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Abstract: A particulate medium model is considered. The viscosity is assumed to depend on

concentration through the general empirical formula. The onset of convection in moderately

high concentrated colloidal suspensions layer is investigated and the threshold conditions for

the convection onset are obtained. A weakly nonlinear stability analysis is conducted and a

nonlinear evolution partial differential equation is derived. The Poincaré - Lindstedt method

is applied to obtain a uniformly valid periodic solution to the sought evolution equation. A

full asymptotic analysis is performed and our findings is compared with the results obtained

by different models. Some numerical simulations are presented.
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1. Introduction

Convection in colloidal suspensions is one of the most important processes in
many recent industries [1], [2]. Heat transfer in colloidal suspensions occurs
through both diffusion and convection. Convection in colloidal suspensions is
theoretically investigated using the same mathematical formalism as convection
in binary mixture. However, convection in colloidal suspensions is character-
ized by larger particle size, smaller Lewis number and larger separation ratio.
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Since the characteristics of Soret-driven have been understood, most of the re-
sults obtained through the use of thermosolutal convection equations for binary
mixture are extended to the case of colloidal suspensions [3]-[7]. Recent exper-
imental work has demonstrated that the addition of a small volume fraction of
particles may enhance the thermal conductivity of the fluid [8]-[10].

The addition of small particles transfer the convection in colloidal suspen-
sion into a very complicated multi-scale problem. These scales are thermal
diffusion scale, particle diffusion scale, thermophoresis scale and sedimentation
scale. The viscosity is assumed to depend on particle concentration through the
general empirical formula µ̄ = µ0 (1−C/CM )−2 where µ̄ is the dynamic viscos-
ity and CM is the maximum packing volume fraction for hard-sphere colloids.
The particulate medium model [11] is considered because both particle size
and particle volume fraction are depicted in the mathematical model. Hence it
is the best to model convection in thermosensitive colloids [3]. The situation
where the coefficient of thermal expansion is assumed zero has been considered
in [12] to investigate the onset of particle-dominated regime. The case where
both viscosity and the coefficient of particle diffusion depend linearly on con-
centration through Einstein’s formula is discussed in details in[13]. The linear
stability of the onset of convection in moderately high concentrated colloidal
suspension has been investigated in [14].

The parameter β = βT − βS is introduced by Chang et. al. which depicts
the effects of sedimentation and thermophoresis where βT is the Soret coeffi-
cient and βS is the sedimentation Péclet number. This parameter is a function
of the particle radius which has approximately inverted parabola shape with
two zero crossings. The first zero crossing corresponds to the particles of molec-
ular size which models binary mixtures. The second zero crossing corresponds
to particles of larger size although still in nanosize range which represents the
nearly balanced effects of sedimentation and thermophoresis [15]. We consid-
ered a layer of a moderately high concentrated colloidal suspension which is
confined between two parallel horizontal plates and heated from below. We in-
vestigated the linear stability and determined the threshold conditions for the
onset of convection using the particulate medium model in [14]. In this work
we extended the work done in [14] to weakly nonlinear stability analysis. Also
we extended the work done in [13] to beyond dilute limit case.

Investigation of liquid suspension is difficult even in the absence of heat-
ing. Several conservation equations and empirical formulas are combined in the
mathematical model to describe the liquid suspensions. In the dilute limit case
the particles hydrodynamic interactions are neglected [16]. Tokuyama and Op-
penheim [17] presented a systematic theory for the dynamics of concentrated
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hard-sphere suspensions of particles interactions with both direct and hydro-
dynamic interactions. They put forth the role of the short and long range
hydrodynamic interactions played in the dynamic of concentrated hard-sphere
suspensions. In [18], Tokuyama and Oppenheim investigated the effects of the
hydrodynamic and direct interactions of the particles in the dynamics of hard-
sphere suspensions. Due to the hydrodynamic interactions, they showed that
there are two many-body effects, the static (Screening) effect and the dynamic
(Correction) effect. Others have included the thermal diffusion effects. For in-
stance, Dhont ([19], [20]) used a microscopic approach to study the theory of the
inter colloidal interactions in the presence of thermal diffusion. Ning et.al.[21]
conducted experiments to verify the theory of colloidal suspension interactions
at low concentration. In the majority of theoretical studies that consider ther-
mal diffusion in dilute systems, the interactions between the colloid particles are
neglected. In this paper we consider the case of low concentrated hard-sphere
suspension. We aim at extending results that we have obtained in the dilute
concentration limit, Φm ≈ 2−3% to concentration levels up to about Φm ≈ 10%
while maintaining the assumptions of negligible particle-particle interactions.
This assumption is actually supported by experimental work in Refs. [16], [21].

