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Abstract: The paper deals with two forms of soft regular separation axioms in soft topo-

logical spaces. Namely a characterization of two types of soft regular soft topological spaces

via topology on Cartesian product is given. With regard to the proven results both regular

soft topological spaces are quite trivial.
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1. Introduction

We recall the basic concept related to soft sets, soft topological spaces and soft
separation axioms. For details see references.

Let X,A be nonempty sets. A pair (F,A) is called a soft set over X with
respect to a set of parameters A, where F : A → 2X is a set valued mapping
from A to the power set 2X of X. The soft union (soft intersection) of two
soft sets (F,A), (G,A), denoted by (F,A)∪̃(G,A) ((F,A)∩̃(G,A)), is defined
as a soft set (H,A), where H(e) = F (e) ∪ G(e) (H(e) = F (e) ∩ G(e)) for all
e ∈ A. (The soft union and intersection of a collection of soft sets is defined
similarly). A soft set (F,A) is a soft subset of (G,A), denoted by (F,A)⊂̃(G,A),
if F (e) ⊂ G(e) for all e ∈ A. A soft set (F,A) is said to be a null (an absolute)
soft set, denoted by ΦA (XA), if F (e) = ∅ (F (e) = X) for any e ∈ A. If a
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collection τ of soft sets over X with respect to a set of parameters A contains
the null soft set, the absolute soft set and τ is closed under arbitrary union and
finite intersection of soft sets, then τ is called a soft topology and (X, τ,A) is
called a soft topological space. A soft point, denoted by eF , is a soft set (F,A)
for which F (e) 6= ∅ and F (e1) = ∅ for e1 6= e and eF ∈̃(G,A) (x ∈ (G,A)) means
F (e) ⊂ G(e) (x ∈ G(e) for all e ∈ A).

2. Characterization of Soft Regularity

A graph of a set valued mapping F : A → 2X is the set Gr(F ) := {[e, x] ∈
A × X : x ∈ F (e)} and it is a subset of A × X. Denote Dom(F ) := {e ∈
A : F (e) 6= ∅} and Ran(F ) = ∪e∈AF (e). Since a set valued mapping can
be understood as a subset of the Cartesian product A ×X, a soft set over X

with respect to a set of parameters A can be introduced as a subset of A×X.
Consequently, the basic soft operations (the soft union, the soft intersection,
the soft complement) can be defined by the corresponding set operations on the
graphs of set valued mappings. For example, two soft sets (F,A) and (G,A)
are soft disjoint if and only if Gr(F ) ∩ Gr(G) = ∅, (F,A) is a soft subset of
(G,A) if and only if Gr(F ) ⊂ Gr(G). The absolute soft set (the null soft set)
corresponds to the set A×X (∅ ⊂ A×X).

As it has already been pointed out in [6], [7] a soft topological space is noting
else as a topology on A × X. More precisely, if (X, τ,A) is a soft topological
space, then (A × X, τA×X) is a topological space, where τA×X = {Gr(F ) :
(F,A) ∈ τ}. It is clear that for any e ∈ A, (X, te) is a topological space, where
te = {F (e) : (F,A) ∈ τ}. On the other hand, if (A × X,σ) is a topological
space, then (X, τ,A) is a soft topological space, where τ = {(FS , A) : S ∈ σ}
and FS : A → 2X , FS(e) = {x ∈ X : [e, x] ∈ S} for all e ∈ A.

Definition 2.1. A soft topological space (X, τ,A) is said to be soft
regularH [5] (soft regularS [9]) if for any soft closed set (G,A) and any eF ˜6∈(G,A)
(x 6∈ (G,A)), there exist soft open sets (F1, A), (F2, A) such that eF ∈̃(F1, A)
(x ∈ (F1, A)), (G,A)⊂̃ (F2, A) and (F1, A)∩̃(F2, A) = ΦA.

Theorem 2.1. Let (X, τ,A) be a soft topological space. Then it is soft
regularH if and only if for any soft closed set (G,A), Gr(G) = Dom(G) × X

and a topological space (A, στ ) is regular, where στ = {Dom(H) : (H,A) ∈ τ}.

Proof. ” ⇒ ” Suppose (X, τ,A) is soft regularH and (G,A) is soft closed
not equal to ΦA (the equation Gr(ΦA) = Dom(ΦA) × X is clear). We prove
G(e) = X for any e ∈ Dom(G). Let x ∈ X \ G(e0) for some e0 ∈ Dom(G).
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Then there exists y 6= x such that y ∈ G(e0). Define a set valued mapping F as
F (e0) = {x, y} and F (e) = ∅ for e 6= e0. It is clear e0

F
˜6∈(G,A). Since (X, τ,A) is

soft regularH , there exist soft open sets (F1, A), (F2, A) such that e0
F
∈̃(F1, A),

(G,A)⊂̃(F2, A) and (F1, A)∩̃(F2, A) = ΦA, which is a contradiction with y ∈
F1(e

0)∩F2(e
0). So, if (G,A) is soft closed (open), then Gr(G) = Dom(G)×X.

