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Abstract: We consider the inverse problem of determining the time-dependent diffusivity in
one-dimensional heat equation with periodic boundary conditions and nonlocal over-specified
data. The problem is highly nonlinear and it serves as a mathematical model for the techno-
logical process of external guttering applied in cleaning admixtures from silicon chips. The
well-posedness conditions for the existence, uniqueness and continuous dependence upon the

data of the classical solution of the problem are established.
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1. Introduction

Parameter identification from over-specified data plays an important role in
applied mathematics, physics and engineering. The problem of identifying the
diffusivity was investigated by many researchers under various boundary and
over-determination conditions, [1-5]. It is important to note that in [6], the
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time-dependent diffusion coefficient has been determined from different over-
determination conditions in the case of self-adjoint auxiliary spectral problems.
In the present work, a nonlocal over-specified data is used together with periodic
boundary conditions for the determination of the time-dependent diffusivity.
The mathematical formulation of the inverse problem under investigation is
given in Section 2. In Section 3, the existence, uniqueness and continuous
dependence upon the data of the classical solution of the inverse problem for
some small parameters are established by using the generalized Fourier method.

2. Mathematical Formulation

In the rectangle Qr = {(z,#)[0 < z < 1,0 < t < T} = (0,1) x (0,7, we
consider the inverse problem given by the heat equation

ou 9%u

o7 (@) =k(t) 35 (@.1), (x.1) € Qr, (1)

with unknown concentration/temperature u(z,t) and unknown time-dependent
diffusivity k(t) > 0, subject to the initial condition
u(z,0) = p(z), 0 <z <1, (2)
where ¢ is a given function, the periodic and heat flux boundary conditions
u(0,t) = u(l,t), te (0,77, (3)

aug(0,t) = uy,(1,t), t e (0,7], (4)

and the over-determination condition, [7, 8],

1
p(t)u(0,1t) —I—/O u(z, t)de = E(t), t€0,T], (5)

with p(t) = o+ Bk~7(t), where «, 3,7 > 0 are segregation coefficients.

This problem for a = 0 for the first time has been considered in [9]. This
problem arises in the mathematical modeling of the technological process of
external guttering applied, for example (if @ = 0), in cleaning admixtures from
silicon chips, [8]. In this case, ¢(z) is the distribution of admixture in the chip
for z € (0,1) at the initial time ¢ = 0, while u(x,t) is its distribution at time
t. Condition (3) means that the admixtures in the left and right boundaries of
the chip are the same. For a = 0 the adiabatic condition (4) means that the
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right boundary x = 1 of the chip is perfectly insulated. For a # 0 the adiabatic
condition (4) is the proportional property to the flow on the opposite points of
the boundary. Therefore, reasonably assume that a > 0. Condition (5) means
that part of the substance is concentrated (segregated) on the left side z = 0
of the chip, [7, 8].

When a = = 0, then the resulting inverse problem has been previously
investigated in [1], and it is the purpose of this paper to investigate the non-
trivial case when o and [ are non-zero.

3. Existence and Uniqueness

The pair (k(t),u(x,t)) from the class C[0,T] x (C*1(Q7)NC19(Q)) for which
conditions (1)-(5) are satisfied and k(¢) > 0 on the interval [0,7] is called the
classical solution of the inverse problem (1)-(5).

The analysis is similar to that of [10] for the identification of the time-
dependent blood perfusion coefficient in the bio-heat equation. Consider the

spectral problem
—X () =XX(z), 0<zx <1, (6)

aX'(0) = X'(1), X(0)=X(1). (7)

This problem if a = 0 is well-known in [11], as the auxiliary spectral problem
for solving a nonlocal boundary value problem for heat equation by the Fourier
method.

The case a = 1 is simpler and we will not go into details. When a = —1
the boundary conditions (7) are irregular. This case will not be considered.
Suppose that a # £1. In this case the problem (6) - (7) has double eigenvalues
Ar = (2km)? (except for the first Ay = 0). Eigenfunctions of the problem are
the following:

XO(‘T) =2, =0; (8)
Xop_1(z) = dcos(2mkx), \p = (27k)%, k=1,2,....

