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Abstract: In this paper,we introduce some new classes of continuity namely,δgp-continuity,pre
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1. Introduction

A.S. Mashour et.al in [27] introduced the concept of pre-continuous functions
in topological spaces.Maki et.al in [26] established the concept of gp-closed sets.
Y. Gnanambal in [17] introduced and studied the concepts of gpr-closed sets,
gpr-continuous functions and gpr-irresolute functions in topological spaces.

Motivated by the above contributions, we introduce some new class of con-
tinuous functions namely, δgp-continuous, pre δgp-continuous and δgp-irresolute
using δgp-closed sets (see [8]) and studied their basic properties.

Throughout this paper, (X, τ), (Y, σ) and (Z, η) (or simply X, Y and Z)
represent topological spaces on which no separation axioms are assumed unless
explicitly stated. For a subset A of a space X, the closure of A, the interior of
A and complement of A are denoted by cl(A), int(A) and Ac respectively.
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2. Preliminaries

Let us recall the following definitions which are useful in the sequel,

Definition 2.1. A subset A of a topological space X is called,

(a) semi-closed, see [20] (resp. semi-preclosed, see [2], pre-closed, see [27],
regular-closed, see [31], b-closed, see [3] and α-closed, see [21] ), if

int(cl(A) ) ⊂A(resp. int(cl(int(A) ) ) ⊂A,

cl(int(A) ) ⊂A, A=cl(int(A) ), cl(int(A) ) ∩ int(cl(A) ) ⊂A

and cl(int(cl(A) ) ) ⊂A) .

(b) δ-closed, see [32] if A=clδ(A), where

clδ(A)={x∈X:int(cl(U) ) ∩A6=φ, U∈τ and x∈U}.

(c) δgp-closed, see [8] (resp. gδ-closed, see [11], δg∗-closed, see [11], gδs-
closed, see [6] and δgb-closed, see [9]) if pcl(A) ⊂G (resp. cl(A) ⊂G, clδ(A)⊂G,
scl(A) ⊂G and bcl(A) ⊂G) whenever A⊂G and G is δ-open in X.

The complements of the above mentioned closed sets are their respective
open sets.

Definition 2.2. A function f:X→Y from a topological space X into a
topological space Y is called,

(a)pre-continuous, see [27] (resp. pre-irresolute, see [29], δ-continuous, see
[23]), if f−1(G) is pre-closed (resp. pre-closed and δ-closed) in X for every
closed (resp. pre-closed and δ-closed) set G of Y.

(bi)gp-continuous, see [5] (resp. gp-irresolute, see [5] and pre gp-continuous,
see [19]), if f−1(G) is gp-closed in X for every closed (resp. closed, gp-closed
and pre-closed) set G of Y.

(ci)gpr-continuous, see [17] (resp. gpr-irresolute, see [17] and gpr∗-continuous,
see [18]), if f−1(G) is gpr-closed in X for every closed (resp. closed, gpr-closed
and pre-closed) set G of Y.

(d)pre-open, see [27](pre-closed, see [12], δ-open, see [28] and δ-closed, see
[22]) if for every open (resp. pre-closed, δ-open and δ-closed) subset A of X,
f(A) is pre-open (resp. pre-closed, δ-open and δ-closed) in Y.

Theorem 2.3. Let A be a subset of X, then:

(a) (see [25]) pCl(A) =Cl(A) whenever A is semi-open.

(b) (see [24]) cl(A) =clδ(A) whenever A is semi-preopen.

(c) (see [33]) int(cl(A) ) =int(scl(A) ) =int(sint(scl(A) ) ) .
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Theorem 2.4. (see [10]) For a subset A of a space X, the following are
equivalent:

(a) A is regular semi-open;

(b) A=sint(scl(A) ) ;

(c) there exists a regular open set U of X such that U⊂A⊂cl(U) .

Definition 2.5. A space X is called,

(a) extremely disconnected, see [16], if the closure of every open subset of
X is open.

(b) submaximal, see [30], if every pre-open set is open.

(c) strongly irresolvable, see [14], if every open subspace of X is irresolvable.

(d) δgpT 1

2

-space, see [8], if every δgp-closed subset of X is pre-closed.

(e) Tδgp-space, see [8], if every δgp-closed subset of X is closed.

Theorem 2.6. (see [15]) (a) A space X is extremely disconnected if and
only if every semi-open set is pre-open.

