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Abstract: In this article we gave a description of an algorithm of the method of local

variations for numerical solution of problems of optimal control. We have developed a program

based on the method of local variations to solve the optimal control problems with free right

end. Finally, a numerical example is presented to demonstrate effectiveness, simplicity and

accuracy of the proposed method.
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1. Introduction

Control theory is application-oriented mathematics that deals with the basic
principles underlying the analysis and design of (control) systems. Systems
can be engineering systems (air conditioner, aircraft, CD player etcetera), eco-
nomic systems, biological systems and so on. To control means that one has
to influence the behaviour of the system in a desirable way: for example, in
the case of an air conditioner, the aim is to control the temperature of a room
and maintain it at a desired level, while in the case of an aircraft, we wish to
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control its altitude at each point of time so that it follows a desired trajectory.
As a result, more and more people will benefit greatly by learning to solve the
optimal control problems numerically.

2. Problem Statement

Consider the following optimal control problem:

minimize I(u) =

∫ T

t0

f0(t, x(t), u(t))dt, (1)

subject to
dxi

dt
= fi (t, x (t) , u (t)) , t ∈ [t0, T ] , x (0) = x0, (2)

φ (u) ≤ 0, (3)

where u(t) ∈ R is the function characterizing the operating influence, x(t) ∈ Rn

is function describing a condition of process and t is time.

3. Method of Local Variations

The algorithm consists of 9 steps:

1. Guess an initial approximation of control U0.

2. Break interval [t0, T ] to n parts, constituting a uniform system of units.

3. Select starting node t0, which will be a variation of controls.

4. Compute U(t0)± δU.

5. Compute x(t) and u(t), solving (2).

6. Calculate I(u) according to (1).

7. Go to t1 and go to step 4 for all remaining points ti.

8. Determine the minimum value of the criterion calculated for all points ti
and define a new control U1 corresponds to the lowest value criterion.

9. Set δU = δU
2 . Then, with the control U1, go to step 3 until will not find

variation in which the performance criterion will not be improved.
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4. Discussion

The software for the numerical calculations presented below in this article was
developed in Borland Delphi environment. In the following example we compute
the absolute errors in the following specified norms:

εx1
=

√

∑

i

(x1i − x∗1(ti))
2
, εx2

=

√

∑

i

(x2i − x∗2(ti))
2
,

εu =

√

∑

i

(ui − u∗(ti))
2
.

Example. Consider the following optimal control system:

{

ẋ1 (t) = x2 (t) ,
ẋ2 (t) = u (t) ;

(4)

x1 (0) = −1, x2 (0) = 0,

0 ≤ t ≤ 2.5,

|u| ≤ 1,

x2 ≤ 0.5.

The performance measure is:

I (x1, x2) = x21 (2.5) + x22 (2.5) → min . (5)

The optimal control problem is to find a control law u∗ (·) which minimizes
cost functional (5).

The exact solution is:

u∗(t) =







1, t ≤ 0.5,
0, 0.5 < t < 2,
−1, 2 ≤ t ≤ 2.5.

Figure 1 and Figure 2 show the comparison between numerical solution and
approximate solution for u0 = 0.1. In Table 1, we present the simulation results
for different initial guess and accuracy of this problem.
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Figure 1: The suboptimal states

Figure 2: The suboptimal control

5. Conclusion

For many optimal control problems, the method of variations is the best option
we have. The advantage of this algorithm is anabsence of requirements to
the choice of initial approximation of the parameter of controlling and phase
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u0 Accuracy Error εu Error εx1
Error εx2

Imin

1 0 0,1 5,46 2,97 2,58 0,15

2 0 0,01 1,79 0,09 0,102 0,0001

3 0 0,001 1,807 0,088 0,102 0,0001

4 -0,6 0,001 1,695 0,096 0,102 0,0001

5 -0,9 0,0001 1,5092 0,0885 0,1026 0,0001

6 0,1 0,00001 1,50543 0,08875 0,10224 0,00014

Table 1: Simulation results for different initial guess and accuracy

variables. The algorithm is characterized by a good convergence and can be used
to solve a large number of applications in various fields of national economy.
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