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Abstract: In 1995, A.A. Nasef and T. Noiri [6] introduced the notion of strongly-irresolute

functions. In the present paper, we generalize this notion to the setting of bitopological

spaces and obtain some characterizations and properties of pairwise strongly semi-preirresolute

functions.
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1. Introduction and Preliminaries

The study of bitopological spaces was initiated by Kelly [4] in 1963. Abd El-
Monsef et al. [1] introduced the notion of β-open sets and β-continuity in
topological spaces. On the other hand, Andrijevic [2] called β-open sets semi-
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preopen and obtained many properties of such subsets. Recently, Khedr et al.
[5] have investigated the notions of semi-preopen sets and semi-precontinuity
in bitopological spaces. In 1995, Nasef and Noiri [6] defined and studied the
concept of strongly β-irresolute functions. The purpose of the present paper is
to extend the concept of strongly β-irresoluteness to the setting of bitopological
spaces. Throughout the present paper, (X, τ1, τ2) and (Y, σ1, σ2) always mean
bitopological spaces. For a subset A of a space X, τi− cl(A) (resp. τi− int(A))
denotes the closure (resp. interior) of A with respect to τi, for i = 1, 2. However,
τi−cl(A) and τi−int(A) are briefly denoted by cli(A) and inti(A), respectively,
if there is no possibility of confusion

Definition 1.1. A subset A of a bitopological space (X, τi, τj)is said to
be

i (τi, τj)-preopen [3] (briefly (i, j)-preopen) if there exists U ∈ τi such that
A ⊂ U ⊂ clj(A), equivalently A ⊂ inti(clj(A)).

ii (τi, τj)-semi-preopen [5] (briefly (i, j) − semi − preopen) if there exists
an (i, j)-preopen set U such that U ⊂ A ⊂ clj(U), equivalently A ⊂
clj(inti(clj(A))).
The collection of all (i, j)-semi-preopen subsets of a bitopological space
(X, τi, τj) will be denoted by (i, j) − SPO(X). The complement of an
(i, j)-semi-preopen set is said to be (i, j)-semi-precolsed. The collection
of all (i, j)-semi-preclosed subsets of a bitopological space (X, τi, τj) will
be denoted by (i, j) − SPC(X).

ii pairwise semi-preopen if it is (i, j)-semi-preopen and (j, i)-semi-preopen.

iv pairwise semi-preclosed if it is (i, j)-semi-preclosed and (j, i)-semi-preclosed.

Definition 1.2. Let A be a subset of a bitopological space (X, τi, τj).

i The union of all (i, j)-semi-preopen subsets of X contained in Ais called
the (τi, τj)-semi-preinterior of A and is denoted by (τi, τj) − spint(A)
(briefly (i, j) − spint(A)).

ii The intersections of all (i, j)-semi-preclosed subsets of X containing A
is called the (τi, τj)-semi-preclosure of A [5], and is denoted by (τi, τj) −
spcl(A) (briefly (i, j) − spcl(A)).

We shall recall the following well-known definitions:

Definition 1.3. A function f : (X, τ1, τ2) → (Y, σ1, σ2) is said to be
pairwise countinuous [7] (resp. pairwise open) if the induced functions f :
(X, τ1) → (Y, σ1) and f : (X, τ2) → (Y, σ2) are both continuous (resp., open).
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Definition 1.4. A function f : (X, τ1, τ2) → (Y, σ1, σ2) is said to be
pairwise sp-countinuous [5] (resp. pairwise sp-irresolute) if the inverse image
of each σi-open (resp. (i, j)-semi-preopen) set of Y is (i, j)-semi-preopen in X,
where i, j = 1, 2.

Lemma 1.5. [5] Let A and B be subsets of a space (X, τ1, τ2) and xbe a
point of X. Then, the following properties hold:

i A is (i, j)-semi-preclosed if and only if A = (i, j) − spcl(A).

ii x ∈ (i, j)−spcl(A) if and only if A∩U 6= φ for every (i, j)− semi-preopen
set U of X containing x.

iii If A ⊂ B, them (i, j) − spcl(A) ⊂ (i, j) − spcl(A).

