.3. A soft subset (F,E) of the space (X, τ,E, Ĩ) is called soft
Ĩ-semi-Ĩ-compact if for every soft cover {(Gλ, E) : λ ∈ Λ} of (F,E) by Ĩ-semi-
open soft sets there is a finite subset Λ0 of Λ such that (F,E) − ⊔̃{(Gλ, E) :
λ ∈ Λ0} ∈ Ĩ. The space (X, τ,E, Ĩ) is called soft Ĩ-semi-Ĩ -compact if X̃ is soft
Ĩ-semi-Ĩ-compact as a soft subset.

Remark 3.4. Let (X, τ,E, Ĩ) be a soft topological space with soft ideal Ĩ
with the same set of parameters E. Then,

1. Every open soft set is semi-open soft set, not conversely.

2. Every semi-open soft set is Ĩ-semi–open soft set, not conversely.

Example 3.5. Let (X, τ,E, Ĩ) be a soft topological space with soft ideal Ĩ
with the same set of parameters E, where X = E = N is the set of all natural
numbers, Ĩ = SS(X)E and τ = {X̃, Ø̃} ∪ {(Ui, E) : Ui : E → P(X ) where
Ui(n) = {1, 2, . . ., i} for every i, n ∈ N} . Then;

1. The soft set (G,E), where G : E → P(X ) such that G(n) = {1, 2, 4, 6, . . .}
for every n ∈ N, is semi-open soft set which is not open soft set.

2. The soft set (G,E), where G : E → P(X ) such that G(n) = {2, 4, 6, . . .}
for every n ∈ N, is Ĩ-semi-open soft set which is not semi- open soft set.
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Remark 3.6. Let (X, τ,E, Ĩ) be a soft topological space with soft ideal Ĩ

with the same set of parameters E. If Ĩ = {Ø̃}, then the concepts of semi-open
soft set and Ĩ-semi-open soft set are equivalent.

Remark 3.7. Let (X, τ,E, Ĩ) be a soft topological space with soft ideal

Ĩ with the same set of parameters E. If Ĩ = {Ø̃}, then the concepts of soft Ĩ-
semi-compactness, soft Ĩ-semi-Ĩ-compactness, soft semi-compactness and soft
semi-Ĩ-compactness are equivalent.

Remark 3.8. The following diagram shows the relations between the dif-
ferent types of compactness which introduced above

Soft Ĩ − semi -compactness −→ soft semi-compactness −→ soft compactness
↓ ↓ ↓

Soft Ĩ − semi− Ĩ − compactness −→ soft semi− Ĩ − compactness −→ soft Ĩ − compactness

Diagram 1
The opposite direction of the implications in the above diagram may be

false. For examples:

Example 3.9. Let (X, τ,E, Ĩ) be a soft topological space with soft ideal Ĩ
with the same set of parameters E, where X = E = N is the set of all natural
numbers, τ = Ĩ = SS(X)E then, the soft topological space (X, τ,E, Ĩ) is soft
Ĩ-semi-Ĩ-compact (respectively, soft semi-Ĩ-compact and soft Ĩ-compact) space
which is not soft compact (respectively, not soft semi-compact and not soft Ĩ-
semi-compact), since {(Ui, E) : i ∈ N, where Ui(n) = {i} for every i, n ∈ N, is
a cover of by open (respectively, semi-open and Ĩ-semi -open) soft sets which
has no finite subcover.

Example 3.10. Consider the soft topological space (X, τ,E, Ĩ) with soft
ideal X̃ with the same set of parameters E, where X = E = N is the set of all
natural numbers, X̃ = SS(X)E and τ = {X̃, Ø̃}. It is clear that SOS(X) = τ .
Then, (X, τ,E, Ĩ) is soft semi compact. But it is not soft Ĩ-semi-compact since
{(Gi, E) : i ∈ N}, where Gi : E → P(X ) such that Gi(n) = {i} for every
i, n ∈ N, is a cover of X̃ by Ĩ-semi-open soft sets which has no finite subcover.

Example 3.11. Consider the soft topological space (X, τ,E, Ĩ) with soft
ideal Ĩ with the same set of parameters E, where X = E = N is the set of
all natural numbers, Ĩ = {Ø̃} and τ = {X̃, Ø̃} ∪ {(U,E);U : E → P(X ) such
that U(n) = {1} for every n ∈ E}. Then, (X, τ,E, Ĩ) is soft compact and soft
Ĩ-compact. But it is not soft semi-compact and not soft semi-Ĩ-compact, since
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{(Gi, E) : i ∈ N}, where Gi : E → P(X ) such that Gi(n) = {1, i} for every
i, n ∈ N, is a cover of X̃ by semi-open soft sets which has no finite subcover.