(b) A space X is strongly irresolvable if and only if every pre-open set is
semi-open.

Lemma 2.7. (see [7]) For a subset A of a space X, the following are
equivalent:

(a) A is clopen;

(b) A is δ-open and δ-closed;

(c) A is regular-open and regular-closed.

Theorem 2.8. (a) If A⊂X is both δ-open and δgp-closed, then it is pre-
closed, see [8].

(b) If A⊂X is both regular-open and gpr-closed, then it is clopen, see [17].

(c) Let A⊂Y⊂X and Y be open, then pclY (A) =pclX(A) ∩Y, see [18].

(d) Let A⊂Y⊂X and Y be open pre-closed, then pclY (A) =pclX(A), see
[18].

(e) Let Y be an open subspace of a space X and A⊂Y.If A is δgp-closed in
X, then A is δgp-closed in Y, see [8].

3. Delta Generalized Pre-Closed Sets

In this section, additional results on δgp-closed sets are obtained.

Theorem 3.1. Let A⊂X.Then the following results hold:

(a) If A is δg∗-closed, then it is gδ-closed, see [11]

(b) If A is gδ-closed, then it is δgp-closed.
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Theorem 3.2. Let A⊂X be δgp-closed semi open, then it is gδ-closed.

Proof. Let A⊂U and U is δ-open in X. Since A is δgp-closed, pcl(A) ⊂U.
Then by Theorem 2.3(a), pCl(A) =Cl(A) . Hence, cl(A) ⊂U.

Theorem 3.3. Let A⊂X be gδ-closed semi-preopen, then it is δg∗-closed.

Proof. Let A⊂U and U is δ-open in X. Since A is gδ-closed, cl(A) ⊂U. Then
by Theorem 2.3(b), cl(A) =clδ(A). Hence, A is δg∗-closed.

Theorem 3.4. :Let A be a regular semi-open subset of a space X, then
αcl(A) =pcl(A) .

Proof. Let A⊆X be a regular semi-open set, then A=sint(scl(A) ) .

By Theorem 2.3(c), int(cl(A) ) =int(sint(scl(A) ) ) implies int(cl(A) )
=int(A) .

Hence, αcl(A) =A∪cl(int(cl(A) ) ) =A∪cl(int(A) ) =pcl(A) .

Theorem 3.5. Let A⊂X.Then the following hold:

(a) If A is δgα-closed, then it is δgp-closed.

(b) If A is δgp-closed regular semi-open, then it is δgα-closed.

Proof. (i) Follows from the fact that pcl(A) ⊂αcl(A) .

(ii) Let A⊂V and V is δ-open in X, then pcl(A) ⊂V since A is δgp-closed.

By Theorem 3.4, pCl(A) =αCl(A) . Hence αcl(A) ⊂V.

Remark 3.6. Following Examples show that the sets δgp-closed and gδs-
closed are independent each other.

Example 3.7. Consider X={a, b, c, d} with the topology

τ={X, φ, {a}, {b}, {a, b}, {a, b, c}}. Then the subset {a} is gδs-closed
but not δgp-closed.

Example 3.8. Consider X={a, b, c, d, e} with the topology

τ={X, φ, {a, b}, {c, d}, {a, b, c, d}}. Then the subset {a, c} is δgp-closed
but not gδs-closed.

Theorem 3.9. (a) In extremely disconnected space X, every gδs-closed
set is δgp-closed.

(b) In strongly irresolvable space X, every δgp-closed set is gδs-closed.

Proof.Follows from Theorem 2.6.

Lemma 3.10. For a subset A of a space X, the following are equivalent:

(a) A is clopen;

(b) A is open and pre-closed;

(c) A is open and gp-closed;

(d) A is δ-open and δgp-closed;

(e) A is regular-open and gpr-closed.
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Proof. Clearly, (a) ←→(b) ←→(c)

(a) →(d) :Follows from Lemma 2.7 and the fact that every δ-closed set is
δgp-closed.

(d)→(a) :From Theorem 2.8(a), A is pre-closed.Then cl(int(A) )⊂A implies
cl(A) ⊂A, since every δ-open set is open.Hence A is clopen.

(a) →(e) :Follows from Lemma 2.7 and the fact that every regular-closed
set is δgp-closed.

(e) →(a) :Follows from Theorem 2.8(b) .

Theorem 3.11. Let A⊂Y⊂X and Y be δ-open δgp-closed. If A is δgp-
closed in Y, then A is δgp-closed in X.