That means στ is a topology on A.

We prove (A, στ ) is regular. Let A0 be closed and e 6∈ A0. Then there
is a soft closed set (G,A), such that A0 = Dom(G). Define a set valued
mapping F as F (e) = X and F (e′) = ∅ for e′ 6= e. Since eF ˜6∈(G,A), there
exist soft open sets (F1, A), (F2, A) such that eF ∈̃(F1, A), (G,A)⊂̃(F2, A) and
(F1, A)∩̃(F2, A) = ΦA. Since Gr(Fi) = Dom(Fi) ×X for i = 1, 2, Dom(F1) ∩
Dom(F2) = ∅, Dom(F1), Dom(F2) are open in στ , e ∈ Dom(F1) and A0 ⊂
Dom(F2). So (A, στ ) is regular.

” ⇐ ” Let (G,A) be a soft closed set and eF ˜6∈(G,A). Since e 6∈ Dom(G)
(otherwise F (e) ⊂ G(e) = X) and Dom(G) is closed, there are disjoint open
sets G1, G2 ∈ στ such that e ∈ G1 andDom(G) ⊂ G2. Define (F1, A), (F2, A) as
F1(e) = X for e ∈ G1, F1(e) = ∅ otherwise and F2(e) = X for e ∈ G2, F2(e) = ∅
otherwise. It is clear eF ∈̃(F1, A), (G,A)⊂̃(F2, A) and (F1, A)∩̃(F2, A) = ΦA.
So (X, τ,A) is soft regularH .

Theorem 2.2. Let (X, τ,A) be a soft topological space. Then it is soft
regularS if and only if for any soft closed set (G,A), Gr(G) = A×Ran(G) and
a topological space (X, ντ ) is regular, where ντ = {Ran(H) : (H,A) ∈ τ}.

Proof. ” ⇒ ” Suppose (X, τ,A) is soft regularS and (G,A) is soft closed.
If x ∈ G(e0) for some e0 ∈ A, then x ∈ (G,A). Suppose x 6∈ (G,A). Since
(X, τ,A) is soft regularS , there exist soft open sets (F1, A), (F2, A) such that
x ∈ (F1, A), (G,A)⊂̃(F2, A) and (F1, A)∩̃(F2, A) = ΦA, a contradiction with
x ∈ F1(e0)∩F2(e0). That means Gr(G) = A×Ran(G). Consequently, if (F,A)
is soft open, then Gr(F ) = A×Ran(F ) and ντ is a topology on A.

” ⇐ ” Let (G,A) be a soft closed set and x 6∈ (G,A). Since Gr(G) =
A×Ran(G), Ran(G) is closed and x 6∈ Ran(G). Then there are disjoint open
sets G1, G2 ∈ ντ such that x ∈ G1 and Ran(G) ⊂ G2. Define (F1, A), (F2, A) as
F1(e) = G1 for any e ∈ A and F2(e) = G2 for any e ∈ A. It is clear x ∈ (F1, A),
(G,A)⊂̃(F2, A) and (F1, A)∩̃(F2, A) = ΦA. So (X, τ,A) is soft regularS .

The next theorem follows from the previous ones.

Theorem 2.3. Soft topological space (X, τ,A) is soft regularH (soft
regularS) if and only if the corresponding topological space (A × X, τA×X) is
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homeomorphic to the Cartesian product of a regular (an indiscrete) topological
space A and an indiscrete (a regular) topological space X.

Definition 2.2. A soft topological space (X, τ,A) is soft-TH
1 [5] if for

each soft points eF and eG such that F (e)∩G(e) = ∅ there exist soft open sets
(F1, A), (F2, A) such that eF ∈̃(F1, A), eG˜6∈(F1, A) and eG∈̃(F2, A), eF ˜6∈(F2, A).

It is clear that (X, τ,A) is soft-TH
1 if and only if (X, te) is a T1-space for

any e ∈ A.
In [5] a soft-TH

3 separation axiom was introduced. Namely, a soft topological
space is soft-TH

3 if it is soft-TH
1 and soft regularH . By Theorem 2.1, we have

the next theorem.

Theorem 2.4. Let (X, τ,A) be soft topological space. Then it is soft-TH
3

if and only if X is a singleton.

From the proven results we can see that non-systemic approaches are still
emerging in the soft separation axiom setting.
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