Lemma 1.6. The union of arbitrarily many (i, j)-semi-preopen sets is
(i, j)-semi-preopen.

Lemma 1.7. Let A be a subset of a space (X, τ1, τ2), then the following
hold:

i x/(i, j)−spcl(A) = (i, j)−spint(X−A) and x/(i, j)−spint(A) = (i, j)−
spcl(X −A).

ii (i, j) − spcl(A) is (i, j)-semi-preclosed in X.

iii (i, j)-spint (A) is (i, j)-semi-preopen in X.

Proof. This is an immediate consequence of Lemmas 1.5 and 1.6.

Lemma 1.8. [5] If a subset A of a space (X, τ1, τ2) is (i, j)-semi-preopen
and U ∈ τ1 ∩ τ2 then A ∩ U is (i, j)-semi-preopen in X.

Lemma 1.9. [5] Let A and U be subsets of (X, τ1, τ2) such that A ⊂ U .
If A is (i, j)-semi-preopen in (X, τ1, τ2), then A is (τi/U, τj/U)-semi-preopen in
the subspace (U, τ1/U, τ2/U). And if, in addition, U ∈ i, then the converse will
be hold.

2. Pairwise Strongly Semi-Preirresolute Functions

Definition 2.1. A function f : (X, τ1, τ2) → (Y, σ1, σ2) is said to be
pairwise strongly semi-preirresolute (briefly pairwise strongly sp-irresolute) if
the inverse image of each (i, j)-semi-preclosed subset of Y is τi-open in X, where
i 6= j and i, j = 1, 2.
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Remark 2.2. From the definitions one may deduce the following implica-
tions:

Pairwise strongly sp-irresolute → pairwise continuity

Pairwise sp-irresolute → pairwise sp-continuity [5]

However, none of these implications is reversible as shown by the following
examples:

Example 2.3. Let X = Y = {a, b, c, d}, τ1 = {X,φ, {a}, {c}, {a, c},
σ1 = {Y, φ, {a}, {a, c}} and each of τ2, σ2 are the indiscrete topology. Let f :
(X, τ1, τ2) → (Y, σ1, σ2) be the identity function. Then f is pairwise continuous
but it is not pairwise strongly sp-irresolute.

Example 2.4. Let X = Y = {a, b, c, d},

τ1 = {X,φ, {b}, {b, c}},

τ2 = {X,φ, {d}, {a, c}, {a, c, d},

σ1 = {X,φ, {a}, {b, c}, {a, b, c},

and
σ2 = {X,φ, {a}, {b, d}, {a, c}, {a, b, d}}.

Let f : (X, τ1, τ2) → (Y, σ1, σ2) be the identity function. Then f is pairwise
sp-irresolute function but it is not pairwise strongly sp-irresolute, since {a} is
(1, 2)-semi-preopen in Y but f−1({a}) is not τ1-open in X.

Example 2.5. Let X = Y = {a, b, c},

τ1 = {X,φ, {b}}, τ2 = {X,φ, {a}, {b, c},

σ1 = {Y, φ, {b, c},

and
σ2 = {y, φ, {a, c}}.

Let f : (X, τ1, τ2) → (Y, σ1, σ2) be the identity function. Then f is pairwise
sp-continuous function but it is neither pairwise sp-irresolute, nor pairwise con-
tinuous.

Theorem 2.6. For a function f : (X, τ1, τ2) → (Y, σ1, σ2) the following
are equivalent:
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i f is pairwise strongly sp-irresolute.

ii For each x ∈ X and each (i, j)-semi-preopen subset V of Y containing
f(x), there exists a τi-open set U in X containing x such that f(U) ⊂ V .

iii f−1(F ) is τj-closed set in X for each (i, j)-semi-preclosed set F in Y .

iv clj(f
−1(B)) ⊂ f−1((i, j) − spcl(B)) for each subset B of Y .

v f(cl(A)) ⊂ (i, j) − spcl(f(A)) for each subset A of X.

vi f−1((i, j) − spint(B)) ⊂ inti(f
−1(B)) for each subset B of Y .