Proof. Let U be a δ-open set of X such that A⊂U. Then A=Y∩A⊂Y∩U
where Y∩U is δ-open in Y. Since A is δgp-closed in Y, then pclY (A) ⊂Y∩U.
By Theorem 2.8(d) and Lemma 3.10, we have pclX(A) ⊂Y∩U⊂U. Hence A is
δgp-closed in X.

Theorem 3.12. If A and B are δgp-closed subsets of a submaximal space
X, then A∪B is δgp-closed in X.

Proof. Let A∪B⊂G where G is δ-open in X, then A⊂G, B⊂G implies pcl(A)
⊂G and pcl(B) ⊂G since A and B are δgp-closed sets. As X is submaximal,
pcl(U) =cl(U) for any U⊂X. Thus pcl(A∪B) =pcl(A) ∪pcl(B) ⊂G and so A∪B
is δgp-closed.

Theorem 3.13. (see [4]) Let A and B be subsets of X with A is semi-
closed, then pcl(A∪B) =pcl(A) ∪pcl(B) .

Theorem 3.14. If A⊂X is δgp-closed and B⊂X is both δgp-closed and
semi-closed, then A∪B is δgp-closed in X.

Proof. Follows from Definition and Theorem 3.13

Theorem 3.15. If A⊂X is δgp-closed and B⊂X is δ-closed, then A∩B is
δgp-closed in X.

Proof. Let A∩B⊂U where U is δ-open in X. Then A⊂U∪Bc and U∪Bc is
δ-open.Since A is δgp-closed, then pcl(A) ⊂U∪Bc.

Thus pcl(A∩B) ⊂pcl(A) ∩pcl(B) ⊂pcl(A) ∩clδ(B) ⊂pcl(A) ∩B⊂U. Hence
A∩B is δgp-closed.

Theorem 3.16. Let A⊂X be pre-closed and B⊂X be both δ-open and
δgp-closed, then A∩B is δgp-closed in X.

Proof. Proof. Let B⊂X be δ-open δgp-closed.Then by Theorem 2.8(a), B
is pre-closed. Thus A∩B is pre-closed.Since every pre-closed set is δgp-closed,
it follows that A∩B is δgp-closed
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Theorem 3.17. For a space X the following are equivalent:
(a) Every δgb-closed subset of X is δgp-closed;
(b) Every b-closed subset of X is δgp-closed;
(c) The space X is extremely disconnected.
Proof. (a) →(b) is obvious.Therefore we have to show that (b) →(c) and

(c) →(a)
(b) →(c) Let A⊂X be regular open.Then A is b-closed and so A is δgp-

closed.Since every regular open set semi open, then by Theorem 2.3(a) and A is
δgp-closed we have cl(A) =pcl(A) ⊂A. Therefore A is closed and X is extremely
disconnected.

(c) →(a) Let A be δgb-closed and let G be an δ-open set containing A.
Then bcl(A) =A∪[int(cl(A) ) ∩cl(int(A) ) ]⊂G.

That is, int(cl(A) ) ∩cl(int(A) ) ⊂G.Since int(cl(A) ) is closed, we have
cl(int(A) ) ⊂cl[int(cl(A) ) ∩int(A) ]⊂cl(int(cl(A) ) ) ∩cl(int(A) ) ⊂G.
It follows that pcl(A) =A∪cl(int(A) ) ⊂G.Hence A is δgp-closed.

4. Delta Generalized Pre-Continuous Functions

In this section, the concepts of δgp-continuous and pre δgp-continuous func-
tions in topological spaces are introduced and some of there properties and
characterizations are established.

Definition 4.1. A function f:X→Y is called,
(a) δgp-continuous if the inverse image of every closed set in Y is δgp-closed

in X.
(b) pre δgp-continuous if the inverse image of every pre-closed set in Y is

δgp-closed in X.
(c) δgp-irresolute if the inverse image of every δgp-closed set in Y is δgp-

closed in X.
Clearly, (i) f is δgp-continuous if and only if f−1(U) is δgp-open in X for

each open set U of Y.
(ii) f is pre δgp-continuous if and only if f−1(U) is δgp-open in X for each

pre-open set U of Y.
(iii) f is δgp-irresolute if and only if f−1(U) is δgp-open in X for each δgp-

open set U of Y.
From the above definitions and known results we have the following impli-

cations and none of its implications is reversible.
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gp-irresoluteness δgp-irresoluteness gpr-irresoluteness

↓ ↓ ↓

pre-irresoluteness→pre gp-continuity→pre δgp-continuity→ gpr∗-continuity.