Example 3.12. Consider the soft topological space (X, τ,E, Ĩ) with soft
ideal Ĩ with the same set of parameters E, where X = E = N is the set of
all natural numbers, Ĩ = Ĩf and τ = {X̃, Ø̃}. It is clear that SOS(X) = τ .
Hence, (X, τ,E, Ĩ) is soft semi-Ĩ-compact which is not soft Ĩ-semi-Ĩ-compact.
Since, {(Gi, E) : i ∈ N}, where Gi : E → P(X ) such that Gi(n) = {i} for every
i, n ∈ N, is a cover of X̃ by Ĩ-semi-open soft sets which has no finite subset N0

of N such that X̃ − ⊔̃{(Gi, E) : i ∈ N0} ∈ Ĩ.

Definition3.13. Let (X, τ,E, Ĩ) be a soft topological space with soft ideal
Ĩ with the same set of parameters E. We defined τ∗ as follows:

B(Ĩ, τ) = {(V, E)− (J , E) : (V, E) ∈ τ and (J,E) ∈ Ĩ} is a basis for τ∗. We
will denote by int∗(G,E) and cl∗(G,E) the interior and closure of a soft subset
(G,E).

It is clear that τ∗ is a finer than τ and if Ĩ = {Ø̃}, then τ = τ∗.

Proposition 3.14. If a soft subset (A,E) of a soft topological space

(X, τ∗, E, Ĩ) is a Ĩ-semi-open soft set, then it is Ĩ-semi-open soft in the soft

topological space (X, τ,E, Ĩ).

Proof. Let (A,E) be Ĩ-semi-open soft subset of a soft topological space
(X, τ∗, E, Ĩ), then there exists a τ∗-open soft set (U,E) such that (U,E) −
(A,E) ∈ Ĩ and (A,E) − cl∗(U,E) ∈ Ĩ. Implies, there exists a τ -open soft
set (V,E) and (J,E) ∈ Ĩ such that (U,E) = (V,E) − (J,E). So, (U,E) −
(A,E) = ((V,E)− (J,E))− (A,E) ∈ Ĩ and (V,E)− (A,E)⊑̃(((V,E)− (J,E))−
(A,E))⊔̃(J,E) ∈ Ĩ. In the other side, (A,E)−cl(V,E)⊑̃(A,E)−cl∗(V,E)⊑̃(A,E)−
cl∗((V,E) − (J,E)) ∈ Ĩ. Then, the proof is over.

In the following example, we will show that the implication in Proposition
3.14 is not reversible.

Example 3.15. Consider the soft topological space (X, τ,E, Ĩ) with soft
ideal Ĩ with the same set of parameters E, where X = E = N is the set of
all natural numbers, Ĩ = SS(O+)E is the family of all soft sets of the odd

numbers, and τ = {X̃, Ø̃} ∪ {(U,E);U : E → P(X ) such that U(n) = {1}
for every n ∈ E}, the soft set {(G,E);G : E → P(X ) such that G(n) =
{1,m} for every n ∈ E and m is natural member } is an Ĩ-semi-open soft
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in a soft topological space (N, τ, E, Ĩ) but it is not Ĩ-semi-open soft in a soft
topological space (N, τ∗, E, Ĩ) when τ∗ = {(A,E);A : E → P(X ) such that
A(n) = E+ ∪M , for each M ⊆ N and E+ is the set of all subsets of the even

numbers} ∪{Ø̃, (U,E)}.

Remark 3.16. In a soft topological space (X, τ,E, Ĩ) with soft ideal Ĩ with
the same set of parameters E, the following fundamental relationships hold:

τ ⊆ τ∗ ⊆ ĨS − S(X, τ∗, E, Ĩ) ⊆ ĨS − S(X, τ,E, Ĩ).

Proposition 3.17. If (X, τ,E, Ĩ) is soft Ĩ-Semi-Ĩ-compact, then (X, τ∗, E, Ĩ)
is soft Ĩ-Semi-Ĩ-compact.

Proof. Follows from Proposition 3.14.

