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Abstract: The integral stability of the solutions of a nonlinear differential equation with
non-instantaneous impulses is studied using Lyapunov like functions. In these differential
equation we have impulses, which start abruptly at some points and their action continue on

given finite intervals. Sufficient conditions for integral stability are established.
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1. Introduction

In the real world life there are many processes and phenomena that are charac-
terized by rapid changes in their state. In the literature there are two popular
types of impulses: instantaneous impulses ([1], [4],[8]-[13], [15], [17], [18]) and
non-instantaneous impulses ([1], [3], [5], [7], [14], [19], [20], [22], [23]).

In this paper the impulses start abruptly at some points and their action
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continue on given finite intervals. As a motivation for the study of these systems
we consider the following simplified situation concerning the hemodynamical
equilibrium of a person. In the case of a decompensation (for example, high
or low levels of glucose) one can prescribe some intravenous drugs (insulin).
Since the introduction of the drugs in the bloodstream and the consequent
absorption for the body are gradual and continuous processes, we can interpret
the situation as an impulsive action which starts abruptly and stays active on a
finite time interval. The model of this situation is the so called noninstanteneous
impulsive differential equation.

Integral stability using two different measures for the initial values and for
the solutions of non-instantaneous impulsive nonlinear differential equations is
defined and studied. Sufficient conditions for integral stability are obtained.

2. Preliminary Notes and Definitions

In this paper we will assume two increasing sequences of points {¢;}°; and
{si}2, are given such that 0 < so < t; < s; < tiy1 , ¢ = 1,2,..., and
limy, o t = 0.

Let tg € U2 y[Sk, tr+1) be a given arbitrary point. Without loss of generality
we will assume that tg € [sg,t1), i.e. 0 <ty < t5.

Consider the initial value problem for the system of non-instantaneous im-
pulsive differential equations (NIDE)

' = f(t,x) for t € (tg,sx], k=0,1,2,...
.’E(t) = qbi(t,x(ti — 0)) for t € (Si,tiJrl], 1=0,1,2,..., (1)

.’E(to) =X,

where z, 29 € R", f : UX  [te, sk] x R" = R", ¢; : [s;,tia] x R" = R",
(i=0,1,2,3,...).

Remark 1. The intervals (sg,txy1], & = 0,1,2,... are called intervals
of non-instantaneous impulses and the functions ¢y (t,z,y), k =0,1,2,..., are
called non-instantaneous impulsive functions.

Keeping in mind the meaning of ¢y as an initial time of the modeled the
rate of change of the process, we will assume everywhere in the paper that the
initial time ¢y is not in an interval of non-instantaneous impulses, i.e. we will
assume tg € U2 o[k, tht1)-

Consider the perturbed system of non-instantaneous impulsive differential
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equations
¥ = f(t,x) + F(t,z(t)) for t € (tg,sx), k=0,1,2,...
x(t) = ¢i(t,x(t; — 0)) + i(t,z(t; — 0)) for t € (s;,tir1], i =0,1,2,..., (2)
x(tg) = xo,
Also consider the corresponding IVP for ODE
' = f(t,z)+ F(t,z) forte [rt,] with z(r) = Zo, (3)

where 7 € [sp_1,t,), p=1,2,....

We will say condition (H1) and (H2) are satisfied if

(H1) The functions f, F' € C(U32[t, si],R"™) is such that for any initial
point (7,%¢) : t, <7 < sp, g € R", p is a non negative integer number , the
IVP for the system of ODE (3) has a solution z(t;7,%0) € C'([r, sp], R").

(H2) The functions ¢y, ¥x € C([sk, tgr1]xR", R™) and ¢ (t,0) = 0, (¢, 0)
0, te [Skathrl]'

Remark 2. Ift; = si, k=1,2,... then the IVP for NIDE (1) reduces to
an IVP for impulsive differential equations (for example see the monographs [8],
[15] and the cited references therein). In this case at any point of instantaneous
impulse ¢; the amount of jump of the solution x(t) is given by I = ¢ (tx, (tp+
0),z(ty —0)) — z(tx, — 0).