↓ ↓ ↓ ↓

continuity→ pre-continuity−→gp-continuity−→δgp-continuity−→gpr-continuity.

Example 4.2. Consider X={a, b, c, d} with the topologies

τ={X, φ, {a}, {b}, {a, b}, {a, b, c}} and σ={X, φ, {a}, {b}, {a, b}, {a,
c}, {a, b, c}}.

Define f1:(X, τ) →(X, σ) by f1(a) =d=f1(c), f1(b) =c and f1(d) =b. Then
f1 is δgp-continuous but neither gp-continuous nor pre δgp-continuous.

Define f2:(X, τ)→(X, σ) by f2(a) =f2(b) =c, f2(c) =a and f2(d) =d. Then
f2 is gpr∗-continuous but not pre δgp-continuous, since {c} is pre-closed in Y
but f−1

2 ({c}) ={a, b} is not δgp-closed in X.

Define f3:(X, τ) →(X, σ) by f3(a) =f3(c) =c, f3(b) =a and f3(d) =d.Then
f3 is pre δgp-continuous but not pre gp-continuous, since {c} is pre-closed in Y
but f−1

3 ({c}) ={a, b} is not gp-closed in X.

Define f4:(X, τ) →(X, σ) by f4(a) =f4(b) =a, f4(c) =f4(d) =c. Then f4
is pre δgp-continuous but not δgp-irresolute, since {c} is δgp-closed in Y but
f−1
4 ({c}) ={a, b} is not δgp-closed in X.

Define f5:(X, τ) →(X, σ) by f5(a) =f5(b) =d, f5(c) =b and f5(d) =c.
Then f5 is gpr-continuous but not δgp-continuous, since {d} is closed in Y but
f−1
5 ({d}) ={a, b} is not δgp-closed in X.

Remark 4.3. (a) pre δgp-continuity, gp-continuity and gpr-irresoluteness
are mutually independent.

(b) δgp-continuity and gpr∗-continuity are independent of each other.

(c) δgp-irresoluteness and pre gp-continuity are independent of each other.

Example 4.4. Consider X, τ and σ as in Example 4.2;

Define g1:(X, τ) →(X, σ) by g1(a) =g1(c) =d, g1(b) =b and g1(d) =c.
Then g1 is pre δgp-continuous but not gp-continuous, since {d} is closed in Y
but g−1

1 ({d}) ={a, c} is not gp-closed in X.

Define g2:(X, τ)→(X, σ) by g2(a) =a, g2(b) =g2(c) =c and g2(d) =d. Then
g2 is pre δgp-continuous but not gpr-irresolute, since {a, b} is gpr-closed in Y
but g−1

2 ({a, b}) ={a} is not gpr-closed in X.

Define g3:(X, τ) →(X, σ) by g3(a) =g3(b) =c, g3(c) =d and g3(d) =b.
Then g3 is gpr-irresolute but pre δgp-continuous, since {c} is pre-closed in Y
but g−1

3 ({c}) ={a, b} is not δgp-closed in X.

Define g4:(X, τ)→(X, σ) by g4(a) =c, g4(b) =b, g4(c) =a and g4(d) =d.Then
g4 is gp-continuous but neither pre δgp-continuous nor gpr-irresolute.
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Define g5:(X, τ) →(X, σ) by g5(a) =g5(b) =d, g5(c) =c and g5(d) =b.
Then g5 is gpr∗-continuous but not δgp-continuous, since {d} is closed in Y but
g−1
5 ({d}) ={a, b} is not δgp-closed in X.

Define g6:(X, τ)→(X, σ) by g6(a) =g6(c) =d, g6(b) =c and g6(d) =b. Then
g6 is δgp-continuous but not gpr∗-continuous, since {c} is pre-closed in Y but
g−1
6 ({c}) ={b} is not gpr-closed in X.

Define g7:(X, τ)→(X, σ) by g7(a) =g7(c) =c, g7(b) =a and g7(d) =d. Then
g7 is δgp-irresolute but not pre gp-continuous, since {c} is pre-closed in Y but
g−1
7 ({c}) ={a, c} is not gp-closed in X.

