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Abstract: The order classes of finite groups can give certain and valuable properties of

these groups. Unfortunately, not many research have illustrated these classes, it depends on

many factors, such as the group description and the exponent of the group. In addition to the

order of the group itself. Although, some of the previous research determined the order classes

for certain groups, but the group structure has been used to show these classes. Conversely,

in this paper we will configure the groups description using their order classes. This will

introduce a new notion in finite groups called POC-group “Primes Order Classes group”.
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1. Introduction

A partition of a finite set introduces the set in such useful way to realize the
structure of this set. Some useful partition of finite groups is the order classes.
These classes can perform the classification of some finite groups, see [4]. The
order classes of some groups are found, such as dihedral groups [1], symmetric
groups [2] and non-abelian 2-generators p−groups of nilpotency class 2 [3].
These researches and other can help to identify the elements classification of a
finite group using the group structure. Conversely, this research interest to give
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the structure description of a group using the classification of its order classes.
That is by introducing some cases of order classes, then give the description of
these groups. This research will establish a new notion in groups theory, which
will be called prime order classes group and denoted by POC-group.

2. The Order Classes

The order classes of a group G determines the orders of the group elements and
denoted by OC(G), theses classes can be introduced in two ways; once by the
set of all available orders of all elements x ∈ G, or by the set of all order pairs
[i, j], where i is an order of x ∈ G and j is the number of such elements in G of
order i. In this paper, it is enough to use the first representation.

For a group G of prime order n, it is easy to check that OC(G) = {1, n}.
By Lagrange’s Theorem, any k ∈ OC(G) should be a divisor of n. Therefore,
this group is cyclic of order n. Otherwise, the order classes of a group G will
be OC(G) = {1, k1, k2, · · · , km}, such that ki is an order of some elements in
G for all i = 1, · · · ,m. This research will classify finite groups when each ki is
prime. That are the groups of order classes consists of primes numbers only.

3. Primes Order Classes Groups

For a finite group G of order n, the factorization of n into primes is n =
pk11 pk22 · · · pkrr . The order classes of G only contains the orders of the group
elements, each order should divides n. If we choose the groups where the order
classes contains only primes, then we have the following definition:

Definition 1. A POC-group G is a finite group in which each i ∈ OC(G)
is a prime factor of |G|.

The previous definition introduced a new notion of finite groups. That is, if
G is a finite group of order n = pk11 pk22 · · · pkrr , pi 6= pj for distinct i, j = 1, · · · , r.
Then, G is POC-group if OC(G) ⊆ {1, p1, p2, · · · , pr}. to clarify this sort of
groups we start with the next elementary result.

Remark 1. A group G of order n = pk (p is prime ) is a POC-group if
and only if G isomorphic to Zp × Zp × · · · × Zp

︸ ︷︷ ︸

k−times

.

Proof. Let G be a POC-group of order n = pk (p is prime ). Then OC(G) =
{1, p}. This implies that any x ∈ G \ {e} is of order p. Hence, 〈x〉 is a cyclic
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subgroup ofG of order p for all x ∈ G\{e}. Therefore, G breaks down as a direct
product of groups of order p. Since these groups are all of prime orders, then
each is cyclic group of order p. Thus, G is isomorphic to Zp × Zp × · · · × Zp

︸ ︷︷ ︸

k−times

.

Conversely, let G be isomorphic to a direct product of k cyclic groups each
of prime order p. Then, |G| = pk, and each element x ∈ G can be written as
x = (m1,m2, · · · ,mk) with mi ∈ Zp for all i = 1, · · · , k. So, the order of x is

o(x) = lcm{o(mi) | mi ∈ Zp for all i = 1, · · · , k}.

Since mi ∈ Zp for all i = 1, · · · , k, then o(mi) = 1 or p for all i = 1, · · · , k.
Therefore, o(x) = 1 or p, this implies that OC(G) = {1, p}. Hence, G is a
POC-group.

The smallest non-cyclic POC-group is S3. To configure out the other groups
by knowing the structure of its order classes, we will follow the next theorems.

Theorem 1. A group G of order n = 2p (p is an odd prime) is a POC-
group with OC(G) = {1, 2, p} if and only if G ∼= Dn.