Let J C Ry be a given interval. Introduce the following classes of functions
PCHJ) = {u:J—=R": ueC (I (U (skstri1]), R") :
u(ty) = u(ty —0) = limwu(t) < oo,
1t
u(ty +0) = %lftnu(t) <oo, k: tpeJ},
k
PC(J) = {u:J—>R": ueC(JN (U (s, tgs1]),R"):
u(ty) = u(ty —0) = limwu(t) < oo,
1t
u(ty +0) = %ﬁnu(t) <oo, k: tpeJ}.
k
Definition 1. Let h, hg € I'. We say hg is finer than h if there exists § > 0

and a function ¢ € K such that hoT,z) < 0 implies h(t,z) < ¢(ho(t,x))), t >
0, zinR".
Remark 3. According to the above description any solution of (1) is from

the class PCt([tg,b)), b < oo, i.e. any solution might have a discontinuity at
any point 5, k=1,2,....
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Let p,t, T > 0 be constants, h € I". Define sets:

K = {oeC(R;R,),strictly increasing and o(0) = 0},
PCK = {o:R; xR; — Ry, strictly increasing and o(.,u) € PC(R)
for each u € R} and o(t,.) € K for each t € Ry},
S(h,A) = {(t,z) e Ry xR": h(t,z) < A}, A>0,
S%h,p) = {(t,z) e Ry xR": h(t,z) > p};
I'J) = {h:JxR" =R, h(t,z) € PC(J) for each z € R",
h(t,.) € C(R",Ry) for each ¢t € J and inf h(t,z) = 0}
W(t,T,p) = {xzeR": h(s,x)<p forselt,t+T]}.

Definition 2. Let hg,h € T'(J). Then we say that hg is liner than h
if there exists a 6 > 0 and a function ¢ € K such that ho(t,z) < ¢ implies
ht,2) < d(ho(t,2)), t € Jo € R”.

We give a definition for integral stability of (1). In the definition below we
denote by x(t;tg, z¢) € PC'([tg, o0), R™) any solution of (1).

Definition 3. . Let h,hy € I'. The system of non-instantaneous impulsive
differential equations (1), is said to be (hg, h)-integrally stable if for every a > 0
and for any to > 0, there exists a e function § = f(a) € K such that for ev-
ery solution y(t;to, zo) of the perturbed system of non-instantaneous impulsive
differential equations (2) the inequality

h(t,y(tsto, x0)) < B, t>to
holds provided that the initial value z¢o € R" satisfies
ho(to,xo) < a,

and for every T' > 0 the perturbations F'(t,z) and ¢y (t,x), k =1,2,... of the
right side parts of the system (2) satisfy

P

3 / supsew(r.) || F (s, 2)||ds
i=0 SEQ
p—1

+ Z Sup(t,ac)e(sk,tk+1]><Rn: h(t,ac)<ﬂ”wk(t’x)H <.
k=0

where p: to+ T € (tp, spl, U = (tk, sk, and Q, = (tp, min{tg + T, s, }].
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Remark 4. We note that in the case when ho(t,z) = ||z|| and h(t,z) =
[|z|| the (ho, h)-integral stability reduces to integral stability, studied in [21].

In our further investigations we will use following comparison scalar non-
instantaneous impulsive differential equation

' = gi(t,u) for t € (tg,si], k=0,1,2,...

u(t) = fi(t,u(si — 0)) for t € (Si,ti+1], 1=0,1,2,.... (4)

the scalar non-instantaneous impulsive differential equation

w' = go(t,w) for t € (ty,s], k=0,1,2,...