Define g8:(X, τ) →(X, σ) by g8(a) =g8(b) =a, g8(c) =g8(d) =c. Then g8
is pre gp-continuous but not δgp-irresolute, since {a, d} is δgp-closed in Y but
g−1
8 ({a, d}) ={a, b} is not δgp-closed in X.

Theorem 4.5. Let f:X→Y be a function, then:

(a) If f is δgp-continuous with X as a Tδgp-space, then f is continuous.

(b) If f is δgp-continuous with X as a δgpT 1

2

-space, then f is pre-continuous.

(c) If f is pre δgp-continuous with X as a δgpT 1

2

-space, then f is pre-

irresolute.

(d) If f is pre δgp-continuous with Y as a δgpT 1

2

-space, then f is δgp-

irresolute.

(e) If f is δgp-continuous with Y is submaximal, then f is pre δgp-continuous.

Theorem 4.6. If f:X→Y is δgp-continuous, then 1∗for each x∈X and for
each open set H in Y with f(x) ∈H, there exists a δgp-open set G in X containing
x such that f(G) ⊂H.

Proof. Let x∈X and H be an open set in Y with f(x) ∈H, then x∈f−1(H) .
Since f is δgp-continuous, f−1(H) is δgp-open in X. Put G=f−1(H), then x∈G
and f(G) =f(f−1(H) ) ⊂H.

Converse of above Theorem need not be true, as seen from the following
Example.

Example 4.7. Consider X={a, b, c, d} and Y={a, b, c} with the topolo-
gies

τ={X, φ, {a}, {b}, {a, b}, {a, b, c}} and σ={Y, φ, {a}, {b}, {a, b}}.
Define f:X→Y by f(a) =b, f(b) =c and f(c) =a=f(d) . Then condition 1∗

of above theorem is satisfied but f is not δgp-continuous, since there exists a
closed set {b, c} in Y such that f−1{b, c}={a, b} is not δgp-closed in X.

Theorem 4.8. (see [8]) Let A be a subset of a space X.Then x∈δgpcl(A)
if and only if U∩A6=φ, for every δgp-open set U containing x.

Theorem 4.9. The following are equivalent for a function f:X→Y:
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(a) For each x∈X and for each open set H in Y with f(x) ∈H, there exists
a δgp-open set G in X containing x such that f(G) ⊂H and

(b) For every subset A of X, f(δgpcl(A) ) ⊂cl(f(A) ) .

Proof. (a) →(b) :Let y∈f(δgpcl(A) ) and H be an open set containing
f(x) .Then by (a), there exists an x∈X such that y=f(x) and δgp-open set
G containing x such that f(G) ⊂H.Since x∈δgpcl(A), then by Theorem 4.8,
G∩A6=φ and hence H∩f(A) 6=φ.Therefore we have y=f(x) ∈cl(f(A) ) .

(b) →(a) :Let x∈X and H be an open set containing f(x) .Let A=f−1(Hc),
then x/∈A.Since f(δgpcl(A) ) ⊂cl(f(A) ) ⊂Hc, then x/∈δgpcl(A) .Then by Theo-
rem 4.8, there exists δgp-open set G such that G∩A=φ and hence f(G) ⊂f(Ac)
⊂H.

Definition 4.10. δgpτ
∗={M⊂X:δgpcl(X-M) =X-M}.

Theorem 4.11. For a space X, the following hold:

(a) X is Tδgp-space if and only if δgpτ
∗=τ .

(b) X is δgpT 1

2

-space if and only if δgpτ
∗=PO(X) .

Proof. (a) Let A∈δgpτ
∗, then δgpcl(X-A) =(X-A) . Since X is Tδgp-space,

cl(X-A) =δgpcl(X-A) =(X-A) .Hence A∈τ

Conversely, suppose δgpτ
∗=τ .Let A be a δgp-closed set, then δgpcl(A) =A

which implies X-A∈δgpτ
∗=τ and so A is closed.

(b) Similar to (a) .

Theorem 4.12. The following statements are equivalent for a function
f:(X, δgpτ

∗) →(Y, σ) :

(a) For every subset A of X, f(δgpcl(A) ) ⊂cl(f(A) ) and

(b) f is continuous.

Proof. (a) →(b) :Let A be closed in (Y, σ) .Then by (a),

f(δgpcl(f−1(A) ) )⊂cl(f(f−1(A) ) )⊂cl(A) =A.That is, δgpcl(f−1(A) )⊂f−1(A)
but

f−1(A) ⊂δgpcl(f−1(A) ) .Thus f−1(A) is closed in (X, δgpτ
∗) and so f is

continuous.