The reverse implication of Proposition 2.9 is not true, in general as shown
in the following example:

Example 3.18 Consider the soft topological space (N, τ, E, Ĩ) as an Ex-
ample 3.15. Then (N, τ∗, E, Ĩ) is soft Ĩ-Semi-Ĩ-compact space, since every soft
cover by Ĩ-Semi-open soft sets in (N, τ∗, E, Ĩ) for X̃ has at least one element
{(A,E);A : E → P(X ) such that A(n) = E+ ∪M , where E+ is the set of all
even numbers and M ⊆ N}, so X − (A,E) ∈ Ĩ. But {(Ui, E);Ui : E → P(X )
such that Ui(n) = {1, i} for every i, n ∈ N} is a soft cover by Ĩ-semi-open soft
sets in (N, τ, E, Ĩ) for X̃ which has no finite subcover ω such that X̃ − ω ∈ Ĩ.

Theorem 3.19. A soft topological space (X, τ,E, Ĩf ) is soft Ĩf -semi-

compact if and only if is a soft Ĩf -semi-Ĩf -compact, where Ĩf is the soft ideal

of finite soft subset of X̃.

Proof. Let (X, τ,E, Ĩf ) is soft Ĩf -semi-compact topological space and let
{(Gλ, E) : λ ∈ Λ} be a cover of X̃ by Ĩf -semi-open soft sets. Then there exists
a finite subset Λ0 of Λ such that X̃ = ⊔̃{(Gλ, E) : λ ∈ Λ0}. It follows that

X̃ − ⊔̃{(Gλ, E) : λ ∈ Λ0} = Ø̃ ∈ Ĩf . Hence, (X, τ,E, Ĩf ) is soft Ĩf -semi-Ĩf -
compact.

Conversely, let (X, τ,E, Ĩf ) be soft Ĩf -semi-Ĩf -compact and let {(Gλ, E) :
λ ∈ Λ} be a cover of X̃ by Ĩf -semi-open soft sets. Then there exists a finite
subset Λ1 of Λ such that X̃ − ⊔̃{(Gλ, E) : λ ∈ Λ1} = (F,E) ∈ Ĩf . So, there
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exists a finite subset Λ2 of Λ such that (F,E) = ⊔̃{(Gλ, E) : λ ∈ Λ2}. Thus
X̃ = ⊔̃{(Gλ, E) : λ ∈ Λ0} where Λ0 = Λ1 ∪ Λ2. Hence (X, τ,E) is soft Ĩf -semi-
compact.

Proposition 3.20. If Ĩ and J̃ are two soft ideals on a soft topological space

(X, τ,E) with the same set of parameters E and Ĩ ⊆ J̃ , then:

1. The condition (X, τ,E, Ĩ) is soft Ĩ-semi-Ĩ-compact is not sufficient to

make (X, τ,E, J̃ ) is soft J̃-semi-J̃ -compact. For example;

Consider the soft topological space (X, τ,E, Ĩ) with soft ideal Ĩ with the

same set of parameters E, where X = E = N is the set of all natural

numbers, Ĩ = {Ø̃}, J̃ = Ĩf and τ = {X̃, Ø̃}. It is clear that (X, τ,E, Ĩ)
is soft Ĩ-semi-Ĩ-compact, but (X, τ,E, J̃ ) is not soft J̃-semi-J̃ -compact,

since {(Ui, E) : i ∈ N}, where Ui(n) = {i} for every i, n ∈ N, is a cover

of X̃ by J̃-semi-open soft sets which has no finite subcover ω such that

X̃ − ω ∈ J̃ .

2. The condition (X, τ,E, J̃ ) is soft J̃-semi-J̃ -compact is not sufficient to

make (X, τ,E, Ĩ) is soft Ĩ-semi- Ĩ-compact. For example;

Consider the soft topological space (X, τ,E, Ĩ) with soft ideal Ĩ with the
same set of parameters E, where X = E = N is the set of all natural numbers,
Ĩ = {Ø̃}, J̃ = SS(X)E and τ = {X̃, Ø̃} ∪ {(U,E);U : E → P(X ) such that
U(n) = {1} for every n ∈ N}. It is clear that (X, τ,E, J̃ ) is soft J̃-semi-J̃ -
compact, but (X, τ,E, Ĩ) is not soft Ĩ-semi-Ĩ- compact, since {(Ui, E) : i ∈ N},
where Ui(n) = {1, i} for every i, n ∈ N, is a cover of X̃ by Ĩ -semi-open soft
sets which has no finite subcover ω such that X̃ − ω ∈ Ĩ.