)
’U)(t) = m(t,w(si)) for t € (Si,ti+1], 1=0,1,2,..., ( )

and its perturbed scalar non-instantaneous impulsive differential equation

w' = go(t,w) + q(t,w) for t € (tg,sx), k=0,1,2,...

w(t) = ni(t,w(s;)) + vi(t,w(s;)) fort e (s4,tit1], 1=0,1,2,.... ©)

where u,w € R, ¢;(t,0) =0, i = 1,2, £&(¢,0) =0, nx(¢,0) =0, k=1,2,....
In our further investigations we will assume that solutions of the scalar
impulsive equations (4), (5), and (6) exist on [tg,00) for any initial values.
We now introduce the class A of Lyapunov-like functions which will be used
to investigate the stability of the zero solution of the system IFrDE (1).

Definition 4. Let J € Ry be a given interval, and A C R"™, 0 € A be
a given set. We will say that the function V(¢t,z) : J x A — R4, V(¢,0) =0
belongs to the class A(J, A) if

1. The function V(¢,x) is continuous on J/{s € J} x A and it is locally
Lipschitzian with respect to its second argument;

2. For each s € J and = € A there exist finite limits

V(s —0,2) =limV(t,z), and V(sx+0,z)=limV (¢, z)

tTsg tlsg
and V(s —0,2) = V(sg, x).

Definition 5. Let V € A(J,R") and hg,h € T'(J). Then V (¢, z) is said to
be

- h-positive definite if there exists p > 0 and a function b € K such that
h(t,z) < p implies b(h(t,z)) < V(t,x);
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- hg-descrescent if there exists a § > 0 and a function a € K such that
ho(t,x) < ¢ implies V(t,x) < a(ho(t,));

- weakly hg-descrescent if there exists a § > 0 and a function a € PCK
such that ho(t,z) < 0 implies V(t,z) < a(ho(t,z))

In this paper we will use piecewise continuous Lyapunov functions from
the introduced above class A([tg,T"),A). We will define the generalized Dini
derivative of the function V (¢, z) € A([to,T),A) along trajectories of solutions
of IVP for the system NIDE (1) by:

1DV (t,z) = limsup %{V(t,x) —Vt—h,x— hf(t,x))}

h—0+
for t € (tk,sk), k=0,1,2,...,

(7)

where x € A, and for any ¢ € (ty, s) there exists hy > 0 such that t—h € (¢, sg),
x—hf(t,x) € Afor 0 <h < hy.
In our further study we will use the following comparison result ([3]).

Lemma 1. [3] (Comparison result for NIDE). Assume the following con-
ditions are satisfied:

1. The function z*(t) = z(t;to,v0) € PC([to,T],A) is a solution of the
NIDE (1) where A C R", 0 € A, zp € A andtyg, Te Ry, tg < T, 0 <
to < t1 are given numbers.

2. The function V € A([to,T],A) and

(i) the inequality ()DyV(t,a*(t)) < gi(t,V(t,2*(t)) for t € ( UX,
(st tk41)) 1 [to, T] holds;

(ii) for any k =1,2... the inequalities
V(t, di(t,z*(t))) < &k(t, V(sp—0,2"(tp—0))) fort € [to, T)N(Sk, tkt1]
hold.

Then for t € [ty,T] the inequality
Vit 27(t) <u™(t) (8)
holds where u*(t) is the maximal solution of NIDE (4) on [to,T].

Remark 5. Note the claims of Lemma 1 is true if in Condition 1 the
initial time ¢ is in [sp—1,,) where p is any natural number.
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3. Main Results

First we study the stability properties of the zero solution of nonlinear differ-
ential equations with non-instantaneous impulses.

Theorem 1. Let the following conditions be satisfied:

. Conditions (H1), (H2) are satisfied.

~

2. Functions g1, g2 € C(U3[tk, sk],R), gi(¢,0) =0, i =1,2]

3. Functions &g, ny, € C([Skathrl] XRn,Rn) and §k(t, 0) =0, nk(t, 0) =0,te
[Sks tot1]-

N

. ho,h € '(Ry), hg is finer than h and there exists a py : 0 < pg < p such
that h(sp,x) < po implies h(sg + 0, ¢r(sg,x)) < p, k=0,1,2....