(b) →(a) :Let A be a subset of X, then cl(f(A) ) is closed in (Y, σ) .Then
by (b),

f−1(cl(f(A) ) ) is closed in (X, δgpτ
∗) and henceδgpcl(f−1(cl(f(A) ) ) )

=f−1(cl(A) ) .

Also, A⊂f−1(f(A) )⊂f−1(cl(f(A) ) ) and therefore δgpcl(A) )⊂δgpcl(f−1(cl(f(A)
) ) ) =

f−1(cl(f(A) ) ) . Hence, we obtain f(δgpcl(A) ) ⊂cl(f(A) ) .
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Remark 4.13. The composition of two δgp-continuous functions need not
be δgp-continuous, as seen from the following example.

Example 4.14. Consider X=Y=Z={a, b, c} with the topologies

τ={X, φ, {a}, {b}, {a, b}}, σ={Y, φ, {a}} and η={Z, φ, {b}}.

Define a function f:X→Y as f(a) =a, f(b) =b and f(c) =c and a function
g:Y→Z as g(a) =a, g(b) =c and g(c) =b.Then f and g are δgp-continuous but
g◦f:X→Z is δgp-continuous, since there exists a closed set {a, c} in Z such
that(g◦f) −1{a, c}={a, b} is not δgp-closed in X.

Theorem 4.15. Let f:X→Y and g:Y→Z be any two functions.Then,

(a) g◦f is δgp-continuous, if f is δgp-continuous and g is continuous then.

(b) g◦f is δgp-continuous, if f is pre δgp-continuous and g is pre-continuous.

(c) g◦f is pre-δgp-continuous if f is pre-δgp-continuous and g is pre-irresolute.

(d) g◦f is δgp-irresolute, if f and g are δgp-irresolute.

Proof. (a) Let h=g◦f and V be a closed set in Z.

Since g is continuous, g−1(V) is closed in Y.Therefore f−1[g−1(V) ]=h−1(V)
is δgp-closed in X because f is δgp-continuous.Hence g◦f is δgp-continuous.

The proofs of (b), (c) and (d) are similar to (a) .

Theorem 4.16. Let f:X→Y and g:Y→Z be any two functions.

(a) If f and g are δgp-continuous with Y as a Tδgp-space, then g◦f is δgp-
continuous.

(b) If f and g are pre-δgp-continuous with Y as a δgpT 1

2

-space, then g◦f is

pre-δgp-continuous.

Proof. (a) Let h=g◦f and V be a closed set in Z.

Since g is δgp-continuous, g−1(V) is δgp-closed in Y.Therefore g−1(V) is
closed in Y because Y is Tδgp-space. Since f is δgp-continuous, f−1[g−1(V)
]=h−1(V) is δgp-closed in X and hence g◦f is δgp-continuous.

(b) Similar to (a) .

Theorem 4.17. (see [8]) A space X is δgpT 1

2

-space if and only if every

singleton set is either δ-closed or pre-open.

Theorem 4.18. If f:X→Y is bijective, pre-open and δ-closed and X is
δgpT 1

2

-space, then Y is also δgpT 1

2

-space.

Proof. Suppose y∈Y, then y=f(x) for some x∈X as f is bijection.Since X is
δgpT 1

2

-space, by theorem 4.17 it follows that {x} is δ-closed or pre-open. If {x}

is δ-closed, then f({x}) ={y} as f is δ-closed.Also, if {x} is pre-open, then f({x})
={y} is pre-open as f is pre-open.Therefore by theorem 4.17, Y is δgpT 1

2

-space.
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Theorem 4.19. Every bijective, pre δgp-continuous and δ-open function
f:X→Y is δgp-irresolute.

Proof. Let V be a δgp-closed set in Y and F be a δ-open set in X such
that f−1(V) ⊂F, then V⊂f(F) and f(F) is δ-open in Y, as f is δ-open.Since V
is δgp-closed in Y, pcl(V) ⊂f(F) .This implies f−1(pcl(V) ) ⊂F.