Proposition 3.21. If (A,E) and (B,E) are two soft Ĩ-semi-Ĩ-compact

subsets of a soft topological space (X, τ,E) with soft ideal Ĩ with the same set

of parameters E, then (A,E)⊔̃(B,E) is a soft Ĩ-semi-Ĩ-compact.

Proof. Let {(Uλ, E) : λ ∈ Λ} be a cover for (A,E)⊔̃(B,E) by Ĩ-semi-open
soft sets, then it is a cover for both (A,E) and (B,E) by Ĩ-semi-open soft sets.
So, there is a finite subsets Λ1 and Λ2 of Λ such that (A,E) − ⊔̃{(Uλ, E) : λ ∈
Λ1} ∈ Ĩ and (B,E) − ⊔̃{(Uλ, E) : λ ∈ Λ2} ∈ Ĩ. Implies, ((A,E) − ⊔̃{(Uλ, E) :
λ ∈ Λ1})⊔̃({(B,E) − ⊔̃{(Uλ, E) : λ ∈ Λ2}) ∈ Ĩ. Hence, (A,E) ⊔̃(B,E) −
((⊔̃{(Uλ, E) : λ ∈ Λ1})⊔̃(⊔̃{(Uλ, E) : λ ∈ Λ2}))⊑̃((A,E) − ⊔̃{(Uλ, E) : λ ∈
Λ1})⊔̃({(B,E) − ⊔̃{(Uλ, E) : λ ∈ Λ2}) ∈ Ĩ. Therefore (A,E)⊔̃(B,E) is a soft
Ĩ-semi-Ĩ-compact.
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Remark 3.22. The intersection of two soft Ĩ-semi-Ĩ-compact subsets of a
soft topological space (X, τ,E) with soft ideal Ĩ with the same set of parameters
E, need not be soft Ĩ-semi-Ĩ-compact. For example;

Consider the soft topological space (X, τ,E) with soft ideal Ĩ with the

same set of parameters E, where X = B ∪ {−1, 0}, τ = {X̃, Ø̃} and Ĩ = Ĩf =
{(Uλ, E);Uλ : E → P(X ) such that (Uλ, E) is a finite subsets of N for every
n, λ ∈ N}. Let (A,E) and (B,E) are two soft subsets of (X, τ,E, Ĩ), where
{(A,E);A : E → P(X ) such that A(n) = N ∪ {0} for every n ∈ N} and
{(B,E);B : E → P(X ) such that B(n) = N ∪ {−1} for every n ∈ N}. Then
(A,E) and (B,E) are two soft Ĩ-semi-Ĩ-compact, since every cover {(Uλ, E) :
λ ∈ Λ} for (A,E) by Ĩ-semi-open soft sets has at least one element (Uλ0

, E)
such that (A,E)− (Uλ0

, E)} ∈ Ĩ. So (A,E) is soft Ĩ-semi-Ĩ-compact. Similarly,
(B,E) is is soft Ĩ-semi-Ĩ-compact.

But (A,E)⊓̃(B,E) = (C,E), such that {(C,E);C : E → P(X ) such that
C(n) = N for every n ∈ N} is not soft Ĩ-semi-Ĩ-compact, since {(Uλ, E) :
Uλ(n) = λ for every n, λ ∈ N} is a cover for (C,E) by Ĩ-semi-open soft sets
which has no finite subcover ω such that X̃ − ω ∈ Ĩ.

Remark 3.23. Soft Ĩ-semi-Ĩ-compactness is not hereditary property. See
the example of Remark 3.22, where X̃ is Soft Ĩ-semi-Ĩ-compact space, but
(N,N) is not.

Proposition 3.24. Ĩ-semi-closed soft subset of a soft Ĩ-semi-Ĩ-compact

space is soft Ĩ-semi-Ĩ-compact.

Theorem 3.25. (see [5]) Let (X1, τ1, A, Ĩ) be a soft topological space with

soft ideal, (X2, τ2, B) be a soft topological space and fpu : (X1, τ1, A, Ĩ) →
(X2, τ2, B) be a soft function. Then fpu(Ĩ) = {fpu((F,A)) : (F,A) ∈ Ĩ} is a

soft ideal on X2.

Theorem 3.26. (see [5]) Let (X1, τ1, A) and (X2, τ2, B) are two soft topo-

logical spaces, fpu : (X1, τ1, A) → (X2, τ2, B) be an injective soft function and

J̃ be a soft ideal on SS(X2)B . Then f
−1
pu (J̃) is a soft ideal on SS(X1)A.