This paper is organized as follows. In Section 2, a mathematical model of
mass dominated convection regime in nanofluid is introduced. In Section 3, we
make use of the long-wavelength asymptotic to derive an evolution equation
for the leading-order value of the particle concentration valid near the insta-
bility threshold. A full analysis of the evolution equation is undertaken for
the sake of determining a valid uniformly period solution in Section 4. The
findings obtained through the solution of the particulate medium formulation
are compared with those obtained using the mathematical formalism of binary
convection and some numerical simulations are presented in Section 5.

2. Mathematical Model

We consider a moderately high concentrated colloidal suspension layer that is
confined between two rigid, perfectly conducting and impermeable to mass-flow
plates. The plates located at Z = 0 and Z = H, where Z is the vertical coor-
dinate. The bottom plate maintained at temperature T0 and the top plate at
T1. The viscosity is assumed to depend on the particles concentration through
the general empirical formula µ̄ = µ0 (1− C/CM )−2, where µ̄ is the dynamic
viscosity and CM = 0.64 is the maximum packing volume fraction for hard-
sphere colloids. The Boussinesq approximation is applied i.e. the density is
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constant everywhere in the governing equations except in the gravity term in
the momentum equation it depends on both temperature and concentration
[22], namely

ρ = ρ0 (1 + γS C + γT (T − T0)) (1)

where ρ is the fluid density, ρ0 is the density of the fluid at the reference tem-
perature T0 , γS and γT are the coefficients of thermal and solutal expansion,
respectively. The non-dimensionalization process for the equations is as in [13].
The length is scaled by the the distance between the two plates H, the time
by the characteristic time for thermal diffusion, H2/κ, the temperature by the
temperature difference between the two plates, ∆T and the particle concen-
tration by its maximum packing volume fraction value CM . The concentration
basic state profile is given by CB(z) = λ exp(β z) and the temperature basic
profile is given by TB(z) = −z and where λ = Φm β/(e

β − 1). The viscosity
will depend on CB(z) and is expressed in the general form as µ̄ = C2

M F (CB(z))
where F (CB(z)) = (1−CB)

−2.
Upon subtracting the basic state profiles, we obtain the non-dimensional

system describing the conservation equations of mass, momentum, energy and
particles concentration for the convective quantities,

∇ · u = 0 (2)

Pr−1

(
∂ u

∂ t
+ (u · ∇)u

)
= −∇ p+∇ · (F∇u) + (RT −B C)k (3)

∂ T

∂ t
+
dTB
d z

u · k+ u · ∇T = ∇2 T (4)

τ−1

(
∂ C

∂ t
+
dCB

d z
u · k+ u · ∇C

)
= ∇2C − β

dC

d z

+βT

[
(C + CB)∇2 T +

dCB

d z

dT

d z
+∇C · ∇T

]
(5)

Where β is the dimensionless particles speed, Pr = ν/κ the Prandtl number,
τ = D/κ the Lewis number, S = γC CM/(γT ∆T ) is the separation ratio where
∆T is the temperature difference between the two plates, and the two control
parameters, namely

R =
γT ∆T gH3 C2

M

ν κ
, B = RS

are the Rayleigh number and the Buoyancy number, respectively. Where D
is the thermal diffusion coefficient, g is the gravity, ν is the kinetic viscosity,
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κ is the thermal diffusivity. The corresponding boundary conditions, which
pertain to rigid, perfectly conducting and impermeable to mass-flow plates are
described by

u = 0,
∂ C

∂ z
− βS C + βT

∂ T

∂ z
C = 0 z = 0, 1.