Since f is pre-δgp-continuous and pcl(V) is pre-closed in Y, it follows that
f−1(pcl(V) ) is δgp-closed in X. Therefore pcl(f−1(pcl(V) ) ) ⊂F which implies

pcl(f−1(V) ) ⊂ pcl(f−1(pcl(V) ) ) ⊂F. That is, pcl(f−1(V) ) ⊂F and hence
f−1(V) is δgp-closed set in X.

Theorem 4.20. Every bijective, pre-irresolute and δ-open function f:X→Y
is δgp-irresolute.

Proof. Similar to Theorem 4.19.

Theorem 4.21. If f:X→Y is bijective, δ-continuous and pre-closed, then
f−1 is δgp-irresolute.

Proof. Let G be a δgp-closed set in X and U be a δ-open set in Y such
that (f−1)−1(G) =f(G) ⊂U, then G⊂f−1(U) . Since f is δ-continuous, f−1(U)
is δ-open in X.As G is δgp-closed in X, pcl(G) ⊂f−1(U) which implies f(pcl(G)
) ⊂U.

Since f is pre-closed and pcl(G) is pre-closed in X, it follows that f(pcl(G)
) is pre-closed in Y. So pcl(f(G) ) ⊂pcl(f(pcl(G) ) ) =f(pcl(G) ) ⊂U and hence
f(G) =(f−1)−1(G) is δgp-closed set in Y.

Theorem 4.22. Assume that δGPC(X) is closed under finite intersections.

Let f:(X, τ) →(Y, σ) be a δgp-continuous and A be a δ-open δgp-closed
subset of X, then the restriction f/A:(A, τ/A) →(Y, σ) is δgp-continuous.

Proof. Let U be a closed subset of Y, then f−1(U) is δgp-closed in X.By
assumption, f−1(U) ∩A=V(say) is δgp-closed in X.Then it is sufficient to show
that V is δgp-closed in A.Let V⊂M where M is a δ-open set in A, then there
exists a δ-open set N in X such that M=N∩A.As V⊂N and V is δgp-closed in
X, pclX(V) ⊂N and thus we have pclA(V) =pclX(V) ∩A⊂N∩A=M.Hence V is
δgp-closed in A.

Theorem 4.23. Pasting lemma for δgp-continuous functions:
Assume that δGPC(X) is closed under finite unions.

Let X=A∪B where A and B are both δ-open and δgp-closed in X.Let f:A→Y
and g:B→Y be δgp-continuous (resp. δgp-irresolute) functions such that f(x)
=g(x) for every x∈A∩B.Then their combination α:X→Y defined by α(x) =f(x)
if x∈A and α(x) =g(x) if x∈B is δgp-continuous (resp. δgp-irresolute) .

Proof. Let F be any closed (resp. δgp-closed) set in Y, then α−1(F) =f−1(F)
∪g−1(F) . Since f:A→Y is δgp-continuous (resp. δgp-irresolute), f−1(F) is δgp-
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closed in A and A is δ-open δgp-closed in X.Then by Theorem 3.22, f−1(F) is
δgp-closed in X.Similarly g−1(F) is δgp-closed in X.

By assumption f−1(F) ∪g−1(F) =α−1(F) is δgp-closed in X.

Hence α is δgp-continuous (resp. δgp-irresolute) in X.

Recall that, a space X is said to be pre-normal if for any pair of disjoint
closed sets A and B, there exist disjoint pre-open sets U and V such that A⊂U
and B⊂V.

In order to obtain more characterizations of δgp-open sets, we need following
definition:

Definition 4.24. A space X is said to be pre∗-normal if for any pair of
disjoint δ-closed sets A and B, there exist disjoint pre-open sets U and V such
that A⊂U and B⊂V.

Remark 4.25. pre-normal−→pre∗-normal.

Example 4.26. Consider X={a, b, c, d} with the topology

τ={X, φ, {a}, {b}, {b, c}, {b, d}, {a, b}, {a, b, c}, {a, b, d}, {b, c,
d}}.Then X is pre∗-normal but not pre-normal.

Theorem 4.27. (see [8]) A set A⊆X is δgp-open if and only if G⊆pint(A)
whenever G is δ-closed and G⊆A.

Theorem 4.28. For a space X the following statements are equivalent:

(a) X is pre∗-normal.

(b) For every pair of disjoint δ-closed sets A and B, there exist disjoint
δgp-open sets U and V such that A⊂U and B⊂V

(c) For every δ-closed set H and every δ-open set K containing H, there
exists a δgp-open set U such that H⊂U⊂pcl(U) ⊂K.