Definition 3.27. A function fpu : (X, τ1, A, Ĩ) → (Y, τ2, B, J̃) is called:

1. Ĩ-semi-open soft function if fpu(G,A) is J̃-semi-open in Y for each (G,A)Ĩ -
semi-open soft set in X.
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2. Ĩ-semi-irresolute soft function if f−1
pu (G,B) is Ĩ-semi -open soft set in X

for each (G,B)J̃ -semi -open soft set in Y .

Theorem 3.28. Let (X1, τ1, A, Ĩ) be a soft topological space with soft ideal,

(X2, τ2, B) be a soft topological space and fpu : (X1, τ1, A, Ĩ) → (X2, τ2, B) be Ĩ-
semi-irresolute surjective soft function. If (X1, τ1, A, Ĩ) is soft Ĩ-semi-Ĩ-compact,

then (X2, τ2, B, fpu(Ĩ)) is soft fpu(Ĩ)-semi-fpu(Ĩ)-compact.

Corollary 3.29. Let (X1, τ1, A) be a soft topological space, (X2, τ2, B, J̃)
be a soft topological space with soft ideal J̃ with the same set of parameters

B and fpu : (X1, τ1, A) → (X2, τ2, B, J̃) be bijection Ĩ-semi-open soft function.

If (X2, τ2, B, J̃) is soft J̃-semi-J̃ -compact, then (X1, τ1, A, f
−1
pu (J̃)) is a soft

f−1
pu (J̃)-semi-f−1

pu (J̃)-compact.

4. Soft Countably Ĩ-Semi-Ĩ-Compactness Spaces

Definition 4.1. A soft subset (F, E) of the space (X, τ,E, Ĩ) is said to be
soft countably Ĩ-semi-Ĩ-compact if and only if for every countable soft cover
{(Gλ, E) : λ ∈ Λ} of (F,E) by Ĩ-semi-open soft sets, there exists a finite subset
Λ0 of Λ such that (F,E)−⊔̃{(Gλ, E) : λ ∈ Λ0} ∈ Ĩ. The space (X, τ,E, Ĩ) is said
to be soft countably Ĩ-semi-Ĩ-compact if X̃ soft countably Ĩ-semi-Ĩ-compact as
a soft subset.

Remark 4.2. Let (F, E) be a soft subset of a soft topological space
(X, τ,E, Ĩ). Then, the following statements are hold:

1. If (F,E) is soft countably Ĩ-semi-Ĩ-compact set, then it is soft countably
Ĩ-compact set. Not conversely, see Example 3.12.

2. If (F,E) is soft Ĩ-semi-Ĩ-compact set, then it is soft countably Ĩ-semi-Ĩ-
compact set. Not conversely; for example:

Let X = R be the set of all real numbers, E = N be the set of all natural
numbers, Irr be the set of irrational numbers and Q be the set of rational
numbers.
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Consider the soft topological space (X, τ,E, Ĩ) with the soft ideal Ĩ = {Ø̃}

and let τ = {X̃, Ø̃, SS(Irr)E} ∪ {(Gi, E) : i ∈ Irr} where Gi : E → P(X ) such
that Gi(n) = Q ∪Ai and Ai ⊆ Irr, for every n ∈ N.

It is clear that (X, τ,E, Ĩ) is soft countably Ĩ-semi-Ĩ-compact, since every
countable cover of X̃ by Ĩ-semi-soft open sets is a finite cover, but it is not soft
Ĩ-semi-Ĩ-compact. Since {(Gi, E) : i ∈ Irr}, such that Gi : E → P(X );G〉(\) =

Q ∪ {〉} for all n ∈ N and for all i ∈ Irr, is a soft cover of X̃ by Ĩ-semi-soft
open sets which has no finite subcover ω̃ such that X̃ − ω̃ ∈ Ĩ .

Remark 4.3. The concepts of soft-Ĩ-compactness and countably Ĩ-semi-
Ĩ-compactness are independent as the following examples show;

1. See example (2) in Remark 4.2 (X, τ,E, Ĩ) is soft countably Ĩ-semi-Ĩ-
compactspace which is not soft Ĩ-compact.

2. See example (2) in Proposition 3.20 (X, τ,E, Ĩ) is soft-Ĩ-compactspace
which is not soft countably Ĩ-semi-Ĩ-compact.

5. Soft Ĩ-Semi-Lindelöf Spaces

Definition 5.1. A soft subset (F,E) of the space (X, τ,E, Ĩ) is called soft
Ĩ-semi-lindelöf if every soft cover of (F,E) by Ĩ-semi-open soft sets has a soft
countable subcover. The space (X, τ,E, Ĩ) is called soft Ĩ-semi-lindelöf if X̃ is
soft Ĩ-semi-lindelöf as a soft subset.

