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1,2Department of Applied Mathematics and Business Informatics
Faculty of Economics

Technical University of Košice
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Abstract: A total-coloring c of a directed graph G is called edge-distinguishing if for any

two edges e1 = u1v1 and e2 = u2v2 of G the associated ordered triplets (c(u1), c(e1), c(v1))

and (c(u2), c(e2), c(v2)) are different. The problem is to determine the minimum number of

colors used in such a coloring of G. In this paper we investigate this parameter for directed

subdivided stars.
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1. Introduction

An edge-labeling of a graph G is an assignment of labels to the edges of G, one
label to each edge. An edge-labeling of G is edge-distinguishing if no two edges
of G are assigned the same label. That is, each edge of G is uniquely determined
by its label. Edge-distinguishing labelings can be defined in different ways.

A graceful labeling f of a connected graph G with m edges is a labeling
of its vertices with labels 0, 1, . . . ,m such that no two vertices have the same
label, and the induced edge-labeling, which labels the edge uv with integer
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|f(u)− f(v)|, assigns distinct labels to the edges of G. Thus the set of labels of
the edges of G in every graceful labeling is {1, 2, . . . ,m}. Hence every graceful
labeling is edge-distinguishing. Graceful labelings of graphs were introduced by
Rosa [10], although the term ”graceful” was first used by Golomb [6]. A graph
that admits a graceful labeling is a graceful graph. Note that not all graphs are
graceful. A major problem in this area is that of determining which graphs are
graceful. The most famous conjecture in this area is the following.

Conjecture 1. Every tree is graceful.

13 years after Rosa introduced graceful labeling, Graham and Sloane [7]
introduced a harmonious labeling. A harmonious labeling of a connected graph
G with m edges is an assignment f of distinct elements of the set Zm =
{0, 1, . . . ,m − 1} to the vertices of G so that the resulting edge-labeling in
which each edge uv is labeled with f(u) + f(v) (addition modulo m) is edge-
distinguishing. Since such a vertex-labeling is not possible if G is a tree, in
this case, some element of Zm is assigned to two vertices of G, while all other
elements of Zm are used exactly once. A graph that admits a harmonious la-
beling is called a harmonious graph. While many classes of trees have been
shown to be harmonious, it is not known whether all trees are harmonious.
Graham and Sloane made the following conjecture, which parallels that of a
famous conjecture on graceful labelings of trees.

Conjecture 2. Every tree is harmonious.

A harmonious coloring of a graph G is a proper vertex-coloring of G having
the property that if i and j are two distinct colors used in the coloring of G,
then there is at most one pair of adjacent vertices assigned these two colors.
Evidently, every harmonious coloring c of G induces an edge-labeling of G where
the edge uv is assigned the label {c(u), c(v)}, which is then a 2-element subset
of the set of colors assigned to the vertices of G. Since no two edges of G

are labeled the same, this vertex-coloring is edge-distinguishing. Since every
vertex-coloring that assigns distinct colors to distinct vertices in a graph is a
harmonious coloring, it follows that every graph has at least one harmonious
coloring. The problem is to determine the minimum positive integer k for
which a graph G has a harmonious coloring with k colors. The harmonious
coloring was introduced by Frank et al. [5] and independently by Hopcroft
and Krishnamoorthy [8] in a slightly modified version, allowing that adjacent
vertices may be colored with the same color.

Jendrǒl [9] generalized the harmonious coloring to multiset coloring. A (not
necessarily proper) total-coloring c (an assignment of colors to the vertices and
the edges) of a graph G is a multiset coloring if for any two edges e1 = u1v1 and
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e2 = u2v2 the associated triplets {c(u1), c(e1), c(v1)} and {c(u2), c(e2), c(v2)} are
different.

Considering the edge-distinguishing property, we may restrict our attention
to directed graphs. In this case we assign an ordered pair (c(u), c(v)) or an
ordered triplet (c(u), c(e), c(v)) to every edge e = uv of a directed graph and
we can minimize the corresponding graph parameter. Budajová [2] introduced
precisely this notion. Let G = (V,E) be a directed graph with vertex set V and
edge set E. A mapping c : V ∪E → {1, . . . , k} is called a total-coloring. A total-
coloring c is edge-distinguishing if for any two edges e1 = u1v1 and e2 = u2v2
the associated ordered triplets (c(u1), c(e1), c(v1)) and (c(u2), c(e2), c(v2)) are
different. The problem is to determine the minimum number of colors used in
such a coloring of G. This parameter of G is denoted by hit(G).

In this paper we investigate the parameter hit(G) for directed subdivided
stars.

2. Notation

Let G be a directed graph and let P be a directed path in G. The length of P is
the number of its edges. A subdivision of G is a directed graph resulting from
a sequence of edge subdivisions applied to G. A subdivision of an edge e = uv

of G is obtained by the addition of a new vertex w into G and replacement of
uv with two new edges uw and wv.

The directed star Sd,1 is a directed graph with vertex set V = {s0, s1, . . . , sd}
and edge set E = {s0sj; j = 1, . . . , d}.