(d) For every δ-closed set H and every δg∗-open set K containing H, there
exists a pre-open set U such that H⊂U⊂pcl(U) ⊂intδ(K).

(e) For every δ-closed set H and every δg∗-open set K containing H, there
exists a δgp-open set G such that H⊂G⊂pcl(G) ⊂intδ(K).

(f) For every δg∗-closed set H and every δ-open set K containing H, there
exists a pre-open set U such that clδ(H)⊂U⊂pcl(U) ⊂K.

(g) For every δg∗-closed set H and every δ-open set K containing H, there
exists a δgp-open set G such that clδ(H)⊂G⊂pcl(G) ⊂K.

Proof. (a) →(b) :Obvious, since every pre-open set is δgp-open.

(b)→(c) :Let H be a δ-closed set and K be an δ-open set containing H.Then
H and X-K are disjoint δ-closed sets.Then by (b), there exist disjoint δgp-open
sets U and V such that H⊂U and X-K⊂V. Now U∩V=φ, implies U⊂X-V.
Therefore X-V⊂K.As X-V is δgp-closed, we have pcl(X-V) ⊂K.



DELTA GENERALIZED PRE-CONTINUOUS FUNCTIONS... 841

Thus H⊂U⊂pcl(U) ⊂pcl(X-V) ⊂K.
(c) →(a) :Let K1 and K2 be any two disjoint δ-closed sets of X.
Put X-K2=H, then K2∩H=φ and K1⊂H.Therefore by (c), there exists a

δgp-open set U such that K1⊂U⊂pcl(U) ⊂H.It follows that K2⊂X-pcl(U) =V,
then V is p-open and hence V is δgp-open.Also U∩V=φ.Therefore by Theorem
4.27, K1⊂pint(U) =M and K2⊂pint(V) =N and M∩N=φ.So K1 and K2 are
separated by pre-open sets M and N.Hence X is pre∗-normal.

Since every pre-open set is δgp-open and every δ-closed (resp. δ-open) set
is δg∗-closed (resp. δg∗-open), it is obvious that (d) →(e) →(c) and (f) →(g)
→(c) .

(e) →(d) :Let H be a δ-closed subset of X and K be a δg∗-open set such
that H⊂K.Since K is δg∗-open and H is δ-closed, then H⊂intδ(K). Then, there
exists a δgp-open set G such that H⊂G⊂pcl(G) ⊂intδ(K).Since G is δgp-open,
H⊂pint(G) . Put pint(G) =U, then U is pre-open and H⊂U⊂pcl(U) ⊂δint(K)

(c)→(e) :Let H be a δ-closed subset of X and K be a δg∗-open set containing
H.Since K is δg∗-open and H is δ-closed, then H⊂intδ(K). Then, there exists a
δgp-open set U such that H⊂U⊂pcl(U) ⊂intδ(K).

(g) →(f) :Let H be any δg∗-closed subset of X and K be a δ-open set such
that H⊂K.Then, there exists a δgp-open set G such that clδ(H)⊂G⊂pcl(G)
⊂K. Since G is δgp-open and clδ(H) ⊂G, we have clδ(H)⊂pint(G) .Put pint(G)
=U, then U is pre-open and clδ(H)⊂U⊂pcl(U) ⊂K

(c) →(g) :Let H be any δg∗-closed subset of X and K be a δ-open set
containing H.Then clδ(H)⊂K.Therefore, there exists a δgp-open set U such
that clδ(H)⊂U⊂pcl(U) ⊂K.

Theorem 4.29. Let f:X→Y be injective, δ-closed and pre δgp-continuous.
If Y is pre∗-normal, then X is pre∗-normal.

Proof. Let M1 and M2 be any disjoint δ-closed sets of X.Since f is a δ-closed
injection, then f(K1) and f(K2) are disjoint δ-closed sets of Y.By the pre∗-
normality Y, there exist disjoint pre-open sets K1 and K2 in Y such that f(Mi)
⊂Ki, where i=1, 2. Since f is pre δgp-coninuous, then f−1(K1) andf

−1(K2) are
disjoint δgp-open sets of X and Mi⊂f

−1(Ki), for i=1, 2.Therefore by Theorem
4.27, Mi⊂pint(f

−1Ki), for i=1, 2.Put pint(f−1Ki) =Ui, then Ui∈PO(X) and
Ki⊂Ui, for i=1, 2 and U1∩U2=φ.
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