On each statements above i 6= j and i, j = 1, 2.

Proof. It is obvious that (i), (ii) and (iii) are equivalent. We prove the
following implications.

(iii) → (iv) Let B be any subset of Y . Then we have B ⊂ (i, j) − spcl(B) and hence
f−1(B) ⊂ f−1((i, j)−spcl(B)). By Lemma 1.7, f−1((i, j)−spcl(B)) is τj-
closed set in X and hence we obtain clj(f

−1(B)) ⊂ f−1((i, j)− spcl(B)).

(iv) → (v) Let A be a subset of X. We have clj(A) ⊂ f−1((i, j) − spcl(f(A))) by
(iv), and hence f(clj(A)) ⊂ (i, j) − spcl(f(A)).

(v) → (vi) Let B be a subset of Y . Then, by using (v), Lemmas 1.5 and 1.7, we get

f(X/inti(f
−1(B))) = f(clj(f

−1(Y/B))) ⊂ (i, j) − spcl(f(f−1(Y/B)))

⊂ (i, j) − spcl(Y/B) = Y/(i, j) − spint(B).

Therefore, we obtain

X/inti(f
−1(B)) ⊂ X/f−1((i, j) − spint(B)),

and hence f−1((i, j) − spint(B)) ⊂ inti(f
−1(B)).

(vi) → (i) Let V be any (i, j)-semi-preopen set of Y . We have f−1(V ) = f−1(i, j)−
spint(V )) ⊂ inti(f

−1(V )) and f−1(V ) is τi-open set in X. Therefore, f
is pairwise strongly sp-irresolute.
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Theorem 2.7. If a function f : (X, τ1, τ2) → (Y, σ1, σ2) is pairwise
strongly sp-irresolute then so is the restriction f |X0 : (X0, τ1|X0, τ2|X0) →
(Y, σ1, σ2) for any subset X0 of X.

Proof. Let V be any (i, j)-semi-preopen subset of Y . Since f is pairwise
strongly sp-irresolute, then f−1(V ) is τ1-open set in X and (f |X0)

−1(V ) =
f−1(V ) ∩ X0 is (τ1|X0)-open in X0. Hence, (f |X0) is pairwise strongly sp-
irresolute.

Theorem 2.8. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a function and {Uα ∈
τ1 ∩ τ2 : α ∈ Λ} a cover of X. If the restriction f |Uα : (Uα, τ1|Uα, τ2|Uα)
is pairwise strongly sp-irresolute for each α ∈ Λ, then f is pairwise strongly
sp-irresolute.

Proof. Let V be an (i, j)-semi-preopen subset of Y . We have f−1(V ) =
∪{Uα ∩ f−1(V ) : α ∈ Λ} = ∪{(f |Uα)

−1(V ) : α ∈ Λ}. Since (f |Uα)
−1(V ) is

τ1|Uα-open in Uα and Uα ∈ τ1 ∩ τ2 for each α ∈ Λ, f |Uα)
−1(V ) is τ1-open in

X for each α ∈ Λ and hence f−1(V ) is τi-open in X. Therefore, f is pairwise
strongly sp-irresolute.

Corollary 2.8.1. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a function and
{Uα ∈ τ1 ∩ τ2 : α ∈ Λ} be a cover of X. Then f is pairwise strongly sp-
irresolute if and only if the restriction f |Uα : (Uα, τ1|Uα, τ2|Uα) → (Y, σ1, σ2) is
pairwise strongly sp-irresolute for each α ∈ Λ.