Proof. Let G be a POC-group of order n = 2p with OC(G) = {1, 2, p}
where p is an odd prime. Then, G is a 2-generators group. That is, G = 〈a, b〉,
with o(a) = 2 and o(b) = p. Since p is an odd prime, then o(ab) = 2. Hence,
G ∼=

〈
a , b | a2 = bp = (ab)2

〉
. Therefore, G ∼= D2p = Dn.

Conversely, let G = Dn with n = 2p and p is prime. Then, the order
classes of G is OC(G) = {1, 2, p} (see Proposition 7 in [1]). Hence, G is a
POC-group.

This theorem confirms that, only dihedral groups of orders double of prime
numbers are POC-groups. So, D30 is not POC-group, because 30 = 2× 15 and
15 not a prime.

Corollary 1. A POC-group G of order n = 2p (p is an odd prime) with
OC(G) = {1, 2, p} is not simple group.

Proof. Let G be a POC-group, with OC(G) = {1, 2, p}. Then, G has a
proper subgroup of order p. This subgroup is of index 2. Therefore, it is
normal subgroup of G. That is G is not simple.

It is clear that a POC-group G with OC(G) = {1, 2, p} has only one normal
subgroup of index 2, that is the cyclic subgroup N of order p. Therefore,
G/N = {gN | g ∈ G} = {N,G \ {N}}.
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Corollary 2. The exponent of G = D2p (p is an odd prime) is Exp(G) =
|G| = 2p.

Proof. Let G = D2p, where p is an odd prime. Then, G is a POC-group,
with OC(G) = {1, 2, p}. Thus:

Exp(G) = lcm{o(x) | x ∈ G} = lcm{1, 2, p} = 2p

Theorem 2. If G is a POC-group of order n = pk11 pk22 ( p1 and p2 are odd
primes) with OC(G) = {1, p1, p2}, then G ∼= H ⋊ K where H (K) is a direct
product of k1 (k2) cyclic groups each of order p1 (p2).

Proof. Let G be POC-group of order n = pk11 pk22 and OC(G) = {1, p1, p2}.
Then each element of G \ {e} is of order p1 or p2, and there is no elements of
order divides both p1 and p2. Therefore, G breaks down as a semidirect product
of two groups say H and K of orders pk11 and pk22 . Without lose of generality,
assume that the groups H and K are of orders pk11 and pk22 , respectively. Then
H ∼= Zp1 × Zp1 × · · · × Zp1

︸ ︷︷ ︸

k1−times

and K ∼= Zp2 × Zp2 × · · · × Zp2
︸ ︷︷ ︸

k2−times

. Therefore,

G ∼=




Zp1 × Zp1 × · · · × Zp1
︸ ︷︷ ︸

k1−times




⋊




Zp2 × Zp2 × · · · × Zp2
︸ ︷︷ ︸

k2−times






The alternating groups A4 and A5 are POC-groups. Note that, |A4| = 22×3
and |A5| = 22 × 3 × 5, in both 2 is of the factors but with exponent > 1. So,
A4 or A5 does not satisfy Theorem 1. Similarly, since not all of the factors are
odd primes, then A4 or A5 does not satisfy Theorem 2.

Certainly, not any group size associated with POC-group. Such an example,
there are 14 groups of order 36 = 22 × 32 (using GAP), but none of them is a
POC-group. That is because there is no group of order 36 can be produced as
a semidirect product of Z2 × Z2 and Z3 × Z3.

Moreover, it is clear that any POC-group of order n = pk is nilpotent of
class 1. Otherwise, it is easy to show that POC-group of order n = pkqm is not
nilpotent. So, any group G of order n = pk11 pk22 · · · pkmm for distinct primes pi
with OC(G) ⊆ {pi | i = 1, 2, · · · ,m} is not nilpotent group.
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The order classes of 2-generator p-group G of nilpotency class 2 and order
pn (p is an odd prime), was given in Theorem 3.3 [3]. Which is OC(G) =
{1, p, p2, · · · , pw}, where w is the max of the generators orders. This implies,
these groups are POC-groups only for n = 0, 1. Otherwise, these groups are
not POC-groups. Conversely, no POC-group will be a 2-generator p-group of
class 2 and order pn (p an odd prime and n > 1).
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