T = 0, at z=0 T = −1, at z=1 (6)

3. Weakly Nonlinear Stability Analysis

Following the general procedure used by [23, 24] the equations (2) - (5) can
be simplified by eliminating the continuity equation and using the general rep-
resentation for the velocity vector field u = ∇ × (∇ × ψ k), where ψ is the
poloidal component of the velocity vector field.

F∇4 ψ + 2 (DF )∇2(Dψ) + (D2 F )D2 ψ = −BC +Rθ (7)

θt +∇2
H ψ + (Dψ)x θx + (Dψ)y θy −∇2

H ψD θ = ∇2 θ (8)

τ−1
(
Ct + λβ eβ z ∇2

H ψ + (Dψ)x Cx + (Dψ)y Cy −∇2
H ψDC

)

= ∇2 C − β DC + βT

[
(C + λ eβ z)∇2 θ + β λ eβ zD θ +∇C · ∇ θ

]
(9)

subject to the boundary conditions ψ(0) = ψ(1) = 0, Dψ(0) = Dψ(1) = 0,
θ(0) = θ(1) = 0 and DC − β C + βT Dθ = 0 at z = 0, 1. Here u =< u, v,w >
=< ψxz, ψyz ,−∇2

Hψ > is the stream function representation of the velocity
vector u and ∇2

Hψ = ψxx + ψyy. Upon using the transformation C = β eβ z φ,
equations (7) - (9) reduced to

e−β z
(
1− λ eβ z

)
−2

∇4ψ + 4λβ
(
1− λ eβ z

)
−3

∇2(Dψ)

+β2
[
6λ2 eβ z

(
1− λ eβ z

)
−4

+ 2λ
(
1− λ eβ z

)
−3
]
D2ψ = −B̃ φ+R e−β z θ

(10)
θt +∇2

H ψ + (Dψ)x θx + (Dψ)y θy −∇2
H ψD θ = ∇2 θ (11)

τ−1
(
φt − (λ+Dφ+ β φ)∇2

Hψ + φxDψx + φyDψy

)

= D2φ+ β φ+∇2
Hφ+ βT

[
(φ+ λ/β)∇2θ + (λ+Dφ+ βφ)Dθ +∇2

Hφ · ∇2
Hθ
]

(12)



840 M. DarAssi

where B̃ = β B. To derive a nonlinear evolution equation, we apply the long
wavelength expansion analysis on the equations (10) - (12). We introduce
the parameter ǫ, 0 < ǫ ≪ 1, and the slow variables X = ǫx, Y = ǫ y, η =
ǫ4 t. We expand the Rayleigh and buoyancy numbers as R = Rc + ǫ2R2 and
B̃ = B̃c + ǫ2 B̃2. Also the independent variables are expanded as follows:ψ =
ψ0 + ǫ2 ψ2 + . . . , θ = θ0 + ǫ2 θ2 + ǫ4 θ4 + . . . and φ = φ0 + ǫ2φ2 + ǫ4 φ4 + . . . .
Since a small values of β are considered, we scale βT = ǫ2β̂T and β = ǫ2 β̂,
where R2, B̃2, β̂T and β̂ are O(1) quantities. For simplicity we consider the
one-dimensional problem. The O(1) problem is described by

(1 + 2Φm)D4ψ0 = −B̃c φ0 +Rc θ0 (13)

D2 θ0 = 0 (14)

D2φ0 + (Φm βT /β)D
2 θ0 = 0 (15)

Whose solution is given by

ψ0 =
−B̃c h

24 (1 + 2Φm)

(
Z4 − 2Z3 + Z2

)
(16)