Let {Xα, τ1, τ2 : α ∈ Λ} be a family of bitopological spaces. Let (X, τ1, τ2)
be the product space, where X = ΠXα and τi denotes the product topology of
{τi(α) : α ∈ Λ} for i = 1, 2.

Lemma 2.9. [5] Let Aα be a non-empty subset of Xα for each α =
α(1), α(2), · · · , α(n) Then A = Π{Aα(k) : 1 ≤ k ≤ n} × Π{Xα : α 6= α(k), 1 ≤
k ≤ n} is (τi, τj)-semi-preopen if and only if Aα(k) is (τi(α(k)), τj(α(k)))-semi-
preopen in Xα(k) for each k = 1, 2, · · · , n.

Let {(Xα, τ1(α), τ2(α)) : α ∈ Λ} and {(Yα, σ1(α), σ2(α)) : α ∈ Λ} be a fami-
lies of bitopological spaces with the same indices. Let fα : (Xα, τ1(α), τ2(α)) →
(Yα, σ1(α), σ2(α)) be a function for each α ∈ Λ.
Let f : (X, τ1, τ2) → (Y, σ1, σ2) be the product function defined by f({Xα})
for each {Xα} ∈ X = ΠXα, where τi and σi denote the product topologies for
i = 1, 2.
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Theorem 2.10. If the product function f : (X, τ1, τ2) → (Y, σ1, σ2) is
pairwise strongly sp-irresolute then f : (Xα, τ1(α), τ2(α) → (Yα, σ1(α), σ2(α))
is pairwise strongly sp-irresolute for each α ∈ Λ.

Proof. Let α be an arbitrarily fixed index and Vα a (σi(α), σj(α))-semi-
preopen subset of Yα. Then by Lemma 2.9 we have Vα × Π{Yβ : β 6= α} is a
(σi, σj)-semi-preopen subset of ΠYα. Since f is pairwise strongly sp-irresolute,
f−1
α (Vα)×Π{Xβ : β 6= α} is a τi-open and hence f−1

α (Vα) is τi(α)-open. There-
fore, fα is pairwise strongly sp-irresolute.

Theorem 2.11. If the function f : (X, τ1, τ2) → (Y, σ1, σ2) is pairwise
sp-continuous pairwise open, then f is pairwise sp-irresolute.

Proof. Let V be any (i, j)-semi-preopen subset of Y . By using the pairwise
openness of f , we obtain

f−1(V ) ⊆ f−1(clj(intj(clj(V ))))

⊆ clj [clj(intj(clj(f
−1(intj(clj(V ))))))]

⊆ clj(intj(clj(f
−1(clj(V )))))

⊆ clj(intj(clj(clj(f
−1(V )))))

= clj(intj(clj(f
−1(V ))))

Therefore, f−1(V ) is (i, j)-semi-preopen subset of X. Hence, f is pairwise
sp-irresolute.

corollary 2.12. If the function f : (X, τ1, τ2) → (Y, σ1, σ2) is pairwise
precontinuous pairwise open, then f is pairwise sp-irresolute.

Theorem 2.13. If {(Yα, σ1(α), σ1(α)) : α ∈ λ} be a family of bitopo-
logical spaces. If f : (X, τ1, τ2) → (ΠYα,Πσ1(α), σ2(α)) is pairwise strongly
sp-irresolute then Pα ◦f : (X, τ1, τ2) → (Yα, σ1(α), σ2(α)) )) is pairwise strongly
sp-irresolute for each α ∈ Λ, where Pα denotes the natural projection.

Proof. Let α be an arbitrarily fixed index and Vα a (σi(α), σj(α))-semi-
preopen subset of Yα. Since Pα is pairwise continuous and pairwise open, it
follows from Theorem 2.11 thatP−1

α (Vα) is (Πσi(α),Πσj(α))-semi-preopen in
ΠYα. Therefore, f−1(P−1

α (Vα)) = (Pα ◦ f)−1(Vα) is τi-open subset of X. This
shows that Pα ◦ f is pairwise strongly sp-irresolute.
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