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Abstract: In this paper we analyse some concepts of fuzzy graphs and its definitions. We

discuss the concept of fuzzy digraphs, complement of fuzzy digraphs, eulerian fuzzy digraphs

and tournaments in fuzzy digraphs. The concepts involving degree sequence and isomorphism

in fuzzy digraphs are also discussed.
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1. Introduction

The concept of fuzzy graph evolved from the motive of uncertainty and vague-
ness. Set theory deals with the conditional statement of whether the element
is present in the set or not denoted by 0 and 1. Fuzzy set theory deals with the
concept of ambiguous situation based on the element’s presence in the closed
interval [0,1]. Lofti.A.Zadeh in [8] has found the importance of fuzziness in dif-
ferent environments and introduced the concept of fuzzy logic. He also analysed
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the concept of a linguistic variable in [9] and its application to approximate
reasoning-I. Later many research have been made to test the real time scenario
based on fuzzy logic and its use. Several applications have been into study and
useful for real life situations. Some of them are represented graphically using
fuzzy digraphs. Mordeson et al. in [4] proposed the concept of fuzzy graphs
and fuzzy hypergraphs. Nagoor gani et al. in his paper [6] analysed the con-
cept of isomorphic fuzzy graphs. Lavanya et al. in their work [3] analysed the
concept of fuzzy total coloring and its application to job scheduling. Eslahchi
et al. in [2] identified the vertex strength of fuzzy graphs. Mourad et al. in [5]
has contributed some of the ideas on isomorphic fuzzy graphs. Nirmala et al.
in [7] analysed the concept of domination in fuzzy digraphs. Douglas.B.West
in [1] has presented a text book on Introduction to Graph Theory with various
applications. In this paper we review the concept of fuzzy graphs and also we
present the brief idea of fuzzy digraphs and its classifications. Also we dis-
cuss some of the concepts involving complement, tournaments and isomorphic
properties of fuzzy digraph.

2. Main Definitions and Results

Definition 1. (Fuzzy graph) A fuzzy graph G = (V, σ, µ) where V is the
vertex set, σ is a fuzzy subset of V and µ is a membership value on σ such that
µ(u, v) ≤ σ(u) ∧ σ(v) for every u, v ∈ V .

Definition 2. (Strongly adjacent vertices) An edge is strongly adjacent if
1
2min(σ(x), σ(y)) ≤ µ(xy).

Definition 3. (Fuzzy digraphs) A fuzzy digraph GD = (σD,µD) is a pair
of function σD : V → [0,1] and µD:V×V → [0,1], where µD ≤ σD(u) ∧σD(v)
for u,v ∈ V and µD is a set of fuzzy directed edges called the fuzzy arcs.

Definition 4. (Indegree and Outdegree of a vertex in fuzzy digraphs) An
Indegree of a vertex u in a fuzzy digraph is the sum of the µD values of the
edges incident towards the vertex σD(u). The outdegree of a vertex in a fuzzy
digraph is the sum of the µD values of the edges incident from the vertex to
all the other vertices. We denote the indegree by d−(u) and the outdegree by
d+(u) where u is any vertex in V .

Definition 5. (Complete fuzzy digraph) A fuzzy digraph is complete if
for every pair of directed adjacent vertices µD(u, v) = σD(u) ∧ σD(v).

Definition 6. (Fuzzy regular digraph) A fuzzy digraph is said to be fuzzy
regular digraph if every node has the same indegree and outdegree as every
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other node.
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Definition 7. (k-fuzzy coloring of G = (X,σ, µ)) The properties which a
fuzzy coloring should satisfy are below:

(a) ∨Γ = σ;

(b) γi ∧ γj = 0;

(c) For every strong edge xy of G, min{γi(x), γi(y)} = 0(1 ≤ i ≤ k).

The minimum of all the indegree vertices of the fuzzy digraph is denoted
by δ−(G) and the maximum of all the outdegree vertices of the fuzzy digraph
is denoted by δ+(G).

Theorem 8. If GD is a fuzzy digraph with n≥3 vertices and δ+(G)≥0,
δ−(G)≥0,then G contains a cycle.

Proof. Let GD be a fuzzy digraph with n≥3 vertices with δ+(G)>0 and
δ−(G)>0. Suppose that GD does not contains a cycle. Let P be a maximal
path in GD. Let z be a last vertex of P . because P cannot be extended,
there is a predecessor for the vertex z. Let u be the predecessor of z. since G

does not contain a cycle the vertex u may not contain an indegree which is a
contradiction to the fact that δ+(G)>0 and δ−(G) >0. Hence we have, δ+(G)
>0 and δ−(G) >0 and this contradiction occurs on the assumption that GD

does not contain a cycle. Hence GD contains a cycle.

Definition 9. A fuzzy digraph is eulerian if and only if d+(v) = d−(v)for
each vertex v and the underlying graph has atmost one trivial component.
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Theorem 10. A fuzzy digraph is eulerian iff d+(v) = d−(v) and all the
vertices are strongly connected.

Proof. Let GD be a fuzzy digraph which is eulerian.Every edges can be
traversed only if the number of edges incident to all vertices have same indegree
and outdegree. Hence we have d+(v) = d−(v) for some vertex v in V . On the
other hand if d+(v) = d−(v) and all the vertices are strongly connected. i.e.,
1
2min(σD(u), σD(v))≤ µD(uv), then there exist a path from all the vertices to
each other. Also their indegree and outdegree are same. Therefore, GD is
eulerian.