To avoid the problem of choosing the associated functions [12, 13] for their
construction we use the equation:

—X"(z) = M X (2) + VI Xop_1(2), 0 <z < 1; ()
aX'(0) = X’(1), X(0)=X(1).

Then associated functions are in the form:

1-1-a)x

Xok(x) =2 1—a

sin(2rkz), k=1,2,.... (10)
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This system of functions { Xo(z), Xog—1(z), Xox(x)} form a Riesz basis in L9 (0, 1)
[14]. System biorthogonal to it is the following system:

1-— 1—
Yo(x) = W, Yorp—1(z) = W cos(2mkx),
1—a .
Yor(z) = 21 sin(2rkx), k=1,2,.... (11)
a

The following lemmas are important for the mathematical analysis of the
inverse problem.

Lemma 1. If¢(z) € C3[0,1] satisfies the conditions ¢(0) = $(1), ap (0) =
¢ (1), ¢"(0) = ¢" (1), then the inequalities

> n?lgon| < Cillllcap,y, Y nldan—1] < Collllcapo, (12)
n=1 n=1

hold, where Cy and Cy are constants, ¢, = fol o(z) Yy (v)d.

"

Proof. Because ¢(0) = ¢(1), ¢ (0) = ¢" (1), the equality

1 1 1 m
n —/0 ¢(z) sin(2mnz)dr = _m/o ¢ (z)cos(2mnz)dx
holds by three times integrating by parts. Analogously, by integrating by parts
twice and using that ¢(0) = ¢(1), a¢ (0) = ¢ (1), we obtain that
1 1 1 2 ’
Pan—1 = /0 ¢(z)x cos(2mnz)dr = —/ % cos(2mnx)dz.

0
From the earlier discussion, by using the Schwarz and Bessel inequalities,
we obtain

Zn [¢2n] < 55 [Z n2] [Z:: </ ¢" (z) cos( 27m;c)d;c>2r <

< C1l16" I Lajo,1) < C1lldllospog
and
1
2

00 9] % 00 1 ” / 2
Zn|¢2nfl| < [Z %] Z </0 %COS(Q?THCC)C&C) J <

n=1 n=1 n=1

C 1" ’
< S 26" +26 a0, < Callllesoy

for some constants Cy and Cs. O
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Lemma 2. Ifk,(t) € C[0,T] satisfies the condition 0 < a < k,,(t), m =
1,2, then for Yn € N and Vt € [0, T, the inequality

t t 1
e—nfo ki(s)ds _ e—nfo ko (s)ds < %Hkl _ kQHC[O,T} (13)

holds.

Proof. For arbitrary fixed ¢t € [0,7] and n € N, by using the mean value
theorem for the function e™*, we obtain that there exists § between n fg k1 (s)ds

and n [ ka(s)ds such that
t t
n/ k1 (s)ds — n/ ka(s)ds
0 0

By using that ze™b* < b—le; x > 0,b = const > 0, we obtain that

= 679

e fot ki(s)ds P fot ko(s)ds

n

nt 1
7 < Wnkl — kallcpor) < Eﬂkl = kallo.n,

/0 (Fk1(s) — hals))ds

and this proves (13). O

The main result of Section 3.1 is in the following theorem.

Theorem 3. Let the functions ¢(z) € C3[0,1], E(t) € C[0,T) satisfy the
conditions

0(0) = (1), ap (0) = ¢ (1), ¥ (0) = ¢" (1), (14)
P2k 2 07 ©2k—1 S 07 ©o + 2@1 < 07 E(t) < 29007 Vt S [OuT]7 (15)

where ¢}, = fol o(z)Yy(x)dz for k = 0,1,2,.... Then, there exist positive num-
bers oy and ~y such that the inverse problem given by (1)-(5) with the param-
eters a < g, 7 > 7o has a unique solution, where the numbers oy and vy are
determined by the data of the problem.

