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Abstract: In this paper, we prove the supercylicity for a tuple of operators in the strong

operator topology and in the norm of Hilbert-Schmidt operators. Also, the same result for

hypercyclicity of tuples is considered.
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1. Introduction

Let T = (T1, T2, ..., Tn) be an n-tuple of commuting operators acting on an
infinite dimensional Banach space X. We will let F = {T1

k1T2
k2 , ..., Tn

kn : ki ∈
Z+, i = 1, ..., n} be the semigroup generated by T . For x ∈ X, the orbit of x
under the tuple T is the set Orb(T , x) = {Sx : S ∈ F}. A vector x is called a
supercyclic (hypercyclic) vector for T if COrb(T , x) (Orb(T , x)) is dense in X

and in this case the tuple T is called supercyclic (hypercyclic). By T
(k)
d we will

refer to the set of all k copies of an element of F , i.e. T
(k)
d = {S1 ⊕ ... ⊕ Sk :

S1 = ... = Sk ∈ F}. We say that T
(k)
d is hypercyclic provided there exist

x1, ..., xk ∈ X such that {W (x1 ⊕ ...⊕ xk) : W ∈ T
(k)
d } is dense in the k copies
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of X, X ⊕ ...⊕X, and similarly we say that T
(k)
d is supercyclic provided there

exist x1, ..., xk ∈ X such that C{W (x1 ⊕ ...⊕ xk) : W ∈ T
(k)
d } is dense in the k

copies of X. We say that a tuple T = (T1, T2, ..., Tn) is topologically transitive
with respect to a tuple of nonnegative integer sequences

({kj(1)}j , {kj(2)}j , ..., {kj(n)}j),

if for every nonempty open subsets U, V of X there exists j0 ∈ N such that

T
kj0 (1)

1 T
kj0 (2)

2 ...T
kj0 (n)

n (U) ∩ V 6= Ø. Also, we say that an n-tuple T is topo-
logically transitive if it is topologically transitive with respect an n-tuple of
nonnegative integer sequences. If X is separable, topologically transitivity of
T implies the hypercyclicity of T . For several works see [1–3].

We begin with the following well known theorems that are the main tools
we use to show that a tuple of operators is supercyclic.

Theorem 1.1. Let X be a separable infinite dimensional Banach space and
T = (T1, T2, ..., Tn) be a tuple of operators T1, T2, ..., Tn. Then T is supercyclic,
if and only if for any two non-void open sets U and V , there exist mi ≥ 1 for
i = 1, ..., n and and λ ∈C\{0} such that λTm1

1 ...Tmn
n (U) ∩ V 6= Ø.

Theorem 1.2. (Supercyclicity Criterion for Tuples of Operators) Let
T = (T1, T2, ..., Tn) be an n-tuple of operators acting on an infinite dimen-
sional Banach space X. If there exist two dense subsets Y and Z in X, and
strictly increasing sequences {mji}j for i = 1, ..., n, and a sequence of mappings
Sj : Z → X such that:

1) T
mj1
1 T

mj2
2 ...T

mjn
n Sjz → z for every z ∈ Z,

2) ||T
mj1
1 T

mj2
2 ...T

mjn
n y|| ||Sjz|| → 0 for every y ∈ Y and every z ∈ Z,

then T is supercyclic.

2. Main Results

We will investigate the supercylicity for a tuple of operators by the three open
sets.

Recall that if {ei} is a basis for a separable Hilbert space H, A ∈ B(H)

and ||A||2 = [
∑∞

i=1 ||Aei||
2]

1
2 < ∞, then A is called a Hilbert-Schmidt operator.

The set of Hilbert-Schmidt operators on H is denoted by B2(H).
Note that B(H) and B2(H) respectively with strong operator topology and

|| ||2-topology are separable. For this suppose that {ei} is the basis for the
separable Hilbert space H, also suppose that S is a dense subset in H. Then
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S(H) will denote the set of all finite rank operators E such that there exists
N ∈ N satisfying E(en) = 0 for n ≥ N and E(en) ∈ S for n < N . Clearly,
S(H) is || ||2-dense in B2(H) and if S is countable, then S(H) is also countable.

For any operator T ∈ B(H), the left multiplication operator LT : B(H) →
B(H) is defined by LT (S) = TS for all S in B(H). If T = (T1, T2, ..., Tn)
is an n-tuple of operators acting on H, then by LT1,...,Tn

we mean the tuple
(LT1 , LT2 , ..., LTn

).

Lemma 2.1. Let T = (T1, T2, ..., Tn) be an n-tuple of operators in B(H).
Then T ∞

d acting on
⊕∞

n=1H is unitary equivalent to LT1,...,Tn
acting on B2(H).

Proof. Let {hi} be a sequence in H, such that
∞∑

i=1
||hi||

2 < ∞. Put h =

⊕∞
i=1 hi and define Uh by Uh(x) =

∞∑

i=1
< x, ei > hi for every x ∈ H. Now

consider the linear operator R :
⊕∞

n=1 H → B2(H) defined by R(h) = Uh.