Definition 11. (Oriented fuzzy digraph) An orientation of a fuzzy digraph
G is a fuzzy digraph GD obtained from G by choosing an orientation from x to
y or y to x for each edge xy ∈ E (GD). An oriented graph is an orientation of
a simple graph.

Definition 12. (Tournament of a fuzzy digraph) A tournament is an
orientation of a complete fuzzy graph.

Definition 13. In a fuzzy digraph a queen is a vertex from which every
vertex is reachable by a path of length atmost 2.

Theorem 14. Every tournament has a queen in a fuzzy digraph if all its
edges are strongly connected.

Proof. Let u be a vertex in a tournament T (say). If u is not a queen
then any other vertex v is not reachable from u by path of length atmost 2.
Also the edges in GD are not strongly connected. Hence no successor of u is a
predecessor of v. Because T is an orientation of fuzzy clique, every successor
of u must therefore be a successor of y. Also we have v → u. Because d+(v)
> d+(u). If we proceed with the vertex v which is not a queen, repeating the
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process to find another vertex z with larger outdegree. Because T is finite it is
not possible to obtain the vertices of successively higher outdegree. Because, if
we find a queen then the process is terminated. The below shows all the edges
are strong arc and hence can be traversed from any vertex having a path of
length atmost 2.
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The below graph shows a fuzzy digraph with an arc to be weak. Hence it is not
possible to traverse through the weak arc. In this digraph the arc xv is weak
and hence we cannot traverse from u to v through the vertex x.
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Definition 15. (Complement of a fuzzy digraph) The complement of a
fuzzy digraph is the fuzzy digraph GD with same membership values of vertices
in V and the edges E adhering to the condition min(σ(u), σ(v))- µ(uv) for all
the vertices u, v ∈ V .i.e.,µD(uv) = σD(u) ∧ σD(v) for some u, v in V .
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Theorem 16. In any complement of a complete fuzzy digraph the indegree
and outdegree of the vertices are always zero.

Proof. Let GD be a fuzzy digraph which is complete with n indegree and
outdegree(say). Then d+(u) = d−(v) = n. Let Gc

D be the complement of
the fuzzy digraph. Then by definition of complement, d+(u) = d−(v) = 0 in
complement of fuzzy digraph. Suppose if GD is not complete, then any pair
of vertices may not be adjacent to each other. i.e., µD(uv) < σD(u) ∧ σD(v).
Hence there exist an arc uv in Gc

D such that u and v are adjacent. This result
is a contradiction to the fact that GD is not complete. Hence GD should be
complete to have zero degree in its complement. Hence d+(u) = d−(v)= 0 in
any fuzzy complete digraph.

3. Isomorphic properties of fuzzy digraphs

Definition 17. (Homomorphism of fuzzy digraphs) A homomorphism
of fuzzy digraphs φ:G1D → G2D is a map φ:V1 → V2 satisfying the condition
σD(x)≤ σD(φ(x)) and µ1D(xy)≤ µ2D(φ(x),φ(y)) for all x,y in V.

Definition 18. (Isomorphism of fuzzy digraphs) Let G1D:(σ1D,µ1D) and
G2D:(σ2D,µ2D)be two fuzzy graphs with σ1D = V1 and σ2D = V2.

An isomorphishm between two fuzzy digraphs G1D and G2D is a bijective
map φ:V1 → V2 that satisfy σ1D = σ2D(φ(x)) for all x in V and µ1D(xy) =
µ2D(φ(x), φ(y)), for all x, y in V . We have G1D

∼= G2D.
An automorphism of GD is an isomorphism of GD with itself.
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Definition 19. (Degree sequence of fuzzy digraphs) The degree sequence
of fuzzy digraphs is the indegree and outdegree of all the vertices of the fuzzy
digraph arranged in ascending or descending order from 0 to 1 or 1 to 0.
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In the above fuzzy digraphsGD andHD we analyse the number of edges and
vertices to be 5 and 4 respectively. One can verify the indegree and outdegree of
each vertex of the fuzzy digraphs. Also the indegree sequence of the graph GD

is 0,0.2,0.9,0.9. Also the outdegree sequence of GD is 0,0.4,0.6,1. Similarly the
indegree sequence of the graph HD is 0,0.2,0.9,0.9 and the outdegree sequence
of the graph HD is 0,0.4,0.6,1 respectively. We know that a fuzzy digraph is
isomorphic if there is a one to one correspondence between the vertices and
edges having same indegree and outdegree. The functional mapping from GD

to HD are a = f(z), c = f(v), b = f(u), d = f(w) which forms an isomorphic
relation between GD and HD. One can find more isomorphic relations with
different mappings of the vertices of GD and HD.

4. Conclusion and Future Work

Thus we have discussed the concept on fuzzy graphs. Introduced the notion
of fuzzy digraphs with different examples. Discussed some of the properties on
complement of fuzzy digraphs, fuzzy eulerian digraphs, tournament on fuzzy
digraphs. Also we analysed the ideas on isomorphic properties of fuzzy digraphs
based on its degree sequence and bijective mapping. In future we can get an
extension on more of its properties in fuzzy digraphs and work on its real time
applications.
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