5. There exists a function V; : [0,00) x R" — R, V; € A that is ho-
decrescent and

(i) for any number t > Othe inequality

D(JE)V1(757¢(75)) < gl(ta Vl(tvw(t)))a te ([OasO]Uzozl(tkask))v (tax) € S(hvp)v
holds, where p > 0 is a constant.

(i) Vi(t, or(t, ) < & (Vi(sk, @), t € (s, tiy] for (sk,z) € S(h, p), k =
1,2,....

6. For any number p > 0 there exists a function V2(“) i [-r,00) xR - Ry,
V2(“) € A such that
(iii) b(h(t,2)) < Vo (t,z) < alho(t,x)) for (t,x) € [-r,00) x R™,
where a,b € K and limy_oob(u) = oo.

(iv) for any number t > 0 the inequality

M
te ([o, so] U, (te, sk)), (t,z) € S(h, p),

Dl Vi(t,z) + D Vol (t,x) < g (t, Vit 2) + VP, :c))

holds;

(0) Vil ot ) + Vi, ox(t ) < i (Vilsio ) + V3" (sp) )t €
(8k, thg1]
fOT (Skax) € S(h,p)ﬂSC(hO,,u), k= 1727 SRR
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7. Zero solution of the scalar impulsive differential equation (4) is equi-
stable.

8. Scalar impulsive differential equation (5) is uniform-integrally stable.

Then system of non-instantaneous impulsive differential equations (1) is
(ho, h)-uniform-integrally stable.

Proof. Since function Vi (t,x) is ho-decrescent, there exist a constant p; €
(0, p) and a function ¢ € K such that ho(t,z) < p; implies that

Vi(t, @) < 1(ho(t, @)). (9)

Since hg(t,z) is uniformly finer than h(t,x), there exist a constant py €
(0,p1) and a function 5 € K such that ho(t,z) < po implies that h(t,z) <

Va(ho(t,z)) where th2(po) < p1.
According to Condition 4 inequality hg(tg, z9) < po implies

h(to,z0) < a(ho(to, x0)). (10)

Let tg > 0 be a fixed point. Choose a number a > 0 such that o < pyg.

According to condition 6 of Theorem 1 there exists function VQ(O[) (t,z) with
Lipshitz constant Ms. Let M; be Lipshitz constant of function V (¢, z).

Denote (M + Ms)a = ay. Without loss of generality we assume oy < b(p).

Since the zero solution of the scalar non-instantaneous impulsive differential
equation (4) is equi-stable, there exists a function 6; = d1(tg, a1) > 0 such that
the inequality |ug| < 6; implies

lu(t; to, ug)| < %, t > to, (11)

where u(t;to,up) is a solution of (4).

Since the function ¢; € K there exists dy = d2(d1) > 0, d2 < p; such that
for |u| < 62 the inequality

P1(u) <01 (12)

holds.

Since the scalar non-instantaneous impulsive differential equation (5) is
uniform-integrally stable, there exists 81 = p1(aq) € K, b(p) > 1 > «a; such
that for every solution w(t;tg, wp) of the perturbed equation (6) the inequality

lw(t; to, wo))| < B1, t > to, (13)

holds, provided that
lwol < an (14)
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and for every T > 0
to+T
/ SUPy: \w|<ﬁ1‘Q(sa w)’ds + Z SUPy: |w\<,51’7k(w)’ <ay. (15)
to k: to<t<to+T

Since the function b € K , lims_,oob(s) = 0o, and ¥a(a) < 2(pg) < p1 < p
we could choose 8 = 3(p1) >0, p> > a, > 12(«) such that

b(B) = fh. (16)