θ0 = 0 and φ0 = h(X, η) (17)

Proceeding to the next order, the O(ǫ2) the problem is described by

(1 + 2Φm)D4ψ2 − β̂ (Z +Φm)D4ψ0 + 2 (1 + 2Φm)D2 (ψ0)XX

+4Φm (1 + 3Φm)D3ψ0 = −B̃c φ2 − B̃2 φ0 +Rc θ2 +R2 θ0 (18)

D2 θ2 = (ψ0)XX (19)

τ−1 [(φ0)X (Dψ0)X − Φm (ψ0)XX ] = D2 φ2 + (φ0)XX + (Φm βT /β)D
2 θ2 (20)

Application of the solvability condition, which is to integrate both sides of
equation (20) from Z = 0 to Z = 1, yields the following expression for B̃c

B̃c =
720 τ (1 + 2Φm)

Φm
(21)

Upon using the scaling B̃c = β Bc and the fact that Bc = Rc S, the critical
Rayleigh number is given by

Rc =
720 τ

S (1 + 2Φm) (22)
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where S = β Φm S. Which is consistent with the critical Rayleigh number value
obtained in the linear theory in[14]. The solution of the O(ǫ2) problem is given
by

ψ2 =
B̃c β̂ h

120 (1 + 2Φm)2
(1 + 4φm) Z5 +

B̃c hXX

720 (1 + 2Φm)
(3Z6 − 6Z5 − 10Z4)

+
B̃2

c (hX)2

725760 τ (1 + 2Φm)2
(
2Z9 − 9Z8 + 12Z7 − 21Z4

)

+
ΦmB̃

2
c (β̂T /β̂ + τ−1)hXX

7257600 (1 + 2Φm)

(
2Z10 − 10Z9 + 15Z8 − 60Z4

)

− Rc B̃c hXX

7257600 (1 + 2Φm)2
(
2Z10 − 10Z9 + 15Z8 − 42Z5

)

− µ̂2 h

24 (1 + 2Φm)
Z4 + L1 Z

3 + L2 Z
2 (23)

where the constants L1 and L2 are given by

L1 =
−3 β̂ B̃c (1 + 4Φm)h

40 (1 + 2Φm)2
+

22 τ−1B̃2
c

725760 (1 + 2Φm)2
(hX)2 +

26 B̃c

720 (1 + 2Φm)
hXX

−84ΦmB̃
2
c (β̂T /β̂ + τ−1)

7257600 (1 + 2Φm)2
hXX − 90 Rc B̃c

7257600 (1 + 2Φm)2
hXX +

µ̂2 h

12 (1 + 2Φm)

L2 =
2 β̂ B̃c (1 + 4Φm)h

40 (1 + 2Φm)2
− 6 τ−1B̃2

c

725760 (1 + 2Φm)2
(hX)2 − 13 B̃c

720 (1 + 2Φm)
hXX

+
31ΦmB̃

2
c (β̂T /β̂ + τ−1)

7257600 (1 + 2Φm)2
hXX +

55 Rc B̃c

7257600 (1 + 2Φm)2
hXX − µ̂2 h

24 (1 + 2Φm)

θ2 =
−B̃c hXX

1440 (1 + 2Φm)

(
2Z6 − 6Z5 + 5Z4 − Z

)
(24)

φ2 = − τ−1 B̃c (hX)2

1440 (1 + 2Φm)

(
12Z5 − 30Z4 + 20Z3 − 1

)

+
ΦmB̃

2
c (β̂T /β̂ + τ−1)hXX

10080 (1 + 2Φm)

(
14Z6 − 42Z5 + 35Z4 − 2

)
− B̃c hXX

2
(Z2 − 1)

(25)
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Proceeding to the order O(ǫ4), we have

D2 φ4 + (Φm β̂T /β̂)D
2 θ4 =

τ−1
[
(φ0)t − Φm(ψ2)XX + (Φm β̂/2−Dφ2 − β̂ φ0)(ψ0)XX

+(φ0)X(Dψ2)X + (φ2)X(Dψ0)X ]

