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Università Telematica Interazionale UNINETTUNO
Corso Vittorio Emanuele II, 39 - Rome, ITALY

Abstract: Bessel functions represent an important chapter of mathematical analysis and

have been widely used in many applications. Considered the flexibility and richness of their

properties, Bessel functions have been generalized in various ways. We will discuss some rele-

vant properties related to the two-index Bessel functions and we will exposed some differential

results regarding the particular class of the one-parameter, two-variable, generalized Bessel

functions. Further, by starting from a particular class of functions, which derives from those

introduced by P. Humbert in 1930 and called Bessel functions of third kind, we will introduce

a family of modified Humbert functions and we will show some results related to the multi-

plication and addition formulae, which can be derived by using the techniques of generating

function and by following the structure of similar properties satisfied by generalized Bessel

functions.
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1. Introduction to Multi-Index, One-Variable,

Generalized Bessel Functions

The multi-index Bessel functions can be introduced by using the definitions
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and the related properties of the generalized one-index Bessel functions [1, 2,
3]. In particular, to define a two-index, one-variable Bessel function, we can
act directly on the generating function of the cylindrical, first kind, one-index
Bessel function:

Jn(x) =

+∞
∑

r=0

(−1)r

(n+ r)!r!

(x

2

)n+2r
(1)

where x is a real variable and n and r are positive integers. We can introduce
the two-index, one-variable Bessel function [4], by setting:

exp
{

x
2

[(

u− 1
u

)

+
(

v − 1
v

)

+
(

uv − 1
uv

)]}

=

=
+∞
∑

n=−∞

+∞
∑

m=−∞
unvmJn,m(x)

(2)

u and v are continuous variable such that 0 < |u| 6= |v| < +∞. By expanding
the exponential of the above relation, after manipulating the indexes and by
using relation (1), we can write the explicit form of the two-index, one-variable
Bessel function:

Jn,m(x) =
+∞
∑

s=−∞

Jn−s(x)Jm−s(x)Js(x) (3)

Many identities involving this generalized Bessel function of two indexes,
can be derived, for example recurrence relations in terms of finite difference
equations (see [4,5]). It is interesting to show the Jacobi-Anger expansion for
this family of generalized Bessel functions. By setting, indeed:

u = eiθ and v = eiϕ (4)

where θ, ψ ∈ [0, 2π], after substituting in equation (2), we obtain:

exp
{

ix
[(

eiθ − e−iθ
)

+
(

eiϕ − e−iϕ
)

+ +
(

ei(θ+ϕ) − e−
i(θ+ϕ)

)]}

=
+∞
∑

n=−∞

+∞
∑

m=−∞
einθeimϕJn,m(x)

(5)

and then:
exp {ix [sin(θ) + sin(ϕ) + sin(θ + ϕ)]}

=
+∞
∑

n=−∞

+∞
∑

m=−∞
einθeimϕJn,m(x).

(6)

It is also interesting to note some reflection properties for the two-index,
one-variable Bessel function. By putting x = 0 in equation (3), we immediately
obtain:

Jn,m(0) = δn,0δm,0 (7)
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since Js(0) 6= 0 if and only if s = 0 which implies n = m = 0. Moreover, by
setting −x instead of x, in equation (3), we write:

Jn,m(−x) =
+∞
∑

s=−∞

Jn−s(−x)Jm−s(−x)Js(−x) (8)

And by using the related reflection identities for the one-variable Bessel
function, that is:

Jn−s(−x) = J−n+s(x)Jm−s(−x) = J−m+s(x)Js(−x) = J−s(x)

we conclude with:
Jn,m(−x) = J−n,−m(x) (9)

2. One-Parameter, Two-Variable, Generalized Bessel Functions

A different family of generalized Bessel functions can be defined by introducing
a parameter into the generating function relation of the two-variable Bessel
function [3]:

exp

[

x

2

(

t−
1

t

)

+
y

2

(

t2τ −
1

t2τ

)]

=
+∞
∑

n=−∞

tnJn(x, y; τ) (10)

where, again, we have that t and τ are continuous parameters such that 0 <
|t| 6= |τ | < +∞. We can immediately observe, that if y = 0, we obtain the
generating function of the ordinary one-variable Bessel function. By rewriting
the equation, we get:

+∞
∑

n=−∞

tnJn(x, y; τ) = exp

[

x

2

(

t−
1

t

)]

exp

[

y

2

(

t2τ −
1

t2τ

)]

that is:
+∞
∑

n=−∞

tnJn(x, y; τ) =
+∞
∑

m=−∞

tmJm(x)
+∞
∑

r=−∞

t2rτ rJr(y)

By rearranging the indexes we can finally state the explicit form of the two-
variable, one-parameter, generalized Bessel function:

Jn(x, y; τ) =

+∞
∑

r=−∞

τ rJn−2r(x)Jr(y) (11)
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As we have seen in the previous section, we can derive the related Jacobi-
Anger expansion; by setting, in fact: u = eiθ and τ = eiϕ, where θ, ϕ ∈ (0, 2π)
in equation, we have:

exp
[

x
2

(

eiθ − e−iθ
)]

exp
[

y
2

(

e2iθ+iϕ − e−2iθ−iϕ
)]

=

=
+∞
∑

n=−∞
einθJn(x, y; e

iϕ)

and by noting that:

eiθ − e−iθ = 2i sin θ
ei(2θ+ϕ) − e−i(2θ+ϕ) = 2i sin(2θ + ϕ)

we obtain:
exp

[

x
2 (2i sin θ) +

y
2 (2i sin(2θ + ϕ))

]

=

=
+∞
∑

n=−∞
einθJn(x, y; e

iϕ)

i.e.
+∞
∑

n=−∞

einθJn(x, y; e
iϕ) = exp [ix sin θ + iy sin(2θ + ϕ)] (12)

that represents the Jacobi-Anger expansion for the Bessel function Jn(x, y; τ).
In the previous section, we have derived some interesting properties regarding
the two-index Bessel functions; by following the same procedure, we can state
similar relations for the two-variable, one-parameter Bessel function, discussed
in this section. We have, in fact:

J−n(x, y; τ) = (−1)nJn
(

x, y;− 1
τ

)

J−n(x, y; τ) = Jn
(

−x,−y; 1
τ

) (13)

and

Jn(x, y;−τ) = Jn(x,−y; τ) (14)

Jn(−x,−y;−τ) = (−1)nJn(x, y; τ) (15)

The proof of the above equations is based on the structure of the similar
properties related to the generalized Bessel functions; we note, for instance,
that:

+∞
∑

n=−∞

tnJ−n(x, y; τ) =

+∞
∑

n=−∞

t−nJn(x, y; τ)
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and then:

+∞
∑

n=−∞

tnJ−n(x, y; τ) = exp

[

x

2

(

1

t
− t

)

+
y

2

(

τ

t2
−
t2

τ

)]

that is:
+∞
∑

n=−∞

tnJ−n(x, y; τ) =

+∞
∑

n=−∞

tnJn

(

−x,−y;
1

τ

)

which proves the second equation in (13). Similarly, we can deduce useful
recurrence relations regarding the family of Bessel functions of type Jn(x, y; τ).
In fact, by manipulating equation, we easily get:

∂
∂τ
Jn(x, y; τ) =

y
2

[

Jn−2(x, y; τ) +
1
τ2
Jn+2(x, y; τ)

]

∂
∂x
Jn(x, y; τ) =

1
2 [Jn−1(x, y; τ)− Jn+1(x, y; τ)]

∂
∂y
Jn(x, y; τ) =

1
2

[

τJn−2(x, y; τ) −
1
τ
Jn+2(x, y; τ)

]

(16)

By using the equation in, it is possible to derive a further recurrence relation;
we note in fact that we can write:

2nJn(x, y; τ) = 2n

+∞
∑

r=−∞

τ rJn−2r(x)Jr(y)

and by summing and subtracting on the r.h.s. the term:

4rJn−2r(x)Jr(y)

we have:

2nJn(x, y; τ) =

=
+∞
∑

r=−∞
τ r2(n − 2r)Jn−2r(x)Jr(y) + 2(2r)Jn−2r(x)Jr(y)

which gives the relation:

2nJn(x, y; τ) = x [Jn−1(x, y; τ) + Jn+1(x, y; τ)] +
+2y

[

τJn−2(x, y; τ) +
1
τ
Jn+2(x, y; τ)

] (17)

The above recurrence relations allow us to derive differential relations in-
volving the one-parameter, two-variable, generalized Bessel functions. From
equation (17), by using the first of recurrence relations in (16), we have:

2nJn(x, y; τ) = x [Jn−1(x, y; τ) + Jn+1(x, y; τ)] +

+4τ ∂
∂τ
Jn(x, y; τ)
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which gives:
(

n− 2τ
∂

∂τ

)

Jn(x, y; τ) =
x

2
[Jn−1(x, y; τ) + Jn+1(x, y; τ)]

The second relation in (16) can be written in two different ways:

Jn+1(x, y; τ) =
[(

n
x
− ∂

∂x

)

− 2τ
x

∂
∂τ

]

Jn(x, y; τ)

Jn−1(x, y; τ) =
[(

n
x
+ ∂

∂x

)

− 2τ
x

∂
∂τ

]

Jn(x, y; τ)

which can be used to introduce the following shift operators:

Ê− =
(

n
x
+ ∂

∂x

)

− 2τ
x

∂
∂τ

Ê+ =
(

n
x
− ∂

∂x

)

− 2τ
x

∂
∂τ

We have used this approach in many contexts involving different families
of Bessel functions (see [4], [9]) to state a formal differential equation solved
by the Bessel functions themselves and then, we can follow the same way. By
using the above operators, we get:

Ê+

[

Ê− (Jn(x, y; τ))
]

= Jn(x, y; τ)

and by explaining the terms, we obtain:
[(

n− 1

x
−

∂

∂x

)

−
2τ

x

∂

∂τ

] [(

n

x
+

∂

∂x

)

−
2τ

x

∂

∂τ

]

Jn(x, y; τ) =

= Jn(x, y; τ)

that is, the partial differential equation satisfied by the generic one-parameter,
two-variable, generalized Bessel function:

{

x2
∂2

∂x2
+ x

∂

∂x
+

(

x2 − n2
)

+4τ

[

(1− n) + τ
∂

∂τ

]

∂

∂τ

}

Jn(x, y; τ) = 0 (18)

We have defined the shift operators by manipulating ones of the recurrence
relations stated in (16); we can make the same by using the first and third
relations, again in (16), obtaining:

1

y

∂

∂τ
Jn(x, y; τ) =

1

2
Jn−2(x, y; τ) +

1

2τ2
Jn+2(x, y; τ)

and
Jn−2(x, y; τ) =

2
τ

[

∂
∂y
Jn(x, y; τ) +

1
2τ Jn+2(x, y; τ)

]

Jn+2(x, y; τ) = 2τ
[

τ
2Jn−2(x, y; τ)−

∂
∂y
Jn(x, y; τ)

]
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which, once combined, give:

Jn+2(x, y; τ) =
(

τ2

y
∂
∂τ

− τ ∂
∂y

)

Jn(x, y; τ)

Jn−2(x, y; τ) =
(

1
y

∂
∂τ

+ 1
τ

∂
∂y

)

Jn(x, y; τ)

We can introduce further shift operators, by setting:

Ê2
− = 1

y
∂
∂τ

+ 1
τ

∂
∂y

Ê2
+ = τ2

y
∂
∂τ

− τ ∂
∂y

which allow us to write:

Ê2
+

[

Ê2
− (Jn(x, y; τ))

]

= Jn(x, y; τ)

As done before, by explaining the above equation, we obtain:
[(

y2
∂2

∂y2
+ y

∂

∂y
+ y2

)

+ − τ

(

1 + τ
∂

∂τ

)

∂

∂τ

]

Jn(x, y; τ) = 0 (19)

that is the second partial differential equation solved by the Bessel functions of
type Jn(x, y; τ). In the next section, we will further discuss the properties of
the one-parameter, two-variable, generalized Bessel functions in the description
of particular partial differential equations.