Proof. For arbitrary positive k(t) € C[0, T}, using that ¢ € C3[0,1] satisfies
condition (14), by applying the standard procedure of the Fourier series method,
we obtain the solution of the direct problem given by (1)-(4) in the following
form:

o0
u(z,t) = o Xo(z) + 3 pane” T oK Xy, (1)1 (16)
n=1
o0
3 (p20-1 — Amngapt)e” G I KO X, (),

n=1
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The series in (16) and its z-partial derivative are uniformly convergent in Q-
because their majorizing sums are absolutely convergent by Lemma 1. There-
fore, their sums involved in expressing u(z,t) and u,(x,t) are continuous in Q.
Because the majorizing sum »_>° n3e_K(2””)2€(K = const > 0) is convergent,
the t-partial derivative and the zz-second-order partial derivative series of (16)
are uniformly convergent for ¢t > ¢ > 0 (¢ is an arbitrary positive number).
Thus, we have u(x,t) € C*1(Qr) N CH(Qr), which satisfies conditions (1)-(4)
for arbitrary positive k(t) € C[0,T].

Applying the over-determination condition (5), we obtain

p(t) = Flp(t)]; (17)

where
_ 2 rt
Flp(t)] = 2P0 7 Tt e O o HO — B() (18)
200 + 4 3% [ATnpant — @on_1]e”3™? S k(s)ds’
B ] Bl
t —
0 Lou) -
Denote
g = 2900 - Emax (19)
—2p0 + 4> (Amnpant — Yon_1)’
oy = 200 + 23021 2920 — Bmin

—2¢0 — 41
where Eyax = maxyepor) E(t), Ewmin = mingeo ) E(t). Then, from (15), (17),
and (18), it follows that

0<ag<pt) <ai, tel0,T] (20)

Under condition ag > a1, the inequalities

2=

B 1% ﬁ]

o< o] <k < [ 2

hold. O

Let us denote

Cag,00[0,T] == {p(t) € C[0, T < p(t) < a1, V¢ € [0,T7}.
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It is easy to verify that

F:Chy 0. [0,T] = Cog,0, [0, T7.
Let us show that F' is a contraction mapping in Cy, o,[0,7] for small o and
large . Indeed, Vp;(t), p2(t) € Cay,aq[0,T], we have

1

Flpi(t)] — Flp2(t)] = —2800+—0412()X (22)

200 + ap1(t) — E(t)
(B 200 20 (a0 — s 4) — analt) — anae)).

where -
2 1 B 9t
-

o0
arm(t) = 4 (dmnpant — pan_1)e” G Jo km()ds,

n=1
51
[pm(t)—oz] ,m=1,2.

Lemma 2 and inequalities (21) imply

kp =

2=

<@ oo

6—(27rn)2 fg ki(s)ds 6—(27rn)2 fg ko(s)ds <
e

Then, we obtain

1

ar—a)r (2 =1

Jo02(t) — a0 (8)] < (ﬁ—) <; > 5%> Iy = allegom,
ve n=1

1

'Y
a2 —ag] < (o T (167TTZn902n—4ZSO2n 1)

Wfl — kallcpo.-

From these inequalities and (22), we obtain

2=

Orgta%}%‘F[pl )] — F[Pg(t)H < %Mkl kallcio,m5 (23)
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where ) - .
5= 2 (8 Tar +1) 37 nipan — 2mon 3007 pan—1
e —2p9 — 4 ’

By using the mean value theorem and (21), it is easy to show that

(24)

87
] p1(t) — p2(t)]. (25)

[F1(t) = ka(H)] <

Thus, from (23) and (26), we obtain

1
) 1 /a1 —a\~
F - F < — — .
[ F[p1] = Flp2]llcior) < (G0 —a)y <a0 _a> p1 = p2liciom)

Let us fix a sufficiently large number ~y > 0 such that

1

K20 1(O‘1_O‘>”°g1. (26)

(ao—a)% ap — o

Thus, in the case v > 79, Equation (17) has a unique solution k(t) € Cyy .o, [0, T
by the Banach fixed point theorem.