− β̂ D φ2 − (φ2)XX − β̂T
(
D2 θ2 φ0 +ΦmD θ2 − (Φm/2)D

2 θ2
)

− (Φm β̂T /β̂) (θ2)XX . (26)

Application of the solvability condition, that is integrate both sides of equa-
tion (26) for φ4 over the liquid layer thickness, yields the sought evolution
equation

hη = −AhXXXX − µ̂2 B hXX + C
(
h3X
)
X
+ E

(
h2X
)
XX

+ F
(
h2
)
XX

(27)

where

A =
τ

924

(
34 − 131 τ

[
β̂T /β̂ + (1/S)

])

B =
Φm

720 (1 + 2Φm)
, C =

10 τ

(7Φ2
m)

E = − τ

2Φm
+

(β̂T /β̂)τ
2

4Φm
,

and

F = −τ β̂/2Φm

4. Uniformly Valid Periodic Solution

Following the general procedure of using the Biot number [29]. The term −γ̂ h
is added to equation (27), to get

hη = −AhXXXX − µ̂2 B hXX − γ̂ h+ C
(
h3X
)
X
+ E

(
h2X
)
XX

+F
(
h2
)
XX

(28)

where

A =
τ

924

(
34 − 131 τ

[
β̂T /β̂ + (1/S)

])

B =
Φm

720 (1 + 2Φm)
, C =

10 τ

(7Φ2
m)

E = − τ

2Φm
+

(β̂T /β̂)τ
2

4Φm
,
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and

F = −τ β̂/2Φm.

Upon using the following transformations

h = a f, ξ = bX, η = e t̂, γ = a γ̂

and µ2 = µ̂2 a b2 B/2. Where

a =

√
A
C , b =

(
1

A

√
C
A

)1/4

, e = 1/a.

we obtain

ft̂ = −fξξξξ − 2µ2 fξξ − γ f +
(
f3ξ
)
ξ
+ α1

(
f2ξ
)
ξξ

+ α2

(
f2
)
ξξ

(29)

where

α1 =
E√
AC

, and α2 = F 4

√
A
C3

To study the stability of the static solution of the equation (29), we will consider
the linear part

ft̂ = −fξξξξ − 2µ2 fξξ − γ f (30)

Using the normal modes f(ξ, t̂) = eσ t̂+i k ξ, we obtain the following dispersion
relation

σ = −
(
k2 − µ2

)2
+ µ4 − γ (31)

The static state solution is unstable when γ < µ4. The weakly nonlinear sta-
bility of the evolution equation can be investigated by introducing the small
parameter, ǫ ≪ 1, and conducting the perturbation analysis near the linear
solution . We expand

γ = µ4 − ǫ γ1 − ǫ2 γ2, t̂ = ǫ2 t

f = ǫ f1 + ǫ2 f2 + ǫ3 f3 + · · ·

The order O(ǫ) of equation (29) is described by

(f1)ξξξξ + 2µ2 (f1)ξξ + µ4 f1 = 0 (32)

The periodic solution is given by f1 = cos(µ ξ). Because of the secular terms,
we will apply the Poincaré - Lindstedt method to obtain a uniformly valid
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periodic solution. Substitute ν = w ξ and expand w = 1+ ǫw1 + ǫ2w2 + · · · in
equation (29) to obtain

w4 fνννν + 2µ2 w2 fνν + γ f = w4
(
f3ν
)
ν
+ w4 α1

(
f2ν
)
νν

+w2 α2

(
f2
)
νν

(33)

The order O(ǫ) problem is described by

L (f1) = 0 (34)

Where the above operator is defined by

L (f) = fνννν + 2µ2 fνν + µ4 f (35)

The solution of equation (34) is f1 = cos(µν). Proceeding to order O(ǫ2) the
problem is described by

L (f2) = γ1 cos(µν) +
(
2α1 µ

4 − α2 µ
2
)
cos(2µν) (36)