If we subdivide every edge of Sd,1 exactly r − 1 ≥ 0 times, then we obtain
the directed subdivided star Sd,r. The directed subdivided stars S2,3 and S4,2

are depicted in Figure 1.

Clearly, Sd,r consists of d directed paths of length r which share one common
vertex (the root of Sd,r). The i-th ray of Sd,r is the directed path s0 − si.

3. Results

The exact values of hit(Sd,r) for sparse directed subdivided stars (directed sub-
divided stars with min{d, r} ≤ 3) were determined in [3, 4]. The following
lemma gives a trivial lower bound for hit(Sd,r).
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Figure 1: The directed subdivided stars S2,3 and S4,2.

Lemma 3. Let d and r be positive integers. Then

hit(Sd,r) ≥
⌈

3
√
dr

⌉

.

Proof. We can create k3 distinct ordered triplets using k symbols. There-
fore, if G is a directed graph with hit(G) = k, then it has at most k3 edges.
The directed graph Sd,r has dr edges, therefore dr ≤ (hit(Sd,r))

3.

In this paper we prove that for sufficiently large r it holds:

hit(Sd,r) =
⌈

3
√
dr

⌉

.

A complete directed graph is a directed graph in which every pair of dis-
tinct vertices is connected by a pair of unique edges (one in each direction).
A directed cycle that passes through every vertex in a directed graph is called
a directed Hamilton cycle. Alspach et al. [1] proved that every complete di-
rected graph Kn on n ≥ 2 vertices admits an edge decomposition into directed
Hamiltonian cycles except for K4 and K6.

Theorem 4. [1] Let Kn denote the complete directed graph on n vertices,

n ≥ 2. Then Kn can be decomposed into directed cycles of length n if and only

if n 6∈ {4, 6}.
A vertex-coloring c of a directed graph G is edge-distinguishing if for any

two edges u1v1 and u2v2 of G the associated ordered pairs (c(u1), c(v1)) and
(c(u2), c(v2)) are different.

Recall that the union of two directed graphs G1 = (V1, E1) and G2 =
(V2, E2) with disjoint vertex sets V1 and V2 and edge sets E1 and E2 is the
directed graph with vertex set V1∪V2 and edge set E1∪E2. We similarly define

the union of n directed graphs Gi, 1 ≤ i ≤ n, and we denote it
n
⋃

i=1
Gi.
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Lemma 5. Let n ≥ 2 be a positive integer. Let Pi = ai − bi be a directed

path on n edges, i = 1, . . . , n − 1. Then there exists an edge-distinguishing

proper vertex-coloring c of
n−1
⋃

i=1
Pi with colors 1, . . . , n such that c(ai) = c(bi) = n

for i = 1, . . . , n − 1. Moreover, if n 6∈ {4, 6}, then each of the colors 1, . . . , n
appears on Pi for i = 1, . . . , n − 1.

Proof. First assume that n 6∈ {4, 6}. Let V (Kn) = {u1, . . . , un} be the
vertex set of the complete directed graph Kn. Color the vertex ui with color i
for i = 1, . . . , n. By Theorem 4, the complete directed graph Kn has an edge
decomposition into n−1 directed cycles of length n. Let C1, . . . , Cn−1 be edge-
disjoint directed cycles of length n in Kn. If we split each of these cycles at
un (i.e. we replace un by two vertices un1

, un2
and replace the edges xun, uny

by edges xun1
, un2

y, respectively), then we obtain a proper vertex-coloring of
n− 1 paths on n edges (the vertices un1

and un2
receive the color of un).

Now suppose (to the contrary) that the obtained vertex-coloring is not
edge-distinguishing, i.e. there are two edges g1h1 and g2h2 such that g1 has
the same color as g2 and h1 has the same color as h2. By the coloring of Kn,
g1 and g2 correspond to the same vertex of Kn, say ui, and similarly h1 and
h2 correspond to the same vertex, say uj. Consequently, Kn contains two uiuj
edges, a contradiction.

If n = 4, then we color the vertices of the directed paths P1, P2, P3 with
patterns: 4, 1, 2, 1, 4; 4, 2, 3, 2, 4 and 4, 3, 1, 3, 4.

Finally, if n = 6, then we color the vertices of the five directed paths
P1, P2, P3, P4, P5 with the following patterns: 6, 1, 2, 1, 3, 1, 6; 6, 2, 3, 2, 4, 2, 6;
6, 3, 4, 3, 5, 3, 6; 6, 4, 5, 4, 1, 4, 6; and 6, 5, 1, 5, 2, 5, 6.

Corollary 6. Let n ≥ 2 be a positive integer. Let Pi = ai − bi be

a directed path on n edges for i = 1, . . . , n(n − 1). Then
n(n−1)
⋃

i=1
Pi admits

an edge-distinguishing total-coloring with colors 1, . . . , n such that adjacent

vertices receive distinct colors, all vertices of degree one (i.e. vertices ai and bi,

1 ≤ i ≤ n) receive color n, and the edge set of each Pi is monochromatic.