Since the functions a € K, 99 € K, and 8 > 13(a) we can find §3 =
d3(aq, B) > 0, o < 3 < min(da, pp) such that the inequalities

a(ds) < %, P2(d3) < B (17)

hold.
From (10) and (17) follows that hg(to, zo) < c implies

h(to, zo) < va(ho(to, o)) < th2(a) < 9a(d3) < B,

ie. h(t,x) < pfort e [ty —r,tol.
Now let the initial value zo € R" be such that

ho(to, z0) < @ (18)

and the perturbations F(t,z) and ¢y (t,z), k = 1,2,... in NIDE (2) be such
that

P

Z/ S'U'pacEW(to,T,ﬁ)HF(svx)Hds
i=0 sEQ
p—1
+ Zsup(t,:v)e(sk,tk_,.l]XRn: iz(t,;zc)<ﬂ”¢l€(t’x)H <o (19)
k=0

for every T > 0.

Let y(t) = y(t;to, @) be a solution of (2), where the initial value and the
perturbations satisfy (18) and (19).

We will prove that if inequalities (18) and (19) are satisfied then

ht.y(tito,d)) < B, t>to. (20)
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Suppose it is not true. Therefore there exists a point t* > ty such that

h(t*ay(t*7t07¢)) > /87 h(tay(ta t07¢)) < /87 te [t()vt*) (21)

Case 1. Let there exists a number k : t* € (tx, sg]. Then from the continuity
of the solution y(t;to, ¢) at point t* follows that h(t*,y(t*;to, ¢)) = B.

If we assume that ho(t*, y(t*)) < d3 then from the choice of d3 and inequality
(17) it follows h(t*, y(t*)) < a(ho(t*,y(t*)) < 12(d3) < B that contradicts (21).

Therefore

ho(t*,y(t*)) > 03, ho(to,xo) <a<d. (22)

Case 1.1. Let there exists a point i € (to,t*), t§ # sk, k = 1,2,... such
that d3 = ho(th, y(t5)) and (t,y(t)) € S(h,B)()S(ho,d3). Since f < p and
03 > «a it follows that

(ty(1)) € S(h,p) () S(ho, ), t € [t5,17). (23)

Define a function ¢*(t) = y(t) for ¢ € [t§ — r,t5] and let ri(¢;¢5, up) be
the maximal solution of impulsive scalar differential equation (4) where uy =
Vi(ts, o). Let z*(t) = x*(t;t, x5) be the solution of the NIDE (1). From
conditions (%), (i) of Theorem 1 according to Lemma 1 follows that

Vi(t,z*(t)) < ri(t;ty, uo), t € [ty, t7]. (24)

From the choice of the point ¢{ it follows that ho(t5, *(t5)) = ho(th, y(t5)) =
d3 < d2. According to inequalities (9) and (12) we obtain

up = Vi(ts, 25) < v1(ho(ts, 25)) < o1
From inequalities (11) and (24) it follows that Vi (t,2*(t)) < ri(t;t5,uo) < %

for t € [t§,t*], or

* * * * @
Va(th, #5) = Vi(t5, 25) < - (25)

From inequality (17) and condition (i) of Theorem 1 follows that

aq

Va (85, (63)) < alho(t5,y(55)) = a(61) < 5 (26)

Consider function V' : [—r,00) x R" — R4, V € A defined by equality
Vit,z) = Vi(t,z) + V) (t, 2). (27)

Function V (¢, z) satisfies the conditions of Lemma 1. Indeed, let point
t e[ty t*], t € (tg, sk and (¢t,x) € S(h, 5) () S¢(ho, ). Then using the Lipshitz
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conditions for functions Vi (¢, z) and V2(a) (t,x), and condition (7v) of Theorem
1 we obtain

DV (t () = Dy Vi(t,z) + Dy Va® (¢, )

= limsup — {{V (t+e, x—i-e(f(t,x) —i—F(t,x)) - V(t,z)}

e—0+ €

< limsup — {Vt—i—e:c—i—eftac}—i—hmsup {Vt—i—ex—i—e[f( x)
e—0+ € e—0+ €

+F(t,x) = V(t+ex+ef(t,z)}
< go(t, V(E, ) + (My + My)||[F (£, )]
< go(t, V(t, ) + (My + My)supyew t5—r,1+,p) || F' (8 2)]], (28)
where T = t* —t; + .