3. Schrödinger-Type Equation and Bessel Functions

By following the same procedure used in the previous section, we can further
derive interesting partial differential equations where the Bessel functions of
type Jn(x, y; τ) represents a particular solution. By deriving with respect to x
in the first of the recurrence relations exposed in equation, we have:

∂2

∂x2
Jn(x, y; τ) =

1

2

∂

∂x
Jn−1(x, y; τ) −

1

2

∂

∂x
Jn+1(x, y; τ)

which, once combined with itself, gives:

2 ∂2

∂x2Jn(x, y; τ) =
1
2 [Jn−2(x, y; τ)− Jn(x, y; τ)]+

−1
2 [Jn(x, y; τ)− Jn+2(x, y; τ)]

and then:
(

2
∂2

∂x2
+ 1

)

Jn(x, y; τ) =
1

2
[Jn−2(x, y; τ) + Jn+2(x, y; τ)]
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By using the relations involving the Bessel functions of index n − 2 and
n+ 2, exposed in the previous section, we can obtain the relations:

Jn+2(x, y; τ) =
2τ

(τ2+1)

[

τ
(

2 ∂2

∂x2 + 1
)

− ∂
∂y

]

Jn(x, y; τ)

Jn−2(x, y; τ) =
2τ

(τ2+1)

[

1
τ

(

2 ∂2

∂x2 + 1
)

+ ∂
∂y

]

Jn(x, y; τ)

Again, we can introduce the related shift operators, by setting:

Ê2′
+ = 2τ

(τ2+1)

[

τ
(

2 ∂2

∂x2 + 1
)

− ∂
∂y

]

Ê2′
− = 2τ

(τ2+1)

[

1
τ

(

2 ∂2

∂x2 + 1
)

+ ∂
∂y

]

and we can write:

Ê2′

+

[

Ê2′

− (Jn(x, y; τ))
]

= Jn(x, y; τ)

By explaining the shift operators in the above equation, we obtain the
third partial differential equation involving the one-parameter, two-variable,
generalized Bessel functions:

[

(

2 ∂2

∂x2 + 1
)2

+
(

τ − 1
τ

)

(

2 ∂2

∂x2 + 1
)

∂
∂y
+

− ∂2

∂y2

]

Jn(x, y; τ) =
(τ2+1)

2

4τ2 Jn(x, y; τ)

(20)

The above stated equation contains some relevant particular cases, when
the parameter τ is equal to the real unit or to the imaginary unit. When τ = 1,
equation (20) gives:

[

(

2
∂2

∂x2
+ 1

)2

−
∂2

∂y2

]

Jn(x, y; 1) = Jn(x, y; 1)

which underline the link between the Bessel functions of type Jn(x, y; τ) and
the generalized Bessel functions of two variables, since:

Jn(x, y; 1) = Jn(x, y)

From the other hand, when τ = i, equation becomes:

i
∂

∂y
Jn(x, y; i) = −

(

2
∂2

∂x2
+ 1

)

Jn(x, y; i)
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that is recognized as an equation of Schrodinger-type. In the next sections
we will further generalize the class of Bessel functions, by using the same ap-
proach exposed above, to define the two-index, one-variable, generalized Bessel
functions and the one-parameter, two-variable, generalized Bessel functions. In
particular we will present a particular case of functions belonging to the family
of Bessel functions introduced by P. Humbert in the 1930, known as Bessel
functions of third kind.

4. Modified Humbert Functions

To introduce a further class of two-index, one variable Bessel functions, we can
operate directly on their generating function (eq. (2)). Let again the continuous
variables u and v (0 < |u| 6= |v| < +∞), we set:

exp

[

x

(

u+ v +
1

uv

)]

=

+∞
∑

n=−∞

+∞
∑

m=−∞

unvmLn,m(x) (21)

The exponential could be expanded in the following way:

exp
[

x
(

u+ v + 1
uv

)]

= exp (ux) exp (vx) exp
(

x
uv

)

=

=
+∞
∑

n=0

un

n! x
n

+∞
∑

m=0

vm

m! x
m

+∞
∑

s=0

u−sv−s

s! xs

and then we can immediately obtain the explicit form of the generic function
belonging to this class of two-index Bessel functions:

Ln,m(x) =
+∞
∑

s=0

x3s+n+m

s!(n+ s)!(m+ s)!
(22)

This function has been treated as modified Humbert function [6,7] by Dat-
toli et al. in [8]. In Section 1, we have presented the family of two-index,
one-variable Bessel functions and we have only mentioned some of their re-
currence properties. We can now show, for the modified Humbert functions,
the generalizations of the above mentioned identities. We start to derive with
respect to x in the generating function relation (eq. (21)):

(

u+ v + 1
uv

)

exp
[

x
(

u+ v + 1
uv

)]

=

=
+∞
∑

n=−∞

+∞
∑

m=−∞
unvm d

dx
Ln,m(x)

(23)
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after explicating the l.h.s., we easily state the relation:

d

dx
Ln,m(x) = Ln−1,m(x) + Ln,m−1(x) + Ln+1,m+1(x) (24)

Similar recurrence relations can be achieved by using the generating func-
tion; in fact, by differentiating with respect to u and v, separately, we have:

(

x− 1
u2v

)

exp
[

x
(

u+ v + 1
uv

)]

=

=
+∞
∑

n=−∞

+∞
∑

m=−∞
nun−1vmLn,m(x)

(25)

and
(

x− 1
uv2

)

exp
[

x
(

u+ v + 1
uv

)]

=

=
+∞
∑

n=−∞

+∞
∑

m=−∞
unmvm−1Ln,m(x)

(26)

which allow us to write:
n
x
Ln,m(x) = Ln−1,m(x)− Ln+1,m+1(x)

m
x
Ln,m(x) = Ln,m−1(x)− Ln+1,m+1(x)

(27)

The ordinary Bessel functions satisfied some results related to multiplication
and addition operations [3] which can easily derived by the analogous relations
verified by the ordinary one-index, one-variable Bessel function of equation (1).
We remind that, if λ is a non-zero continuous parameter, the multiplication
theorem for the two-index, one-variable Bessel function, reads:

Jn,m(λx) = λn+m·

·
+∞
∑

h,k=0

λh+k

h!k! Jn+h,m+k

(

x; 1
λ

)

Hh,k

(

1−λ2

λ
x
)

(28)

where:
Hh,k

(

1−λ2

λ
x
)

=

=
min{h,k}

∑

q=0
q!

(

h

q

)(

k

q

)

(

x
2

)h+k−q
(

1−λ2

λ

)
h+k−q (29)

and the two-index Bessel function in equation is a particular case of one-
parameter Bessel function (see [2,3]). By following the same way, we can prove
the analogous result for the modified Humbert function; by substituting, in
fact, λx with x in equation (21) and by expanding the exponential, we get:

exp
[

λx
(

u+ v + 1
uv

)]

=

exp
{

x
[(

λu+ λv + 1
λ2uv

)

+
(

λ
uv

− 1
λ2uv

)]}

=

=
+∞
∑

h=0

+∞
∑

k=0

(λu)h(λv)kLh,k(x)
+∞
∑

s=0

xs

s!
(λ3−1)

s

λ2susvs

(30)
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by setting h − s = n and k − s = m, after equating the same power of n and
m, we finally state the multiplication formula:

Ln,m(λx) = λn+m
+∞
∑

s=0

Ln+s,m+s(x)
xs

s!

(

λ3 − 1
)s

(31)

which allows us to obtain a reflection relation for the modified Humbert func-
tions:

Ln,m(−x) = (−1)n+m
+∞
∑

s=0

Ln+s,m+s(x)
(−2x)s

s!
(32)

It could be useful to generalize the Humbert functions of type Ln,m(x), by
introducing a general case, by setting:

Ln,m(x, y, z) =

+∞
∑

s=0

xn−sym−szs

(n+ s)!(m+ s)!s!
(33)

with the following generating function:

exp
(

xu+ yv +
z

uv

)

=

+∞
∑

n=−∞

+∞
∑

m=−∞

unvmLn,m(x, y, z) (34)

To derive a different version of the multiplication theorem (eq.) for the mod-
ified Humbert functions, the structure of the above generalized three-variable
functions can be used. By following the same procedure, we can obtain:

Ln,m(λx) = λn+mLn,m

(

x, x, λ3x
)

(35)

and after setting λ = −1, the reflection relation can be recast in the form:

Ln,m(−x) = (−1)n+mLn,m (x, x,−x) (36)

We have introduced the modified Humbert functions, by using the concepts
and the related formalism of the generalized two-index, one-variable Bessel
functions. By following the same approach, it could be possible to generalize,
for this family of functions, recognized as belonging to the Humbert functions,
many of the well known results satisfied by the generalized Bessel functions of
different type.
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5. Further Considerations on the Two-Index Bessel Functions

It is known that the generalized two-variable Bessel functions [4] are defined by
the following generating function:

exp

[

x

2

(

t−
1

t

)

+
y

2

(

t2 −
1

t2

)]

=
+∞
∑

n=−∞

tnJn(x, y) (37)

and they can be represented in terms of ordinary Bessel functions:

Jn(x, y) =

+∞
∑

s=−∞

Jn−2s(x)Js(y) (38)

We can also introduce a further class of Bessel functions [2,3] that generalize
the two-variable case, by considering the generating function:

G(x, y; t|1,m) = exp
[

xt−
y

tm

]

(39)

where 0 < |t| < +∞ and m is a positive integer. By expanding the exponential
in the above relation, it is immediate to find:

exp
[

xt−
y

tm

]

=

+∞
∑

n=−∞

tnD(1,m)
n (x, y) (40)

where:

D(1,m)
n (x, y) =

+∞
∑

s=0

(−1)sxn+msys

(n +ms)!s!
(41)

Function D
(1,m)
n (x, y) can be considered an extension of the ordinary Bessel

function; in fact, by noting that its complementary function D
(m,1)
n (x, y) can

be obtained through the following generating function:

G(x, y; t|m, 1) = exp
[

xtm −
y

t

]

(42)

where again 0 < |t| < +∞, and that it can be proved the identity:

D(1,m)
n (x, y) = D(m,1)

n (−x,−y) (43)

the following relations immediately hold:

D
(1,1)
n (x/2, x/2) = Jn(x)

D
(1,1)
n (x/2,−x/2) = In(x)

(44)
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where we have indicated with In(x) the modified Bessel function of the ordinary
Jn(x). From the above results a further class of functions can be described,
recognized as a generalization of Bessel functions, for instance the so-called
pseudo-Bessel functions [9] of the type:

S
(n,r)
i,j (x, y) =

+∞
∑

s=0

xns+iyrs+j

(ns+ i)!(rs + j)!
(45)

with n, r ≥ 1 and i, j ≥ 0. These functions represent, for instance, an useful
tool to investigate certain random motions [11].

6. Concluding Remarks

We have seen some particular cases of functions that can be considered be-
longing to the family of Bessel functions. The pseudo-Bessel functions and the
modified Humbert functions allow us to describe many aspects of computa-
tional analysis. It is also interested to explore how these class of functions can
be described in terms of Hermite polynomials. In a previous paper [10], we have
presented a special class of generalized two-index Hermite polynomials, known
as incomplete 2-dimensional Hermite polynomials, having the following form:

hn,m(x, y|τ) = n!m!

min(n,m)
∑

s=0

τ sxn−sym−s

s!(n− s)!(m− s)!
(46)

where the parameter τ is continuous. These Hermite polynomials can be used
to derive many important identities regarding the two-index Bessel functions
and the modified Humbert functions and they can also allow us to introduce
a further class of two-index polynomials, recognized as belonging to the Her-
mite family, that can be used to develop further relations involving multi-index
and multi-variable generalized Bessel functions [11,12]. The Hermite polyno-
mials, and in particular the modified Humbert functions and the pseudo-Bessel
functions, can be efficiently employed to solve a large class of problem, such
as stochastic processes [13-15], particle physics [16,17,35], electromagnetics [18-
20,33], continuous mechanics [19-20], material sciences [23,24], transmission
lines [25-27], building sciences [28-29]. Further investigations will be carried
out in the next future in other fields of interest.
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