Proof. Let Pj =
n−1
⋃

i=1
Pi+(j−1)(n−1) for j = 1, . . . , n. Observe that

n(n−1)
⋃

i=1
Pi =

n
⋃

j=1
Pj. By Lemma 5, Pj admits an edge-distinguishing proper vertex-coloring

c with colors 1, . . . , n such that all vertices of degree one receive color n. First
we color the vertices of each Pj according to the coloring c. Thereafter we color
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all the edges in Pj with color j for j = 1, . . . , n. In such a way we obtain a

required total-coloring of
n
⋃

j=1
Pj =

n(n−1)
⋃

i=1
Pi.

The main result of this paper is the following theorem.

Theorem 7. Let d, r be positive integers and let k =
⌈

3
√
dr

⌉

. If r ≥ k2,

then

hit(Sd,r) =
⌈

3
√
dr

⌉

.

Proof. If k = 1, then necessarily d = 1 and r = 1. Evidently hit(S1,1) = 1.
So in the following we can assume that k ≥ 2.

Let r = x · k + y, where x and y are positive integers such that 1 ≤ y ≤ k.
Since r ≥ k2 we have x ≥ k − 1 (if x < k − 1, then x · k < k2 − k, consequently
r = x · k + y < k2 − k + k = k2).

We will define an edge-distinguishing total-coloring of Sd,r in three steps.
In the first step we define an edge-distinguishing total-coloring of Sd,k(k−1). In
the second one we extend this coloring to an edge-distinguishing total-coloring
of Sd,k(k−1)+y. Finally, in the third step, we define a required coloring of Sd,r.

By Corollary 6, there is an edge-distinguishing total-coloring of k(k − 1)
directed paths of length k with colors 1, . . . , k such that no two adjacent vertices
receive the same color, all endvertices of these paths are colored with color k,
and the edge set of each path is monochromatic. Let c be such a coloring of
k(k − 1) directed paths of length k. The fact that c is an edge-distinguishing
total-coloring implies that there are exactly k − 1 paths whose edges have the
same color i; let P 1

i , . . . , P
k−1
i be these paths, 1 ≤ i ≤ k.

Step 1: Since each directed path of length k(k − 1) is a concatenation of
k − 1 directed paths of length k, we can divide each ray of Sd,k(k−1) into k − 1
paths of length k. In this step we color the k − 1 paths of length k on the i-th
ray, 1 ≤ i ≤ d, in the same way as are colored P 1

i , . . . , P
k−1
i by the coloring c.

This is always possible because from the fact r ≥ k2 it follows that Sd,r has at
most k rays, i.e. d ≤ k (since otherwise, d > k implies dr > k3; consequently,

k =
⌈

3
√
dr

⌉

≥ 3
√
dr > k).

Step 2: By the coloring defined in Step 1, each ray of Sd,k(k−1) contains
a vertex of color j for all j ∈ {1, . . . , k}. Let vj be a vertex of color j from
the j-th ray, j = 1, . . . , d. In this step we replace the vertex vj from the j-th
ray by a directed path of length y. Then we color the vertices and edges of
this directed path with pattern j, 1, j, 2, j, . . . , j, y, j (each vertex receives color
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j and the edges receive colors 1, 2, . . . , y). This is always possible since y ≤ k.
In such a way we obtain an edge-distinguishing total-coloring of Sd,k(k−1)+y.

Step 3: Now we extend this total-coloring of Sd,k(k−1)+y to a required total-
coloring of Sd,r. Let v0v

i
1 . . . v

i
r denote the i-th ray of Sd,r, i = 1, . . . , d. The

directed paths v0v
i
1 . . . v

i
k(k−1)+y

, 1 ≤ i ≤ d, are already colored; moreover,
the endvertices of these paths are colored with k. Since the directed paths
vi
k(k−1)+y

. . . vir = vixk+y have (xk+ y)− (k(k−1)+ y) = k(x− (k−1)) edges we

can split them into directed paths of length k. We can color (k − d)(k − 1) of
them according to the coloring c of P 1

i , . . . , P
k−1
i for d+1 ≤ i ≤ k. Then we can

“color” further k−d such paths so that we replace a vertex of color j, d+1 ≤ j ≤
k, by a directed path of length k colored with pattern j, 1, j, 2, j, . . . , j, k, j (each
vertex receives color j and the edges receive colors 1, . . . , k). If all the elements
of Sd,r are colored, then we are ready. In the other case every uncolored edge
e = uv must receive one of the triplets (j, ℓ, j) with y+1 ≤ ℓ ≤ k and 1 ≤ j ≤ d

since all other triplets are already used. We “color” the uncolored elements
step by step, we always replace a vertex of color j by a path of length 1 colored
with pattern j, ℓ, j. In such a way we can use all k3 triplets. Since Sd,r has no

more than k3 edges (k =
⌈

3
√
dr

⌉

≥ 3
√
dr, consequently k3 ≥ dr = |E(Sd,r)|) the

proof is complete.
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