Let s € (t5,t*), x € R" be such that (sg,z) € S(h, 8) () S(ho, ). Accord-
ing to condition (v) of Theorem 1 we have

V(t, dr(t, x) + Yi(t, x))
= V(t,68(t,2)) + {V(t dn(t,2) + Uy(t,2)) = VI, 64(t,2)) }
< ne(V(sk, ) + (My + M)l (t, )]
<me(V(sk, ) + (M1 + Ma)sup, . h10)<sl|Vr(t, )] (29)

Consider the scalar impulsive differential equation (6) where the perturba-
tions of the right parts depend only on t and they are given by the equalities

q(t) = (M1 + Ma)supzew i1+ p) || F'(t, 2)]],
Vi = (My + Ma)supy 4. nie,2)<plln(t, 2)|]-
According to above notations and inequality (19) for 7' = t* — ¢} we obtain

-1

Z/Egk dS + Z’yk < M1 + MQ) 7. (30)

k=0

Let r*(t;t5,w;) be the maximal solution of (6) through the point (¢, wy),
where wi = Vi(t5,y(t5)) + V, )(to, (t5)), and perturbations ¢(¢) and ~; are
defined above and satisfy inequality (30). According to inequalities (33), (34),
and Lemma 1 the inequality

V(L y(t) = Vilt,y(t) + Vi (L y(®) < (t:15,w5), 1€ [t5,¢] (31)
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holds.
From inequalities (25) and (26), the definition of point wf, and inequality
(30) follows the validity of (13) for the solution r**(¢; ¢, w(), i.e

r* (g, wh) < B1,  t >t (32)

From inequalities (31), (32), the choice of point ¢*, and condition (éiz) of The-
orem 1 we obtain

b(B)

Y

B1 > (5 tg, wh) = (s g, wp)
> V(5 y(t*) = Vi(t, y(t*) + Vi (%, y(t*)
> VIO y(t)) > b(h(t*, y(t*))) = b(B).

The obtained contradiction proves the validity of the inequality (20) for
t>to.

Case 1.2. Let there exist a point si € (to,t*) such that d3 < ho(sgp+0, y(sk+
0;t0,20)), 3 > ho(Tk, y(sk; o, z0)) and (23) is true.

We choose a number d3 : 83 < 83 < 3 such that d3 = ho(ts, y(t; to, zo))
and tj € (to,t*). We repeat the proof of Case 1.1, where instead of J3 we use
5~3 and obtain a contradiction.

Case 2. Let there exists a natural number k such that h(t,y(t)) < g8 for
t < s and h(sg,y(sk +0)) = h(sk, dr(sk, y(sk)) + Vr(sk, y(sk))) > 5.

We repeat the proof of case 1 as in this case we choose § = B(51) > 0, such
that b(8) > supp{nr(B1)} -

As in the proof of case 1 we obtain the validity of inequalities (32) and (31).
We apply conditions (4ii) and (v) of Theorem 1 and obtain

b(B) = me(B1) > me(r*(skitg wo)) = me(V (sk, y(sk)))
M (Vi y(s1)) + Vi (s, (51)))
Vi(sk, G (sks y(sk)) + Yr(sk y(sk)))
V3 (sks r(sk, y(5)) + G (51, y(5))
Va®™ (st @ (st y(s1)) + Ve (o))
b(h(sk, Dr(sk, y(sk)) + Vr(sk, y(sk)))) > b(B).
The obtained contradiction proves the validity of the inequality (20) in this

Inequality (20) proves (hg, h)-uniform-integral stability of the considered
system of non-instantaneous impulsive equations. ]

Y

\VARAYS
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