To remove the secular terms we set γ1 = 0 which means that there is no
subcritical instability. The solution of the resulting equation is given by f2 =
Γ cos(2µν), where

Γ =
2

9

(
α1 −

α2

µ2

)

Proceeding to the next order O(ǫ3) the problem described by

L (f3) =
[
γ2 − 8µ4 w2

1 − (3/2) Γµ2α2 + 3Γµ4α1 − (1/4)µ4
]
cos(µν)

−w1

[
2α2 µ

2 + 48Γµ4 − 4α1 µ
4
]
cos(2µν)

+
[
(1/4)µ4 − (9/2) Γα2 µ

2 + 9Γα1 µ
4
]
cos(3µν) (37)

To remove the secular term, we set γ2 − 8µ4 w2
1 − (3/2) Γµ2α2 + 3Γµ4α1 −

(1/4)µ4 = 0 and hence solve for w1 we get

w1 =

√
γ2
8µ4

− 1

32
− 3Γα2

16µ2
+

3Γα1

8

The solution of equation (37) is given by

f3 = Q1 cos(2µν) +Q2 cos(3µν) (38)

where

Q1 = −(4/9)w1

[
α2

µ2
− 2α1 + 12Γ

]
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and

Q2 =
1

256
− 9Γα2

128µ2
+

9Γα1

64

Thus, the steady state solution of equation (29) is given by

f = ǫ cos(µ (1 + ǫw1)ξ) + ǫ2 Γ cos(2µ (1 + ǫw1)ξ)

+ǫ3 [Q1 cos(2µ(1 + ǫw1) ξ) +Q2 cos(3µ (1 + ǫw1) ξ)] (39)

The following graph depicted the uniformly valid periodic solution of the evo-
lution equation (28) which is given by equation (39) with the parameters
γ2 = 1, ǫ = 0.1, τ = 0.0001,S = 1,Φm = 0.01, βT = 0.8, β = 0.5 and µ = 0.7.

−10 −5 0 5 10

−0.1

−0.05

0

0.05

ξ

f(
ξ)

Figure 1: Plot of the periodic solution f(ξ) with γ2 = 1, ǫ = 0.1, τ =
0.0001,S = 1,Φm = 0.01, βT = 0.8, β = 0.5 and µ = 0.7

5. Discussion and Conclusion

Two horizontal rigid, completely conducting and impermeable to mass flow
have been considered. The top and bottom plates maintained at temperature
of T1 and T0, respectively. A moderately high concentrated colloidal suspension
layer is confined between the two plates and heated from below. A particulate
medium model has been adopted [13, 22]. The particle diffusion, sedimenta-
tion and thermophoresis effects are depicted by the experimental parameter β
which is a function of the particle radius, rp, with an approximately inverted
parabola shape [15]. We have investigated the threshold conditions for the onset
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of the particle dominated convection regime in moderately high concentrated
colloidal suspensions. our analysis is focused on the particle dominated convec-
tion regime, i.e. 0 < β ≪ 1, which corresponds to positively large separation
ratio case in the binary mixture model. The quasi-Boussinesq approximation
has been applied. A strongly dependence of viscosity on particles’ concentration
has been assumed. This dependence is through the general empirical formula
µ = µ0 (1− C/CM )−2.

Hadji and DarAssi in [13] conduct the long wave-length asymptotic analysis
to derive the following analytical expression for the critical Rayleigh number,
R̂c, namely

R̂c =
720 τ (1 +mΦm) (1− aΦm)

S
[
1 + aΦm (2− γ) + (1 + aΦm γ/2) (β̂T /β̂) τ

] (40)

by assuming the linear dependence of both the dynamic viscosity, µ, and the
mass diffusion coefficient, D, on the particles concentration as follows

µ = µ0 (1 +mΦm CB) , D = D0 (1− aΦmCB)

where γ = (2βT + βS)/β, m = 2.5, is the concentration coefficient in Einstein’s
equation, a = 6.55 and CB is the concentration of the base state. For the sake
of comparison, we will let a = 0 (constant coefficient of mass diffusion D) in
equation (40) to obtain,