Note that for every h =
⊕∞

n=1 hi in
⊕∞

n=1H we get ||Uh||
2
2 =

∞∑

i=1
||Uhei||

2 =

∞∑

i=1
||hi||

2 < ∞. This implies that R is an isometry. Now we show that R is also

surjective. For this suppose that A is an arbitrary Hilbert-Schmidt operator

and put hi = Aei for any i ≥ 1. Then
∞∑

i=1
||hi||

2 =
∞∑

i=1
||Aei||

2 = ||A||22 < ∞.

Thus h =
⊕∞

i=1 hi ∈
⊕∞

n=1H and R(h) = A. Now clearly we can see that

R−1Lk1
T1
Lk2
T2
...Lkn

Tn
R =

⊕∞
i=1 T1

k1T2
k2 ...Tn

kn and so the proof is complete.

Theorem 2.2. Let T = (T1, T2, ..., Tn) be an n-tuple of operators acting
on H. Then T satisfies the Supercyclicity Criterion if and only if LT1,...,Tn

is
SOT-supercyclic on B(H).

Proof. Note that LT1,...,Tn
is SOT-supercyclic on B(H) if and only if LT1,...,Tn

is supercyclic on B2(H) with || ||2-topology. Now Lemma 2.16 implies that
LT1,...,Tn

is supercyclic on B2(H) with || ||2-topology if and only if for all integer

k ≥ 1, T
(k)
d is supercyclic on

⊕k
i=1 H and this is true if and only if T satisfies

the Supercyclicity Criterion. This completes the proof.

Corollary 2.3. The tuple T = (T1, ..., Tn) satisfies the Supercyclicity
Criterion if and only if for any two nonempty SOT-open sets U and V in
B(H), there exists some positive integer k1, ..., kn ≥ 1 and λ ∈ C such that
λLk1

T1
Lk2
T2
...Lkn

Tn
U ∩ V 6= φ.

Corollary 2.4. If T = (T1, ..., Tn) satisfies the Supercyclicity Criterion,
then LT1,...,Tn

has a || ||2-dense Gδ set of supercyclic vectors.
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Proof. Since each supercyclic operator on a complete metric space has a
dense Gδ set of supercyclic vectors, and B2(H) is complete with || ||2-topology,
it is clear.

Theorem 2.5. Let T = (T1, T2, ..., Tn) be an n-tuple of operators acting
on H. Then the following are equivalent:

i) T is supercyclic and for each nonempty open subset U and each neighbor-
hood W of zero, λT1

m1T2
m2 ...Tn

mnU ∩W 6= φ and λT1
−m1T2

−m2 ...Tn
−mnU ∩

W 6= φ for some integers m1,m2, ...,mn ≥ 1 and λ ∈C\{0}.

ii) For each pair U, V of nonempty open subsets of H, and each neighbor-
hood W of zero, λT1

k1T2
k2 ...Tn

knU ∩W 6= φ and λT1
k1T2

k2 ...Tn
knW ∩ V 6= φ

for some integers ki ≥ 1, i = 1, ..., n, and λ ∈C\{0}.

Proof. (i) implies (ii): Let U, V andW be nonempty open sets inH with 0 ∈
W . Since T is supercyclic, by Theorem 1.1, we have U∩βT1

−m1T2
−m2 ...Tn

−mnV

6= φ for some positive integers m1,m2, ...,mn and β ∈C\{0}. Let G be a neigh-
borhood of zero that is contained inW∩βT1

−m1T2
−m2 ...Tn

−mnW . By condition
(ii), there exist some positive integer k1, k2, ..., kn and λ ∈C\{0} such that

T1
−k1T2

−k2 ...Tn
−knG ∩ λ(U ∩ βT1

−m1T2
−m2 ...Tn

−mnV ) 6= φ,

λG ∩ T1
−k1T2

−k2 ...Tn
−kn(U ∩ βT1

−m1T2
−m2 ...Tn

−mnV ) 6= φ.

But

T1
−k1T2

−k2 ...Tn
−knG ∩ λ(U ∩ βT1

−m1T2
−m2 ...Tn

−mnV )

is a subset of T1
−k1T2

−k2 ...Tn
−knW ∩λU , thus T1

−k1T2
−k2 ...Tn

−knW ∩λU 6= φ.
Also λG ∩ T1

−k1T2
−k2 ...Tn

−kn(U ∩ βT1
−m1T2

−m2 ...Tn
−mnV ) is a subset of

λβT1
−m1T2

−m2 ...Tn
−mnW ∩ βT1

−k1T2
−k2 ...Tn

−kn(T1
−m1T2

−m2 ...Tn
−mnV )

that is equal to βT1
−m1T2

−m2 ...Tn
−mn(λW ∩ T1

−k1T2
−k2 ...Tn

−knV ). This im-
plies that T1

−k1T2
−k2 ...Tn

−knV ∩λW 6= φ and so (ii) holds. On the otherhand,
clearly (ii) implies (i) and this completes the proof.

By the techniques used in the proof of Theorems 2.2 and 2.5, we can prove
the following theorem and so we omit the proof.

Theorem 2.6. Let T = (T1, T2, ..., Tn) be an n-tuple of operators acting
on H. Then T satisfies the Hypercyclicity Criterion if and only if LT1,...,Tn

is
SOT-hypercyclic on B(H) if and only LT1,...,Tn

is hypercyclic on B2(H) with
|| ||2-topology.
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