We therefore obtain a unique positive function k(t), continuous on [0, 77,
which together with the solution of (1)-(4) given by the Fourier series (16), forms
the unique solution of the inverse problem given by (1)-(5). This concludes the
proof of the theorem.

4. Continuous Dependence upon the Data

The following result on continuous dependence on the data of the solution of
(1)-(5) holds.

Theorem 4. Consider the (input) data in the form of ® = {y, E'}, which
satisfy the assumptions of Theorem 1 with
2¢0 — Fmax > N1 > 0, wo + 21 < —Ny <0 (27)
and let
lellesoy < Nss 1E]lop,r) < Na (28)

for some positive numbers N1, Na, N3, and Ny. Then the solution (k(t),u(x,t))
of the inverse problem (1)-(5) depends continuously upon the data for suffi-
ciently small o and large 7.
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Proof. Let ® = {¢, E} and ® = {@, E'} be two sets of the data, which satisfy
the conditions of Theorem1. Let us denote ||| := |l¢[lcspo,1) + [ E]lcpo,17-

Let (k,u) and (k,u) be solutions of (1)-(5) corresponding to the data ® and
@, respectively. According to (18),

t) 200 + 2 3% | Lo, e @) fy k(s)ds _ p(¢)

pt) = ’
—200 + 4350 [Amnpant — @on_1]e” 2™ T k(s)ds

) Tt I At RO T

a(t) =

B t 7. I
=200+ 4> 0 [4mnGy,t — ¢2n_1]e—(2ﬂn)2 J3 k(s)ds

First, let us estimate the difference p — p . Using (12), (13), and (28), we
obtain

< Cllellesio,) < CNs,

= 1
Z _(/)27167(2#”)2 Ji k(s)ds
n=1 n

00
Z[4wngo2nt — gpzn,l]e*@’m)g Jo k(s)ds <4nC(1+ T)Ns,
n=1

1 2t =1 2 (tE

Z ESOQHQ—(QM’L) Jo k(s)ds _ Z EGQne_(QTm) Jo k(s)ds <
n=1 n=1

< Myl — Dllesjo ) + Mallk — kllcpo.1),
0

S Urngant — paa_i]e” ™’ i k(s)ds_

n=1

<

0 —
o 2[47-(”@27175 - @271—1]6_(27”1)2 fg K(s)ds
n=1

< Mslle — Dllesjo 1) + Mallk — Ell o)

where My, k = 1,4 are some positive constants. By using these inequalities,
simple manipulations yield the estimate

Ms|lo — @ + Mg||k — k + M;|E ~FE
Ip(®) — p(1)] < s/l — Pllesio, 6l 4N2||C[0,T] 7]l HC[O,T]’ (20)
2
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where M}, k = 5,7 are some constants that are determined by Cp,Cy and
Ni, k=1,4.
It is known from (24) that, for a < ay,

1
- B _
k(1) = k()] < ————=—=Ip(t) = p(®)], (30)
Y(ap —a) 7
o Emax N .
with ag > Msllwllcs - > s N3 for some positive constant Mg. If « is suffi-
ciently small such that a < M ;- using (30) in (29), we obtain
(1= My)|lp = pllcro,r) < Mio (Il — @llesp, + I1E = Ellcpr) » (31)
%
for some positive constants Mjg and My := 1 N2 ﬁ
(Mst 70[)

The inequality Mg < 1 holds for sufficiently large . This means that

1
p continuously depends upon the data. Then, the equality k(t) = [p(t)%] K
implies the continuous dependence of k upon the data. Similarly, we can prove
that wu, which is given in (16), depends continuously upon the data. This
concludes the proof of the theorem. O

Brief abstract of this work has been published in the Materials of the work-
shop " Differential operators and modeling of complex systems” (April 7-8, 2017,
Almaty, Kazakhstan) [15].
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