R̂c =
720 τ

S

(
1 +mΦm

1 + (β̂T /β̂) τ

)

where β̂T and β̂ are assumed to be O(1) quantities and represent the ther-
mophoretic and Stokes contribution to β̂, respectively and τ ≪ 1. Hence

R̂c =
720 τ

S (1 +mΦm) +O(τ2) (41)

Alternatively, recall equation (22)

Rc =
720 τ

S (1 + 2Φm)

Thus, the two expression equation (41) and equation (22) yield approximately
the same expression for the critical Rayleigh number. It is noteworthy that
equation (41) is derived for a dilute suspensions. However, equation (22) is
derived for a moderately high concentrated suspensions.
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A long wave-length asymptotic expansion is carried out to derive the non-
linear evolution equation (27) which is analogous to the one derived in [26] using
the binary mixture formalism. The evolution equation (27) is of a parabolic
type, which is well posed if and only if the coefficient of the forth order deriva-
tive term is negative [25]. To obtain the validity region for which the asymptotic
analysis is valid, we solve the inequality A > 0 for S to get

S >
131 τ

34− 131 τ β̂T /β̂
(42)

If the sedimentation effects are neglected, i.e. β̂T = β̂, the well-known lower
bound for the separation ratio S∞ for long wave-length asymptotic expansion
in a binary mixture model to be valid is retrieved [26], namely

S∞ >
131 τ

34− 131 τ
(43)

The validity regions where the asymptotic analysis used to derive the evolution
equation (27), are depicted in figure (2), where the lower bound S∞ is plotted
versus β̂ for β̂T = 0.1, 0.5 and 0.9.
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Figure 2: Plot of the lower bound S∞ as a function of β̂ for β̂T = 0.1
(dots) line, β̂T = 0.5 (solid) line and β̂T = 0.9 (dashed) line.

In order to investigate the stability of the solution of the evolution equa-
tion (27), we first consider its linear part

fη = −AhXXXX − B hXX (44)
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To derive the dispersion relation, we set h = exp (σ η + i k X), where σ is the
growth rate and k is the wave-number. The following is the desired dispersion
relation,

σ = −A
(
k2 − B

2A

)2

+
B2

4A (45)

The plot of the growth rate σ versus the square of the wave-number k2 for
different values of the mean volume fraction Φm is depicted in figure (3). A
destabilizing effect is depicted with an increase of the values of Φm.
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Figure 3: Plot of the growth rate σ as a function of k2 for Φm = 1%
(dots) line, Φm = 5% (solid) line and Φm = 9% (dashed) line.

We applied the Poincaré - Lindstedt method on the evolution equation (28)
and obtained a uniformly valid periodic solution given by equation (39) and
depicted in figure (1).
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[3] F. Winkel, S. Messlinger, W. Schöpf, I. Rehberg, M. Siebenbürger, and M. Ballauff,
Thermal convection in a thermosensitive colloidal suspension, New Journal of Physics,
12, 053003 (2010), DOI:10.1088/1367-2630/16/7/079501.



CONVECTION IN MODERATELY HIGH... 849

[4] A. Ryskin and H. Pleiner, Thermal convection in colloidal suspensions with negative
separation ratio, Phys. Rev. E.71, 056304 (2005), DOI: 10.1103/PhysRevE.71.056303.

[5] B.L. Smorodin, I.N. Cherepanov, B.I. Myznikova and M.I. Shliomis, Traveling-wave
convection in colloids stratified by gravity,Phys. Rev. E, 84, 026305 (2011), DOI:
10.1103/PhysRevE.84.026305.

[6] M.I. Shliomis and B.L. Smorodin, Onset of convection in colloids stratified by gravity,
Phys. Rev. E. 71, 036312 (2005), DOI: 10.1103/PhysRevE.71.036312.
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