Definition 5.2. A soft subset (F,E) of the space (X, τ,E, Ĩ) is called soft
Ĩ-semi-Ĩ- lindelöf if for every soft cover {(Gλ, E) : λ ∈ Λ} of (F,E) by Ĩ-semi-
open soft sets, there is a countable subset Λ0 of Λ such that (F,E)−⊔̃{(Gλ, E) :
λ ∈ Λ0} ∈ Ĩ. The space (X, τ,E, Ĩ) is called soft Ĩ-semi-Ĩ-lindelöf if X̃ is soft
Ĩ-semi-Ĩ-lindelöf as a soft subset.

Remark 5.3. Let (X, τ,E, Ĩ) be a soft topological space with soft ideal Ĩ
with the same set of parameters E. Then,

1. Every soft Ĩ-semi-lindelöf is soft Ĩ-semi-Ĩ-lindelöf, not conversely.

2. Every soft Ĩ-semi-compact is soft Ĩ-semi-lindelöf, not conversely.
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3. Every soft Ĩ-semi-lindelöf is soft lindelöf, not conversely.

The reverse implication of Remark 5.3 is not true, in general as shown:

Example 5.4.

1. Consider the soft topological space (X, τ,E, Ĩ) with soft ideal Ĩ with the
same set of parameters E, where X = R, E = N is the set of all natural
numbers, τ = Ĩ = SS(X)E . Then, (X, τ,E, Ĩ) is soft Ĩ-semi-Ĩ-lindelöf.
But it is not soft Ĩ-semi-lindelöf since {(Gi, E) : i ∈ R}, where Gi :
E → P(X ) such that Gi(n) = {i} for every i, n ∈ R, is a cover of X̃ by
Ĩ-semi-open soft sets which has no countable subcover.

2. See Example 3.12 (X, τ,E, Ĩ) is soft Ĩ-semi-Ĩ-lindelöf, but it is not soft
Ĩ-semi-compact.

3. Consider the soft topological space (X, τ,E, Ĩ) with soft ideal Ĩ with the
same set of parameters E, where X = R, E = N is the set of all natural
numbers, τ = {X̃, Ø̃} and Ĩ = Ĩf . Then, (X, τ,E, Ĩ) is soft lindelöf. But
it is not softĨ-semi-lindelöf since {(Gi, E) : i ∈ R}, where Gi : E → P(X )
such that Gi(n) = {i} for every i, n ∈ R, is a cover of X̃ by Ĩ-semi-open
soft sets which has no countable subcover.

Theorem 5.5. If the soft topological space (X, τ,E, Ĩc) is soft-Ĩc-semi-Ĩc-
compact, then it is Ĩc-semi-lindelöf, where Ĩc is the soft ideal of countable soft

subsets of X̃ .

Proof. Let {(Gλ, E) : λ ∈ Λ} be a cover of X̃ by Ĩc-semi-open soft sets. Then
there exists a finite subset Λ1 of Λ such that X̃ − ⊔̃{(Gλ, E) : λ ∈ Λ1} ∈ Ĩc.
This means that X̃ − ⊔̃{(Gλ, E) : λ ∈ Λ1} = (F,E) ∈ Ĩc, so there exists
a countable Λ2 of Λ such that (F,E) = ⊔̃{(Gλ, E) : λ ∈ Λ2}. Therefore
X̃ = ⊔̃{(Gλ, E) : λ ∈ Λ1 ∪ Λ2}, thus (X, τ,E, Ĩc) is soft Ĩc-semi-lindelöf.

Corollary 5.6. If the soft topological space (X, τ,E, Ĩc) is soft-Ĩc-semi-

Ĩc-compact, then it is soft lindelöf, where Ĩc is the soft ideal of countable soft

subsets of X̃ .

Proof. Immediate from Theorem 5.5 and Remark 5.3.

The reverse implication of Corollary 5.6 is not true, in general by see Ex-
ample 5.4, where Ĩ = Ĩc, (X, τ,E, Ĩ) is soft lindelöf, but it is not soft-Ĩc-semi-
Ĩc-compact.
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